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PREFACE 


In each chapter, there are five problem types: 


s Exercises 

# Problems 

=» Advanced Problems 

= Design Problems/Continuous Design Problem 


= Computer Problems 


In total, there are over 850 problems. The abundance of problems of in- 
creasing complexity gives students confidence in their problem-solving 
ability as they work their way from the exercises to the design and 
computer-based problems. 


It is assumed that instructors (and students) have access to MATLAB, 
the Control System Toolbox or the LabVIEW and MathScript. All of the 
comptuer solutions in this Solution Manual were developed and tested on 
a Window XP platform using MATLAB 7.3 Release 2006b and the Control 
System Toolbox Version 7.1 and LabVIEW 8.2. It is not possible to verify 
each solution on all the available computer platforms that are compatible 
with MATLAB and LabVIEW MathScript. Please forward any incompati- 
bilities you encounter with the scripts to Prof. Bishop at the email address 
given below. 


The authors and the staff at Prentice Hall would like to establish an 
open line of communication with the instructors using Modern Control 
Systems. We encourage you to contact Prentice Hall with comments and 
suggestions for this and future editions. 


Robert H. Bishop — rhbishopQmail.utexas.edu 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


TABLE-OF-CON TENT S 


1. Introduction to Control Systems ........... 0... e cee eee eee eee eee 1 
2. Mathematical Models of Systems ............. 0000 cece eee eee eee ee 20 
3. State Variable Models ............... 0c cece eee eee eee e ee eees 79 
4. Feedback Control System Characteristics ..............0000e00 ee 126 
5. The Performance of Feedback Control Systems ................. 166 
6. The Stability of Linear Feedback Systems ...................-. 216 
i. The Root Locus: Method) o.1.2.i.2.1.2.e.eseee sees eee ee eae es 257 
8. Frequency Response Methods ................0 0 cece eee eee eee 359 
9. Stability in the Frequency Domain ................600 0c eee ee eee 420 
10. The Design of Feedback Control Systems ..................00005 492 
11. The Design of State Variable Feedback Systems ................ 574 
12.. Robust: Gontrol Systems: eas4 124 cess ek cece eth cae ea en tn bes 633 
13. Digital Control Systems .......... 0... cece eee eect eens 691 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


CHAPTER 1 


Introduction to Control Systems 


There are, in general, no unique solutions to the following exercises and 
problems. Other equally valid block diagrams may be submitted by the 
student. 


Exercises 


E1.1 A microprocessor controlled laser system: 
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ae, Sensor 











E1.2_ A driver controlled cruise control system: 
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speed 
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E1.3 Although the principle of conservation of momentum explains much of 
the process of fly-casting, there does not exist a comprehensive scientific 
explanation of how a fly-fisher uses the small backward and forward mo- 
tion of the fly rod to cast an almost weightless fly lure long distances (the 
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2 CHAPTER 1 Introduction to Control Systems 


current world-record is 236 ft). The fly lure is attached to a short invisible 
leader about 15-ft long, which is in turn attached to a longer and thicker 
Dacron line. The objective is cast the fly lure to a distant spot with dead- 
eye accuracy so that the thicker part of the line touches the water first 
and then the fly gently settles on the water just as an insect might. 
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E1.4 An autofocus camera control system: 


One-way trip time for the beam 
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Exercises 3 


E1.5 Tacking a sailboat as the wind shifts: 
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E1.6 An automated highway control system merging two lanes of traffic: 
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E1.7 Using the speedometer, the driver calculates the difference between the 
measured speed and the desired speed. The driver throotle knob or the 
brakes as necessary to adjust the speed. If the current speed is not too 


much over the desired speed, the driver may let friction and gravity slow 
the motorcycle down. 
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4 CHAPTER 1. Introduction to Control Systems 


E1.8 Human biofeedback control system: 
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E1.9  E-enabled aircraft with ground-based flight path control: 
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E1.10 Unmanned aerial vehicle used for crop monitoring in an autonomous 
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Exercises 


E1.11 Aninverted pendulum control system using an optical encoder to measure 
the angle of the pendulum and a motor producing a control torque: 








Actuator Process 
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Error 
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E1.12 In the video game, the player can serve as both the controller and the sen- 
sor. The objective of the game might be to drive a car along a prescribed 
path. The player controls the car trajectory using the joystick using the 
visual queues from the game displayed on the computer monitor. 
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6 CHAPTER 1_ Introduction to Control Systems 


Problems 


P1.1 An automobile interior cabin temperature control system block diagram: 
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Measurement 
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P1.2 A human operator controlled valve system: 
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* = operator functions 


P1.3 A chemical composition control block diagram: 
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Problems 7 


P1.4 A nuclear reactor control block diagram: 
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P1.5_ A light seeking control system to track the sun: 
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P1.6 If you assume that increasing worker’s wages results in increased prices, 
then by delaying or falsifying cost-of-living data you could reduce or elim- 
inate the pressure to increase worker’s wages, thus stabilizing prices. This 
would work only if there were no other factors forcing the cost-of-living 
up. Government price and wage economic guidelines would take the place 
of additional “controllers” in the block diagram, as shown in the block 
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8 CHAPTER 1 Introduction to Control Systems 


P1.7 Assume that the cannon fires initially at exactly 5:00 p.m.. We have a 
positive feedback system. Denote by At the time lost per day, and the 
net time error by Er. Then the follwoing relationships hold: 


At = 4/3 min. + 3 min. = 13/3 min. 
and 
Er = 12 days x 13/3 min./day . 
Therefore, the net time error after 15 days is 
Ep = 52 min. 


P1.8 The student-teacher learning process: 
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P1.9 A human arm control system: 







































Controller Process 
7 u e s 

Desired —————> Am®& -———> Arm 
arm Brain Nerve signals location 
location muscles 

Zz 

Measurement 
Pressure 
Visual indication of Eyes and 


arm location 


pressure 
receptors 











This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 9 


P1.10 An aircraft flight path control system using GPS: 
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P1.11 The accuracy of the clock is dependent upon a constant flow from the 
orifice; the flow is dependent upon the height of the water in the float 
tank. The height of the water is controlled by the float. The control system 
controls only the height of the water. Any errors due to enlargement of 
the orifice or evaporation of the water in the lower tank is not accounted 
for. The control system can be seen as: 
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P1.12 Assume that the turret and fantail are at 90°, if 0. 4 @p-90°. The fantail 
operates on the error signal @,, - @7, and as the fantail turns, it drives the 
turret to turn. 
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10 CHAPTER 1_ Introduction to Control Systems 


P1.13 This scheme assumes the person adjusts the hot water for temperature 
control, and then adjusts the cold water for flow rate control. 
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P1.14 _ Ifthe rewards in a specific trade is greater than the average reward, there 
is a positive influx of workers, since 


q(t) = filet) — r(@)). 


If an influx of workers occurs, then reward in specific trade decreases, 
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P1.15 A computer controlled fuel injection system: 
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Problems 11 


P1.16 With the onset of a fever, the body thermostat is turned up. The body 
adjusts by shivering and less blood flows to the skin surface. Aspirin acts 
to lowers the thermal set-point in the brain. 






















Controller Process 
Desired temperature Adjustments —_ -———_—. Body 
or set-point from body within the Body temperature 
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Measurement 





Measured body temperature 
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P1.17 Hitting a baseball is arguably one of the most difficult feats in all of sports. 
Given that pitchers may throw the ball at speeds of 90 mph (or higher!), 
batters have only about 0.1 second to make the decision to swing—with 
bat speeds aproaching 90 mph. The key to hitting a baseball a long dis- 
tance is to make contact with the ball with a high bat velocity. This is 
more important than the bat’s weight, which is usually around 33 ounces 
(compared to Ty Cobb’s bat which was 41 ounces!). Since the pitcher can 
throw a variety of pitches (fast ball, curve ball, slider, etc.), a batter must 
decide if the ball is going to enter the strike zone and if possible, decide 
the type of pitch. The batter uses his/her vision as the sensor in the feed- 
back loop. A high degree of eye-hand coordination is key to success—that 
is, an accurate feedback control system. 


P1.18 Define the following variables: p = output pressure, f, = spring force 
= Ka, fa = diaphragm force = Ap, and f, = valve force = f, - fa. 
The motion of the valve is described by y = f,/m where m is the valve 
mass. The output pressure is proportional to the valve displacement, thus 
p=cy , where c is the constant of proportionality. 
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12 CHAPTER 1 Introduction to Control Systems 


P1.19 A control system to keep a car at a given relative position offset from a 
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P1.20 A control system for a high-performance car with an adjustable wing: 
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P1.21 A control system for a twin-lift helicopter system: 
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Problems 13 


P1.22 The desired building deflection would not necessarily be zero. Rather it 
would be prescribed so that the building is allowed moderate movement 
up to a point, and then active control is applied if the movement is larger 
than some predetermined amount. 
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P1.23 The human-like face of the robot might have micro-actuators placed at 
strategic points on the interior of the malleable facial structure. Coopera- 
tive control of the micro-actuators would then enable the robot to achieve 
various facial expressions. 
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P1.24 We might envision a sensor embedded in a “gutter” at the base of the 
windshield which measures water levels—higher water levels corresponds 
to higher intensity rain. This information would be used to modulate the 
wiper blade speed. 
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14 CHAPTER 1 Introduction to Control Systems 


P1.25 A feedback control system for the space traffic control: 
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P1.26 Earth-based control of a microrover to point the camera: 
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P1.27 Control of a methanol fuel cell: 
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Advanced Problems 


AP1.1 Control of a robotic microsurgical device: 


End-effector 


Desired Position 


End-effector 
Position 





AP1.2 An advanced wind energy system viewed as a mechatronic system: 







AERODYNAMIC DESIGN 
STRUCTURAL DESIGN OF THE TOWER 
ELECTRICAL AND POWER SYSTEMS, 








SENSORS 
Rotor rotational sensor 
Wind speed and direction sensor CONTROL SYSTEM DESIGN AND ANALYSIS 
ACTUATORS : A ’ ELECTRICAL SYSTEM DESIGN AND ANALYSIS 
LW Keycolecn col mant-lall UI Ceial lave mtarom eco) elm elican) Physical System Modeling POWER GENERATION AND STORAGE 









Sensors and Actuators 


Signals and Systems 










Computers and 
Logic Systems 


Software and 
Data Acquisition 


CONTROLLER ALGORITHMS COMPUTER EQUIPMENT FOR CONTROLLING THE SYSTEM 
DATA ACQUISTION: WIND SPEED AND DIRECTION SAFETY MONITORING SYSTEMS 
ROTOR ANGULAR SPEED 


PROPELLOR PITCH ANGLE 


AP1.3 The automatic parallel parking system might use multiple ultrasound 
sensors to measure distances to the parked automobiles and the curb. 
The sensor measurements would be processed by an on-board computer 
to determine the steering wheel, accelerator, and brake inputs to avoid 
collision and to properly align the vehicle in the desired space. 
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16 CHAPTER 1 Introduction to Control Systems 


Even though the sensors may accurately measure the distance between 
the two parked vehicles, there will be a problem if the available space is 
not big enough to accommodate the parking car. 








Controller Actuators Process 













Desired 
automobile 
position 


E : 
tror_.| On-board |__| Steering wheel, Anieraeille Actual 
- computer accelerator, and automobile 


brake position 
































Measurement 





Position of automobile 


relative to parked cars Ultrasound 
and curb 











AP1.4 There are various control methods that can be considered, including plac- 
ing the controller in the feedforward loop (as in Figure 1.3). The adaptive 
optics block diagram below shows the controller in the feedback loop, as 
an alternative control system architecture. 











Astronomical Process 
object 
___Uncompensated_) Astronomical eonpeueid 
image telescope image 
mirror 














Measurement 





Wavefront | Wavefront + Wavefront 
corrector reconstructor sensor 


























Actuator & controller 
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Design Problems 


CDP1.1 The machine tool with the movable table in a feedback control configu- 
































ration: 
Controller Actuator Process 
Error ‘ itioni j 
Desired Amplifier ,| Positioning Machine Actual 
position = motor tool with position 
7 table * 




















Measurement 





Measured position Position sensor 











DP1.1 Use the stereo system and amplifiers to cancel out the noise by emitting 
signals 180° out of phase with the noise. 




















































































































































Controller Process 
Noise 
ignal . einen 38 : 
peared son’ | Shift phase | Positioning Machine Maca 
noise =0 by 180 deg motor tool with cabin 
table 
Measurement 
Microphone 
DP1.2 An automobile cruise control system: 
Desired Controller Process 
shaft El : rT «YX 
Desired 4 1/K speed ectric Val |—__,] Automobile K > Actual 
speed motor alve and engine speed 
of auto 9 of auto 
set by 
driver 
Measurement 
Shaft speed : 
Measured shaft speed sensor Drive shaf t speed 
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18 CHAPTER 1 Introduction to Control Systems 


DP1.3 An automoted cow milking system: 





Measurement 
Cow location 


Vision system 
































Controller Actuator Process 
Location 
of cu 
Motor and /-—————4 Robot arm and : Cowand  /+ mik 
Desired cup = gears cup gripper milker 


location 


























Measurement 


Measured cup location Vision system 











DP1.4 A feedback control system for a robot welder: 





























Controller Process 
Voltage 
eae Error_.| Computer and _____,| Motorand |—__., weld 
position amplifier arm top. 
position 











Measurement 


Vision camera 


Measured position 











DP1.5 A control system for one wheel of a traction control system: 





Engine torque Antislip 
controller 

























Wheel 


dynamics Sensor 

















Measured 


Actual slip slip 









Ry = Radius of wheel 

















Vehicle 


dynamics Vehicle speed Sensor 























Antiskid 
Brake torque controller 











This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Design Problems 19 


DP1.6_ A vibration damping system for the Hubble Space Telescope: 


















































Controller Actuators Process 
5 Signal to 
rror | the ji 
Desired Computer -——*» Gyro and ne ee Spacecraft > Jitter of 
jitter=0 - reaction wheels dynamics vibration 
Measurement 
Rate gyro 
Measurement of 0.05 Hz jitter sensor 











DP1.7 A control system for a nanorobot: 



























Controller Actuators Process 
Desired lla Bio- t———| +—> +———— Actual 
t Plane surfaces Nanorobot 
nanorobot computer nanorobot 
position and propellers position 

















Measurement 





External beacons 











Many concepts from underwater robotics can be applied to nanorobotics 
within the bloodstream. For example, plane surfaces and propellers can 
provide the required actuation with screw drives providing the propul- 
sion. The nanorobots can use signals from beacons located outside the 
skin as sensors to determine their position. The nanorobots use energy 
from the chemical reaction of oxygen and glucose available in the human 
body. The control system requires a bio-computer—an innovation that is 
not yet available. 


For further reading, see A. Cavalcanti, L. Rosen, L. C. Kretly, M. Rosen- 
feld, and S. Einav, “Nanorobotic Challenges n Biomedical Application, 
Design, and Control,” IEEE ICECS Intl Conf. on Electronics, Circuits 
and Systems, Tel-Aviv, Israel, December 2004. 
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Mathematical Models of Systems 


Exercises 


E2.1 We have for the open-loop 


and for the closed-loop 
e=r-—y and y=e 


So,e=r—e* ande*+e—r=0. 





6F open-loop: | 


2r closed-loop: 4 


0 L Ll L L L L 
1) 0.5 1 15 2 25 3 3.5 4 
Ir 











FIGURE E2.1 
Plot of open-loop versus closed-loop. 


For example, if r = 1, then e? + e — 1 = 0 implies that e = 0.618. Thus, 
y = 0.382. A plot y versus r is shown in Figure E2.1. 


20 
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E2.2 Define 


f(T) —=R= Roe! 


and 
AR = f(T)— f(T), AT=T-T. 
Then, 
of 
AR= f(T) -f(h)=— RP ins 
OT T=Tp=20° 
where 
of —0.1T, 
— = —0.1Rye7 9 = —135, 
OT T=Tp=20° : 


when Ro = 10,0002. Thus, the linear approximation is computed by 
considering only the first-order terms in the Taylor series expansion, and 
is given by 


AR = —-135AT . 


E2.3 The spring constant for the equilibrium point is found graphically by 
estimating the slope of a line tangent to the force versus displacement 
curve at the point y = 0.5cm, see Figure E2.3. The slope of the line is 

















Kel. 
2 
15+ opti eee 
iL Spring breaks | 
0.5- 4 
0 be =| 
iS 
% -05+ 4 
5 
uw 
=7b 4 
1.5: 4 
2b 
257 ‘Spring compresses ‘| 
3 n 1 1 1 1 : i L 1 
“2 -1.5 -1 -0.5 0 0.5 1 15 2 2:5 3 
y=Displacement (cm) 
FIGURE E2.3 


Spring force as a function of displacement. 
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22 CHAPTER 2. Mathematical Models of Systems 
E2.4 Since 

1 

R(s) =~ 

(s) == 

we have 

4 50 
Y(s) = (s + ) 


s(s + 20)(s +10) © 
The partial fraction expansion of Y(s) is given by 


Aj Ag A3 
Ss s+20 5410 








Y(s) 


where 
A, =1, Ag=O06and Az=-1.6. 
Using the Laplace transform table, we find that 
y(t) = 14+ 0.6e—- — 1.621% . 


The final value is computed using the final value theorem: 


: . 4(s + 50) 
] t)=1 sam | = 
AB YO = Nb | 562 + 308 + 200) 


E2.5 The circuit diagram is shown in Figure E2.5. 

















FIGURE E2.5 
Noninverting op-amp circuit. 
With an ideal op-amp, we have 


Uo = A(vin — Vv), 
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where A is very large. We have the relationship 





ee > 
Ri+R. ° 
Therefore, 
R 
Uo = A(Vin = Bak 
and solving for v, yields 
A 
Uo = 7 AR, Vin: 
# ol Faeena 


ARi ~ ARi 
Ri+Re Ri +e 








Since A > 1, it follows that 1+ . Then the expression for 


Up simplifies to 


ie ac 
Ry 
E2.6 Given 
y= f(a) =2'? 
and the operating point 
e,= 1/2 5 


we have the linear approximation 
Ay = KAx 


where 


_ Ff 
dx 


1 
2a 


K 
Lo=1/2 2 








Lo=1/2 2 


E2.7 The block diagram is shown in Figure E2.7. 





FIGURE E2.7 
Block diagram model. 
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E2.8 


FIGURE E2.8 
Block diagram model. 





CHAPTER 2. Mathematical Models of Systems 


Starting at the output we obtain 
I(s) = Gi(s)Go(s)E(s). 
But E(s) = R(s) — H(s)I(s), so 
I(s) = Gi(s)Go(s) [R(s) — H(s)I(s)]. 
Solving for I(s) yields the closed-loop transfer function 


I(s) _ G1(s)G(s) 
R(s) 14 G,(s)Go(s)H(s) © 





The block diagram is shown in Figure E2.8. 














Starting at the output we obtain 
1 1 
¥i(s)= 52s) = 5 C2ls)Als). 


But A(s) = Gi(s) |[—H2(s)Z(s) — H3(s)A(s) + W(s)] and Z(s) = sY(s), 


Y(s) = —G1(s)G(s)Ho(s)Y(s) — Gi(s)H3(s)Y(s) + ~G1(s)G2(s)W(). 
Substituting W(s) = KE(s) — H,(s)Z(s) into the above equation yields 
¥(s) = —Gi(s)Ga(s) Ha(s)¥ (8) ~ Gi(s)Ha(s)¥(s) 
+ =G1(s)G2(s) [KE(s) — Fha(s)Z(s) 
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and with E(s) = R(s) — Y(s) and Z(s) = sY(s) this reduces to 
Y(s) = [-Gi(s)Go(s) (Ha(s) + Hi(s)) — Gi(s)H3(s) 
_ ~G1(s)G2(s) KY (5) z ~G1(s)G2(s)KR(s), 


Solving for Y(s) yields the transfer function 


where 


T(s) KG(s)G2(s)/s 


_ 1 
~ 14+ Gi(s)Go(s) [(Ho(s) + H1(s)] + Gi(s)H3(s) + KG1(s)Go(s)/s’ 
E2.9 From Figure E2.9, we observe that 
Fy(s) = Go(s)U(s) 
and 
F'r(s) = G3(s)U(s) . 


Then, solving for U(s) yields 





U9) =a) 
and it follows that 
ee ule) , 


Again, considering the block diagram in Figure E2.9 we determine 
F (8) = Gi(s)Ga(s)[R(s) — Ho(s) Fp (s) — Ho(s)Fr(s)] - 
But, from the previous result, we substitute for F’p(s) resulting in 
Fy(s) = G1(s)Go(s)R(s)—G1(s)Go(s)Ho(s) Fy (s)—Gi(s)H2(s)G3(s) p(s) . 
Solving for F'r(s) yields 


Gi (s)Go (s) 


Fs(®) = |T5Gfa\GuleHals) + Gile\Cale yey) °°) 
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FIGURE E2.9 
Block diagram model. 


E2.10 The shock absorber block diagram is shown in Figure E2.10. The closed- 
loop transfer function model is 
= Gal Gale Gis) _ 
1+ H(s)G.(s)Gp(s)G(s) © 


T(s) 


Plunger and 
Piston System 

R(s) G(s) Y(s) 
Desired piston _ Piston 


travel travel 
H(s) 








Piston travel 
measurement 


FIGURE E2.10 
Shock absorber block diagram. 


E2.11 Let f denote the spring force (n) and x denote the deflection (m). Then 
Af 
K=5. 
Computing the slope from the graph yields: 
(a) 2 =—0.14m — K =Af/Az = 10n / 0.04 m = 250 n/m 
(b) zo =0m > kK =Af/Azx = 10 n / 0.05 m = 200 n/m 
(c) 2 =0.35m — K =Af/Az = 3n / 0.05 m = 60 n/m 
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E2.12 The signal flow graph is shown in Fig. E2.12. Find Y(s) when R(s) = 0. 





/ = \ Ty(s) 
Ke 
4 Ry gle G(s) — 
o, p> ) Y (s) 
i —4q— . 


FIGURE E2.12 
Signal flow graph. 


The transfer function from Ty(s) to Y(s) is 


(5) = GlsTals) = Ki KaG(s)Ta(s) _ Gls)(1— Ki Ka)Tals) | 
1 (2 G(s) 1+ K3G(s) 
If we set 
hiro = 1. 
then Y(s) = 0 for any Ty(s). 


E2.13 Since we want to compute the transfer function from R2(s) to Yi(s), we 


can assume that R, = 0 (application of the principle of superposition). 
Then, starting at the output Yi(s) we obtain 




















FIGURE E2.13 
Block diagram model. 
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E2.14 


E2.15 


CHAPTER 2. Mathematical Models of Systems 


Yi(s) = Ga(s) [-Hi(s)¥i(s) + Ga(s)Gs(s)W(s) + Go(s)W(s)], 
[1 + G3(s)Hi(s)] Yi(s) = [G3(s)Ga(s)Ga(s)W(s) + Ga(s)Go(s)] W(s). 
Considering the signal W(s) (see Figure E2.13), we determine that 
W(s) = Gs(s) [Ga(s)Ro(s) — Ho(s)W(s)], 
[1 + Gs5(s)H2(s)] W(s) = Gs(s)Ga(s)Ra(s). 


Substituting the expression for W(s) into the above equation for Yj(s) 
yields 
Yi(s) _ _G2(s)G3(s)Ga(s)Gs(s)Gg(s) + G3(s)Ga(s)Gs(s)Go(s) 


Ro(s) | + G3(s)H1(s) + G5(s) H2(s) + G3(s)G5(s) My (s)Ho(s) 


For loop 1, we have 








di i a Se 
Ryty + li a = | ig)dt + Ro(i1 — ig) = v(t) . 


And for loop 2, we have 
1 . dig ; . 1 : . 
3) ures Sho oes. 
Gs fis + Lo + Ro(ig —t1) + CG, [le i1)dt = 0 
The transfer function from R(s) to P(s) is 
P(s) 4.2 


R(s) 83 +2s24+48+4.2 ° 





The block diagram is shown in Figure E2.15a. The corresponding signal 
flow graph is shown in Figure E2.15b for 


4.2 
Pee) 53 +252 + 45+ 4.2 ° 
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1 


R(s ———_ 
(s) s2+25+4 


P(s) 





(a) 
0.6 } 
Vv, 7 Vy = 2+25+4 
Rs) ( \ pi ) py > > > +) PKs) 
“1 
(b) 
FIGURE E2.15 
(a) Block diagram, (b) Signal flow graph. 
E2.16 A linear approximation for f is given by 
0 
Ay = at Ag = 4ka2 Ag = 4kAx 
v L=Xo 


where zo = 1, Af = f(x) — f(x), and Az = x — Zo. 
E2.17 The linear approximation is given by 


Ay = mAa 
where 
m= oy 
7 Ox L=Lo 





(a) When x, = 1, we find that y, = 2.4, and y, = 13.2 when x, = 2. 


(b) The slope m is computed as follows: 


=144227 . 


CT=2p 





Therefore, m = 5.2 at x» = 1, and m= 18.8 at r = 2. 
E2.18 The output (with a step input) is 


10(s + 2) 


Y= Gee) 
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The partial fraction expansion is 


ge 1 3 1 
3s 38s4+3 s+h50 





ia) 


Taking the inverse Laplace transform yields 


Hh) = ; + se —3e* . 
E2.19 The input-output relationship is 
Vo _ A(K — 1) 
V 1+Ak 
where 
Zy 
= Gig" 


Assume A > 1. Then, 


where 


Ry Ro 


Z, = ————— d Z= ———_.. 
: RyCys+1 ee a RoCos +1 
Therefore, 


V.(s) _ Ro(Ri Cis + i) 2(s + 1) 





V(s) i Ri (RoC 28 + 1) s+2 


E2.20 The equation of motion of the mass me, is 





MeFp + (bag + bs)kp + kay = bakin + Kain . 
Taking the Laplace transform with zero initial conditions yields 
[mes? + (ba + bs)8 + kal Xp(s) = [bas + ka] Xin(s) - 
So, the transfer function is 


Aol S) bas + ka 0.75 +2 


Xin(s) mes? + (bg +b,)sthkg s2?+2.88+2° 
E2.21 The rotational velocity is 


2.5(s + 2) 1 


= Gaye IE as 
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E2.22 


E2.23 


E2.24 


E2.25 


E2.26 


Exercises 31 


Expanding in a partial fraction expansion yields 


0.25 0.0234 0.1562 0.2734 
w(s) = — 


s ree (s+1)? s+l1 
Taking the inverse Laplace transform yields 
w(t) = 0.25 + 0.0234e—** — 0.1562te* — 0.2734e~ . 


The closed-loop transfer function is 


Yi(s) 


(s) Kyi Kk 
= | > 
R(s) s? + (Ky + Kok3+ Kk, K2)s+ Ki KoK3 





The closed-loop tranfser function is 


Y(s)_.,,. 10 
R(s) es s?+21s+10- 





Let x = 0.6 and y = 0.8. Then, with y = ax?, we have 
0.8 = a(0.6)° . 
Solving for a yields a = 3.704. A linear approximation is 
Y — Yo = 3aa3(a — xo) 
or y = 4x — 1.6, where y, = 0.8 and x, = 0.6. 


The equations of motion are 


my x1 + k(ay _ £2) =f 
=0. 





M2X2 = k(x = x1) 


Taking the Laplace transform (with zero initial conditions) and solving 
for X2(s) yields 


k 


Aas) = (mgs? + k)(m s? +k) — k? 


F(s) . 


Then, with m; = mg = k = 1, we have 


1 


X2(s)/F(s) = (242) 


The transfer function from Ty(s) to Y(s) is 


¥(s)/Ta(s) = Exe 
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32 CHAPTER 2. Mathematical Models of Systems 


E2.27 The transfer function is 


Vi(s) RoRiC  RoRy 
V(s) a. aR, 





1 


G(s) = 22 [he 4-50 and H(s) = 2s + 15 3 


then the closed-loop transfer function of Figure E2.28(a) and (b) (in 
Dorf & Bishop) are equivalent. 


(b) The closed-loop transfer function is 


1 
Ts) =. , 
(s) s?+17s +65 
E2.29 (a) The closed-loop transfer function is 
G 10 10 
T(s) (s) = >———— _ where G(s)= 


~ 14+G(s) 52428420 5? +2s+10° 


(b) The output Y(s) (when R(s) = 1/s) is 


_ 0.12 0.24 4 0.12 
og s+10 s+20° 








Y(s) 


Step Response 
0.8 T 1 1 1 ; 








Amplitude 
oO 
IN 














Time (sec) 


FIGURE E2.29 
Step response. 
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(c) The plot of y(t) is shown in Figure E2.29. The output is given by 
y(t) =012—0.24e°™ 4 0.192 . 


E2.30 The partial fraction expansion is 


a b 
+ 
S+P1 S§+p2 








Vis)= 


where p; = 4— 19.67 and pp = 4+ 19.67. Then, the residues are 
a=-10.27 b=10.2). 
The inverse Laplace transform is 


v(t) = —10.2je-4+19-8)t 4 19.2je(-4- 19-69) — 90. 4e-* sin 19.6¢ . 
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Problems 


P2.1 The integrodifferential equations, obtained by Kirchoff’s voltage law to 
each loop, are as follows: 


d(i, — i2) 


ee Ro(ii — tg) = v(t) (loop 1) 


1 
Ryty + a [iva + Ly 


and 
d(ig — 74) 


=0 (loop 2) . 
ht 0 (loop 2) 


1 
Rein + = | izat £ fale i 41h 
2 


P2.2 The differential equations describing the system can be obtained by using 
a free-body diagram analysis of each mass. For mass 1 and 2 we have 
Mii + ki2(yi — y2) + by + hig = F(t) 
Moijo + kia(y2 — yi) =0.- 


Using a force-current analogy, the analagous electric circuit is shown in 
Figure P2.2, where C; — M; , Ly > 1/k, , Lig — 1/ki2 , and R-1/b. 





FO (4) a é 3, om 




















FIGURE P2.2 
Analagous electric circuit. 


P2.3 The differential equations describing the system can be obtained by using 
a free-body diagram analysis of each mass. For mass 1 and 2 we have 
Ma, + kay+ k(x _ x2) = F(t) 
M2 + k(x — £1) + b%2=0. 


Using a force-current analogy, the analagous electric circuit is shown in 
Figure P2.3, where 


CM L—1/k R-1/b. 
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FIGURE P2.3 
Analagous electric circuit. 


P2.4 (a) The linear approximation around vj, = 0 is Up = Ovin, see Fig- 
ure P2.4(a). 


(b) The linear approximation around vj, = 1 is vo = 2vjn — 1, see Fig- 
ure P2.4(b). 
































0.4 1 4 

3.57 

0.3 4 
3h 

0.2 F 4 
2.57 

0.1 F 4 
2b 
SOF an S$ 15} 

linear approximation 

‘ L 

-0.1 - A 
0.57 

-0.2 + 4 
oF 

-0.3 F | 
-0.5 - 

/ 
0.4 i i i 4 Z i 
“1 -0.5 0 0.5 1 =] 0 1 2 
vin vin 
FIGURE P2.4 


Nonlinear functions and approximations. 
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36 CHAPTER 2. Mathematical Models of Systems 


P2.5 Given 
Q=K(P,— Py)? . 


Let 6P = P, — Py and 6P, = operating point. Using a Taylor series 
expansion of Q, we have 








OQ 
Q=Q.+ => 6P—6P,)+-::: 
OOP bes ) 
where 
aQ K 
> = K6P}/? —— = —§p V2 | 
Q dP; and DP lara, 2 OF, 


Define AQ = Q — Q, and AP = 6P — 6P,. Then, dropping higher-order 


terms in the Taylor series expansion yields 


AQ = mAP 
where 
K 
~ 26PR? 
P2.6 From P2.1 we have 
d(i; — %2) 


1 
Rr + = finde +L bs ae 
1 


dt 
and 


d(ig — i) _ 


il! 
Raia + = [isd + Rolin tn) + 


Taking the Laplace transform and using the fact that the initial voltage 
across C’z is 10v yields 





i, 
[Ri + ar + 118+ Rojti(s) + [—Re — Lis] Io(s) =0 
1 
and 
[—Ro — Lys|li(s) + [Lis + Rj + —— + Ralfo(s) = —— 
—Ry—Ly1s s+ = ==—. 
2 15] 11(s 1 3 Ga 2|42(s F 
Rewriting in matrix form we have 
Rit aptlis+ Ro —Rzy — [ys Ii(s) \ 0 
—Ry— ys Lis + R3+ cz + Ro I(s) —10/s 
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Solving for I yields 


Ii(s) 1 Lis+ R3+ oz + Re Ra + Lis 0 
In(s) A a Rit gdstlist Re ~10/s 


or 


_ —10(R; +1/Cys + Lys + Rp) 


Bs) sA 


where 


1 1 
Boe ——f I Ins+Rg+—4 + Lys)? . 
(Ri + ae + 118+ Ro)(Lis + Rg am Ry) — (Re 18) 





P2.7 Consider the differentiating op-amp circuit in Figure P2.7. For an ideal 
op-amp, the voltage gain (as a function of frequency) is 





Z(s) 
V: = V; 
2(s) Zi (s) 1(8), 
where 
Ry 
Z4, = ——_——_ 
ee oar 


and Z = Ro are the respective circuit impedances. Therefore, we obtain 


Ro(1 + Ri Cs) 


Vays | | ao} 


Ry 
Z 
1 Z 
2 
Cc R, 
+ 
R, * 
V,(s) V,(s) 


FIGURE P2.7 
Differentiating op-amp circuit. 
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38 CHAPTER 2. Mathematical Models of Systems 
P2.8 Let 
Got+Cs —C's —Go 
A= —C's G, + 2Cs —C's 
—Go —C's Cs+Go 
Then, 
Ai; V3 Ai3h/A 
= I E SS ee 

Vj te or ro, Anh/A 


Therefore, the transfer function is 














—C's 2Cs + Gi 
V3 Aig —G2 —Cs 
T(s) = 3 = 52 = —___—_ 
7 if 2Cs4+G —Cs 
—C's Cs+Go 
Pole-zero map (x:poles and o:zeros) 
3 1 1 1 
2- ° 
1 L ma 
a Or x x J 
oO 
£ 
= L =| 
2b °} zl 
3 1 1 i 1 L L L 
-8 7 6 5 4 3 -2 -1 0 
Real Axis 
FIGURE P2.8 


Pole-zero map. 
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_ O7R, Ros? + 2CRis +1 
> C? Ry Ros? + (2R, + R2)Cs +10 

Using R; = 0.5, Ro = 1, and C = 0.5, we have 


s°+4s+8  (s+2+42j)(s +2 -2j) 
s?+8s+8 (s+4+/8)(s+4—V8) 





The pole-zero map is shown in Figure P2.8. 


P2.9 From P2.3 we have 


Ma, +ka,+ k(ay _ £2) = F(t) 
Mao + k(x = £1) + ba. =0. 


Taking the Laplace transform of both equations and writing the result in 
matrix form, it follows that 


Ms? + 2k —k X1(s) F(s) 
—k Ms’? +bs+k X2(s) 0 


Pole zero map 














0.4 T T 
x 
0:3: | + 
0.2 - 1 + 
x 
0.1 - + 
2 
é 
Da OF “] 
s 
£ 
-0.1 - 4 
x 
-0.2 - ©. + 
-0.3 4 
x 
-0.4 1 L L L L 
-0.03 -0.025 -0.02 -0.015 -0.01 -0.005 0 
Real Axis 
FIGURE P2.9 


Pole-zero map. 
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40 CHAPTER 2. Mathematical Models of Systems 
or 
X1(s) 1 | Ms?+bs+k k F(s) 
Xo(s) = k Ms? + 2k 0 








where A = (Ms? + bs + k)(Ms? + 2k) — k? . So, 


_ X1(s) = Ms*+bst+k 


Cae) A 





When b/k = 1, M =1, b?/Mk = 0.04, we have 


=— | s* + 0.045 + 0.04 . 
s* + 0.0453 + 0.128? + 0.0032s + 0.0016 
The pole-zero map is shown in Figure P2.9. 
P2.10 From P2.2 we have 
Min + ki2(yi — y2) + by + kiy = F(t) 
Moyo + ki2(y2— yi) =0. 


Taking the Laplace transform of both equations and writing the result in 
matrix form, it follows that 














Ms? +bs+k, + ky —kyo Yi (s) 7 F(s) 
—kyo Mos? + ky Y(s) 0 
or 
Yi(s) \ 1 Mos? + kia ky2 F(s) 
Y(s) A ky Ms? + bs + ky + ky 0 
where 


A= (Mp8? + k12)(M,8? +bs+ky + ky) _ k2, ‘ 
So, when f(t) = asinw ot, we have that Yi(s) is given by 


aMow,(s? + ky2/M2) 


YC) = “(a2 + GAs) 


For motionless response (in the steady-state), set the zero of the transfer 
function so that 


ky ky2 
—)=s'+u? or w= 


2 —_—_ 
(s + i w= ive 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 41 


P2.11 The transfer functions from V.(s) to Va(s) and from Va(s) to 6(s) are: 





VOM) = Top R aT Ry 
Km 
%8)/Vals) = Try Feat La)e+ Rat Ra) + KaRos | 


The block diagram for 0(s)/V. 


oo 


s) is shown in Figure P2.11, where 


(8) Vals) _ Ki KK 
Vas) Vals) Als) 








8(s)/Vo(s) = 
where 


A(s) = s(Les + Re)(Lqs + Rq)((Js +6)((La + La)s + Rat Ra) + KmKs3) . 































































































Ic Vq Iq Vd lg T w 
Vv 1 K 1 K 1 iz 1 1 
© eeRe PO] i esRa fl 2 ON) Cael aseRatRa | Km} OG m5 ed 
vel 
K3 |n 
FIGURE P2.11 


Block diagram. 


P2.12 The open-loop transfer function is 





Vis). 
R(s)  s+10° 
With R(s) = 1/s, we have 
K 
a s(s +10) © 


The partial fraction expansion is 


K/1 1 
a re 
(s) = (5 sz): 


and the inverse Laplace transform is 


v(t) =F (1-7), 


As t > ov, it follows that y(t) — K/10. So we choose K = 100 so that 
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42 CHAPTER 2. Mathematical Models of Systems 


y(t) approaches 10. Alternatively we can use the final value theorem to 
obtain 


: K 
y(t)t+oo = lim sY(s) = Tie 


It follows that choosing kK = 100 leads to y(t) > 10 as t > oo. 


P2.13 The motor torque is given by 


Tn(8) = (Jms? + bms)Om(s) + (Jzs? + brs)n6z(s) 
= n((Jms? + bms)/n? + Ips? + by s)91(s) 


where 
n = 6,(s)/Om(s) = gear ratio . 
But 
Tm (8) = Kmlg(s) 
and 
hs) = Ga) 
(Let Ly)s “pty 4 dee 
and 
Vols) = Koly(9) = pV (0) 
Combining the above expressions yields 
9x(s) _ Kolin 
Ve(s) nAx(s)Ao(s) © 
where 
Ai(s) = Jis* + bps + = bms 
and 


Ao(s) = (Lgs + Lys t+ Rg + Ry)(Ry + Les) « 
P2.14 For a field-controlled dc electric motor we have 


Kaj Ay 


w(s)/Vj(s) = Se 
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With a step input of V¢(s) = 80/s, the final value of w(t) is 


80K, K 
W(t )pseo = lim sw(s) = “=24 or —==0.03. 


s—0 Ryb Ryb 





Solving for w(t) yields 





80Km «1 1 80Km a, 7 
he bY _ 80K m oy 0/0) = 9 4 —e WD, 
me - taerwn} Fr ia 


At t= 1/2, w(t) = 1,80 
w(1/2) = 2.4(1 —e~°/4)*) = 1 implies b/J = 1.08 sec . 


Therefore, 
0.0324 
V SS 
WOVE) = a. T08 


P2.15 Summing the forces in the vertical direction and using Newton’s Second 
Law we obtain 


. 4K 
L+—x=0. 
m 
The system has no damping and no external inputs. Taking the Laplace 


transform yields 


Los 


a ee 


’ 


where we used the fact that 7(0) = xo and «(0) = 0. Then taking the 
inverse Laplace transform yields 


k 
t) = —t. 
x(t) £9 COS {| — 


P2.16 Using Cramer’s rule, we have 


1 15 v1 6 
2 4 to 11 
or 
v1 i| 4 ts 6 
x9 A 9 4 ial 
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where A = 4(1) — 2(1.5) =1 . Therefore, 


4(6) — 1.5(11) —2(6) + 1(11) 


j= ee and w= i =-1. 
The signal flow graph is shown in Figure P2.16. 
11 
1/4 
> 
fe 4 y~ -1/2 a 
a \ ——>— 7, X, 
15 
FIGURE P2.16 
Signal flow graph. 
So, 
6(1) —1.5(4 11(Z)+F6 
poe eee) Sa) 75 and pees a) z(8) 4, 


P2.17 (a) For mass 1 and 2, we have 


Myx, wT Ky(x1 = £2) + bi (3 = Zi) ='() 
Mox2 + K2(x2 x3) ba (a3 £2) + Kyi (x2 _ Hi) =0. 








(b) Taking the Laplace transform yields 


(Mis* + bis + K1)X1(s) — Ki, X2(s) = bisX3(s) 
—K1X1(s) + (Mos? + bos + Ky + K2)X2(s) = (bos + K2)Xa(s) . 


(c) Let 
G(s) = Ko+ bos 
Go(s) = 1/p(s) 
G3(s) = 1/q(s) 
G4(s) — sb 5 
where 
p(s) = s?Mo + sfot+ Ki + Ke 
and 


q(s)=s?M,4+sfi+K,. 
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The signal flow graph is shown in Figure P2.17. 





FIGURE P2.17 
Signal flow graph. 


(d) The transfer function from X3(s) to X1(s) is 


X}1(s) = K1G(s)G2(s)G3(s) + G4(s)G3(s) 
X3(s) 1- K?G2(s)G3(s) 





P2.18 ‘The signal flow graph is shown in Figure P2.18. 





| V | 
a =7 Z, ome Y; : Z,4 
Vy id ( > > > WG 
es -_ 5 
4 -Z, Y, 


FIGURE P2.18 
Signal flow graph. 


The transfer function is 


Va(s) Y{ 22324 


Vi(s) 14+ Yi Zo + Y¥3Zo+ ¥3Z4 + Vi ZoZaY3 © 





P2.19 For a noninerting op-amp circuit, depicted in Figure P2.19a, the voltage 
gain (as a function of frequency) is 


Z1(s) + Zo(s) 


0) =A) 


Vin(s), 


where Z;(s) and Z2(s) are the impedances of the respective circuits. In 
the case of the voltage follower circuit, shown in Figure P2.19b, we have 
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(b) 


(a) 


FIGURE P2.19 
(a) Noninverting op-amp circuit. (b) Voltage follower circuit. 


Z, = © (open circuit) and Z2, = 0. Therefore, the transfer function is 


Vale) 2 
Vin(s) Z 





P2.20 (a) Assume R, > R, and Rs > R,. Then Rs = Ri + Ro & Ro, and 


Ugs = Vin — Vo ; 


where we neglect ijn, since Rg > Rs. At node S, we have 


<2 = gn'g5 = m(Vin — Vo) OF Mit = Ona 
R, Mm"“gGs m™m wm oO Vin 1 4 mB . 
(b) With gnRs = 20, we have 
2 
Oe 508, 
21 


Vin 


(c) The block diagram is shown in Figure P2.20. 





FIGURE P2.20 
Block diagram model. 


P2.21 From the geometry we find that 
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The flow rate balance yields 


2 =pAz whichimplies Y(s) = 


By combining the above results it follows that 





¥(s) =F [k (=) (x1) -Y(8)) - ZY) 


Therefore, the signal flow graph is shown in Figure P2.21. Using Mason’s 





FIGURE P2.21 
Signal flow graph. 


gain formula we find that the transfer function is given by 





MG) ee 
X(s) es s+Kko+ ky 
where 
k(l, —1 i 
ky =P, and Ka=7 a 


P2.22 (a) The equations of motion for the two masses are 


es: «ou iA L 
ML 0, aig MgLé, +k 9 (0; _ 62) _ aft) 








7 L\? 
ML762 + MgL6,+k (5) (6. —6;) =0. 


With 6, =w} and 65 = w2, we have 


i =-(24+55) 0+ s 6, + 2h) 





L' 4M 4M?" IML 
k g k 
ie se as 
ve A (¢+—) 4 
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FIGURE P2.22 
(a) Block diagram. (b) Pole-zero map. 


(b) Define a = g/L +k/4M and b=k/4M. Then 


f(s) 1 sta 
F(s)  2ML (s? +a)? — 8? ° 





(c) The block diagram and pole-zero map are shown in Figure P2.22. 
P2.23 The input-output ratio, Ve/Vin, is found to be 


Vee -« B(R—1) + hieRg 
Vin 7 =e + hie(—Roe + Rp) 





P2.24 (a) The voltage gain is given by 


Vo Rr G1G2(R1 + Ro) 


vin (Ri + Ro)(Rg + hier) + Ri(Ri + Re)(14+ Bi) + Ri Rr Gi fe ~ 
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(b) The current gain is found to be 


i 
= = G1 Bp . 
21 
(c) The input impedance is 
Vin _ (Ry + R2)(R,y + hier) + Ri (Ri + Re)(1 + 61) + Ri RL So 
tbl Ri “tr Ro 
and when (3139 is very large, we have the approximation 


vin _ Rr Ri fi he 
tb1 Ri + Re 


P2.25 The transfer function from R(s) and Ty(s) to Y(s) is given by 





Ty (Gls) Rls) + Tu(s))) + Tals) + GCS) RG) 


Also, we have that 


when R(s) = 0. Therefore, the effect of the disturbance, Tag(s), is elimi- 
nated. 


P2.26 The equations of motion for the two mass model of the robot are 


Mé + b( — y) + k(x — y) = F(t) 
mi + b(y— 4) +k(y—2x)=0. 


Taking the Laplace transform and writing the result in matrix form yields 




















Ms*+bs+k (bs + k) X(s) | | F(s) 
—(bs+k) ms?+bs+k Y(s) 0 
Solving for Y(s) we find that 
¥(s) wiqlbe+ 8 


F(s) . s?{s2 + (1+ 7) (4s+4)] , 
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P2.27 The describing equation of motion is 


Defining 





leads to 


= f(24) « 


The equilibrium condition for i, and z,, found by solving the equation of 
motion when 





2=Zz=0:, 
is 
“2 
kis 2 
= eA 
mg 


We linearize the equation of motion using a Taylor series approximation. 
With the definitions 


Az=z-—2 and Ai=i-i, 


we have Az = 4 and Az = 2. Therefore, 














x : Of Of ; 
Az = f(2,1) = fleorto) + BF sro z Bile 
But f(Zo,%0) = 0, and neglecting higher-order terms in the expansion 
yields 
Rex ae 7 Zia Ae 
mz - 


Taking the Laplace transform yields the transfer function (valid around 
the equilibrium point) 


AZ(s) a —g/to 
AI(s) 8% —2g/z° 
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P2.28 ‘The signal flow graph is shown in Figure P2.28. 








< oN +e, > 
/™ Z ; ) > \ : 
| te\ oy _ -k 
a \ ~ a 
+9) +h g 
+f 


FIGURE P2.28 
Signal flow graph. 


(a) The PGBDP loop gain is equal to -abcd. This is a negative transmis- 
sion since the population produces garbage which increases bacteria 
and leads to diseases, thus reducing the population. 


(b) The PMCP loop gain is equal to +efg. This is a positive transmis- 
sion since the population leads to modernization which encourages 
immigration, thus increasing the population. 


(c) The PMSDP loop gain is equal to +ehkd. This is a positive trans- 
mission since the population leads to modernization and an increase 
in sanitation facilities which reduces diseases, thus reducing the rate 
of decreasing population. 


(d) The PMSBDP loop gain is equal to +ehmcd. This is a positive 
transmission by similar argument as in (3). 


P2.29 Assume the motor torque is proportional to the input current 
Tin = ket 
Then, the equation of motion of the beam is 
Jo=ki, 


where J is the moment of inertia of the beam and shaft (neglecting the 
inertia of the ball). We assume that forces acting on the ball are due to 
gravity and friction. Hence, the motion of the ball is described by 


mk = mgd — bx 
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where m is the mass of the ball, b is the coefficient of friction, and we 
have assumed small angles, so that sin d@ = ¢. Taking the Laplace transfor 
of both equations of motion and solving for X(s) yields 


gk/ J 





P2.30 Given 
Hts) — 1 


where T = 4ys = 4 x 10~-© seconds and 0.999 < k < 1.001. The step 
response is 


k; lt & 
yay =—b tak A 
Tst+1 s 8s s+1/r 
Taking the inverse Laplace transform yields 
y(t) =k—ke/™ =k(1—e"/7) . 


The final value is k. The time it takes to reach 98% of the final value is 
t = 15.6us independent of k. 


P2.31 The closed-loop transfer function is 


500K (0.58 + 1) 


M8) = Ssh ij + ls +10) + 500K 


The final value due to a step input of R(s) = A/s is 


00K 


pein ay 
(8) > Aros 10 


If we want the final value of the output to be as close to 50 m/s as possible, 
we will need to select K as large so that v(t) + A = 50. However, to keep 
the percent overshoot to less than 9%, we need to limit the magnitude of 
K. As a trade-off we can let K = 0.0178 and select the magnitude of the 
input to be A = 106. The inverse Laplace transform of the closed-loop 
response with R(s) = 106/s is 


u(t) = 60+ 9.AzeP* — 59.386 "1-4* cog 1.830 4 11.16 sin 1.33% 


The result is P.O. = 9% and the steady-state value of the output is 
approximately 50 m/s, as desired. 
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P2.32 From the block diagram we have 
Yi(s) = Go(s)[Gi(s)Ei(s) + G(s) £o(s)] 
= G2(s)Gi(s)[Ri(s) — Ai(s)¥i(s)] + G2(s)G3(s)E2(s) . 
Therefore, 


Gi (s)G (s) 


FO a ERNE OTAGO) 


vas 
W 

& 
+ 


And, computing E2(s) (with Ro(s) = 0) we find 





E2(s) = H2(s)Y2(s) = H2(s)G6(s) 


or 


G4(s)G6(s)Ho(s) 


Bal®) = GV — Gele)Gols) aay 


Substituting E2(s) into equation for Yi(s) yields 


_ Gi(s)Go(s) P 
~ 1+ Gi(s)Go(s) Hila) ) 

G3(s)G4(s)G6(s) H2(s) 
(1 + Gi(s)G2(s)Hi(s))(1 — Gs5(s)Ge(s) H2(s)) 


Yi(s) 


+ Yi(s) ; 


Finally, solving for Y;(s) yields 


Y, (s) = Ti (s)Ry (s) 


G1(s)Go(s)(1 — G5(s)G6(s) H2(s)) 
(1 + Gi(s)Go(s)H1(s))(1 — Gs5(s)Ge(s)H2(s)) — G3(s)Ga(s)Geo(s) H2(s) 


Similarly, for Y2(s) we obtain 


Y9(s) — T2(s)Ri(s) . 


G1(s)G4(s)G6(s) 
(1 + Gi(s)Go(s)Hi(s))(1 — Gs5(s)Ge(s)H2(s)) — G3(s)Ga(s)Go(s) H2(s) 
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P2.33 The signal flow graph shows three loops: 


[Ty = —G,G3G4H2 

Ly = —GoGsGe6 Ay 

L3 = —H,GsGpGoG7G4HeG . 
The transfer function Y2/R, is found to be 


Y(s) = Gi GsGeAi = GoGsGeAg 
Ri(s) 1—(£1+ £24 £3) + (L122) ’ 





where for path 1 
A, =1 
and for path 2 
Ag=1-l. 


Since we want Y2 to be independent of R;, we need Y2/R, = 0. Therefore, 
we require 


G1GgGe — GoG5Ge(1 + GiG3G4H2) =0. 
P2.34 The closed-loop transfer function is 


R(s) 1—G3(s)(Hi(s) + Ke) + G3(s)Gi(s)(Go(s) + KsKe)(Ho(s) + Ka) | 


P2.35 The equations of motion are 
mig + b(41 — Ye) + ki(y — ye) = 0 
Meio + b(Yy2 — 1) + ki(ya — yi) + kayo = how 
Taking the Laplace transform yields 


(my s” + bs + k1)¥i(s) — (bs + ky) ¥o(s) = 0 
(mgs? + bs + ky + k2)Yo(s) — (bs + ky) Yi (s) = ko X(s) 





Therefore, after solving for Y|(s)/X(s), we have 
Y2(s) ko(bs + ky) 


X(s) (mis? + bs + ki)(mas? + bs + ky + ha) — (bs + a)? 





P2.36 (a) We can redraw the block diagram as shown in Figure P2.36. Then, 
Ky/s(s + 1) ky 


T(s) = SS FS 
(s) 14+ Ky(1+ Kos)/s(s +1) s2+(1+ Koki)s+ Ko 
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(b) The signal flow graph reveals two loops (both touching): 


—Kk —k Kk 
pe a ee 
s(s+ 1) s+1 
Therefore, 
K 1 K 
T(s) i/s(s +1) _ 1 


~ 1+ Ki/s(s+1)+KiKo/(stl) s2+(+KoKi)st+hy | 
(c) We want to choose Ky and K such that 
s? + (1+ KoKi)s+ Ki = s* +20s+100=(s+10). 


Therefore, Ky = 100 and 1+ Kok, = 20 or Ko = 0.19. 
(d) The step response is shown in Figure P2.36. 






































K 
R(s) —m {>|  —1. Y (s) 
Fie, s (st+1) 
1+K2s —<?—— 
1 : aa 
- 
y 
aaa a a ea car ac eae aa 4 
fi 
0.8} foo J 
/ 
07+ / . 
/ H 
o6L / '<---- time to 90% = 0.39 sec | 
ZS | 
= 05- | 4 
/ 
o4t | J 
0.37 + 
02+ | J 
0.1} | J 
/ 
ol 
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 
time(sec) 
FIGURE P2.36 


The equivalent block diagram and the system step response. 


P2.37 (a) Given R(s) = 1/s?, the partial fraction expansion is 


V(s) 12 2 2/3 1/4 1 19/12 
s) = >= ——_—_— = ! ! 
s*(s+1)(s+3)(s+4) s+1 8643 8544 3? S 
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Therefore, using the Laplace transform table, we determine that the 
ramp response is 


(b) For the ramp input, y(t) + 0.36 at t = 1.5 seconds (see Figure P2.37a). 


(c) Given R(s) = 1, the partial fraction expansion is 


12 2 6 A 
iG) GaiGraeee sal sea oe: 





Therefore, using the Laplace transform table, we determine that the 
impulse response is 





y(t) =2e* —6e-* 4 de", £>0. 


(d) For the impulse input, y(t) ~ 0.39 at t = 1.5 seconds (see Fig- 
































ure P2.37b). 
(a) Ramp input (b) Impulse input 
1.6 T T 0.7 T if 
145- 06 b : | 
12: 
0.5 F 
ib 
O4F 
£08 5 = 
0.3 
0.6 - 
0.25 
0.4 - 
| 
| L. 
0.2 - i ol 
| 
| 
0 l 0 i i 
0 1 2 3 0 1 2 3 
Time (sec) Time (sec) 
FIGURE P2.37 


(a) Ramp input response. (b) Impulse input response. 
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P2.38 The equations of motion are 


mia = —(ki +ko)a+koy and masa = ko(a —y)+u. 


When m; = mz = 1 and ky = kp = 1, we have 


d? a 
ap =e ty and ap = t—y tu. 


P2.39 The equation of motion for the system is 


dO 0 
jg ei, 


Tap ten 


where & is the rotational spring constant and 6 is the viscous friction 
coefficient. The initial conditions are 6(0) = 6, and 6(0) = 0. Taking the 
Laplace transform yields 


J(s?0(s) — s0,) + b(s0(s) — 04) + kO(s) =0. 
Therefore, 


i= (s+ 44,) 2 (s + 2¢wn)Oo . 
(s2+4s+4%) 574+ 2Cunst+w7z 
Neglecting the mass of the rod, the moment of inertia is detemined to be 


J =2Mr? =0.5 kg-m?. 


Also, 





k 
y= jE- 0.02 rad/s and ¢= = = 0:01. 


Solving for @(t), we find that 


9 ee 
A(t) = Vi-@ e$ nt sin(wn\/1—¢2 t+ ¢) , 
where tan ¢ = \/1 — ¢?/¢). Therefore, the envelope decay is 


6 
= 2g Sent 


Tie 


So, with Cw, = 2 x 1074, 6, = 4000° and 6, = 10°, the elapsed time is 
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computed as 
ol in A, 
Cin V1 — C705 


P2.40 When t < 0, we have the steady-state conditions 


t = 8.32 hours . 


7(O}=1A, w(0Oh=—=2V and o,(0)= 57 , 


where v,(0) is associated with the 1F capacitor. After t > 0, we have 


% 
2 PO, Aly =i) = ee 


and 
[iat + 1022 + A(ig = 11) —1,=0. 


Taking the Laplace transform (using the initial conditions) yields 


10 57 
(sh —i1(0))+2h +4h 4b = on (s-+3)h(s) ~2h(s) = 








and 
1 
[_f2-ve(0)] +1012 +4(Ia—h) = I(s) or —dsl; (s)+(14s+1) Io(s) =5s. 


Solving for I2(s) yields 


__ 5s(s? + 6s + 13) 


= 
2 T4(s $2)A(s)’ 
where 
6+3 —2 6 
A(s) = = 14s* + 335 +3. 
—5s 14s+1 
Then, 


Vo(s) = 10I9(s) . 


P2.41 The equations of motion are 





J, 6, = K (02 61) b(O 62) + T and Jn69 _ b(O aa 62) : 
Taking the Laplace transform yields 


(Js? + bs + K)01(s) — bs02(s) = K02(s) + T(s) 
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and 
(Jos? + bs)02(s) — bs0;(s) =0. 
Solving for 6;(s) and 62(s), we find that 


(K62(s) + T(s))(Jos + b) 


a As) 


and 69(s) = 


where 
A(s) = Jy Jos? + (Jy + Jo)s? + Jo Ks +0K . 


P2.42 Assume that the only external torques acting on the rocket are control 
torques, T, and disturbance torques, Tq, and assume small angles, 6(t). 
Using the small angle approximation, we have 


h=V0 
J6=T.+T1, 


where J is the moment of inertia of the rocket and V is the rocket velocity 
(assumed constant). Now, suppose that the control torque is proportional 
to the lateral displacement, as 


T.(s) =—KH(s) , 


where the negative sign denotes a negative feedback system. The corre- 
sponding block diagram is shown in Figure P2.42. 


oer 


gi l 
H desired@0 al = 


Js? 














us 



































FIGURE P2.42 
Block diagram. 


P2.43 (a) The equation of motion of the motor is 


dw 


— =Tm — 6 ’ 
er Ww) 


where J = 0.1, b= 0.06, and 7, is the motor input torque. 
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(b) Given T,,(s) = 1/s, and w(0) = 0.7, we take the Laplace transform 
of the equation of motion yielding 


sw(s) — w(0) + 0.6w(s) = 10T,, 


or 
(s) 0.75 + 10 
w(s) = ————_. . 
s(s + 0.6) 
Then, computing the partial fraction expansion, we find that 


(s) A % B 16.67 15.97 
w(s) = — + —— = —_ ——_... 
s s+0.6 Ss 5+0.6 





The step response, determined by taking the inverse Laplace trans- 
form, is 


w(t) = 16.67 —15.97e 9°", t>0. 
P2.44 ‘The work done by each gear is equal to that of the other, therefore 
Tm9m = TOL - 
Also, the travel distance is the same for each gear, so 
110m = 7r2Or . 


The number of teeth on each gear is proportional to the radius, or 


ryNg =Tr2N, . 
So, 
Om _ 2 _ Ne 
Op om MM! 
and 
N1 6m = No6z 
0, = hm =nOm, , 
where 
n= N,/No 
Finally, 
Tm On MM 
Tr Om No 
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P2.45 The inertia of the load is 





Also, from the dynamics we have 


To = Jpwo + brwo 


and 
Ty = nTo = n(Jpw2 + bpwe) . 
So, 
T, = n?(Jpa1 + bro) , 
since 


Wy = TW] . 
Therefore, the torque at the motor shaft is 
T=T, +7, =n (Jed + bpw1) + Inn + bw - 


P2.46 Let U(s) denote the human input and F(s) the load input. The transfer 
function is 

_ G(s) + KG,(s) 

7 A(s) 


G.(s) + KG1(s) 


P(s) As) 


U(s) + F(s) , 


where 
A=1+GH(s)+G,KBH(s)+G.E(s)+G,KE(s) . 


P2.47 Consider the application of Newton’s law (> F = md). From the mass 
My we obtain 





MyL4 =f hi (a4 £2) by (a1 the) 
Taking the Laplace transform, and solving for Xj(s) yields 


1 bys + ky 
Mma Bae 





Xi(s) = Xa(s), 


where 


Ay = mys? + bys + ky. 
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From the mass m; we obtain 





Myke = —kexe — beta + ky (xy x2) t by (a4 £2). 
Taking the Laplace transform, and solving for X2(s) yields 


_ bis + ky 


X2(s) = Ratay 21) 


where 
Ag := mis? + (by + b2)s +k, + ko. 


Substituting X2(s) above into the relationship fpr Xj(s) yields the trans- 
fer function 


X1(s) A>(s) 


F(s) — Ax(s)Ae(s) — (bis + k1)2" 





P2.48 Using the following relationships 


h(t) = / (1.60(t) — h(t))at 
w(t) = 6(t) 
Ji(t) = Kmia(t) 
Va(t) = 500; (t) = 104 (t) + vp(t) 
6 = Kup 


we find the differential equation is 
dh Kon VO. Ko he Bn 
wet (+k) ete 
P2.49 (a) The transfer function is 

Vo(s) (1+ sR1C1)(1 + sRoC2) 


Vi(s) Ri Cos 
(b) When R; = 100 kO, R2 = 200 kO, C) = 1 wF and Cp = 0.1 uF’, we 
have 


Vo(s) 0.2(s + 10)(s + 50) 





Vi(s) S 


P2.50 (a) The closed-loop transfer function is 


G(s) 6205 


iP —_ — OS SS 
(s) 1+ G(s) 53+ 13s? + 1281s + 6205 
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Amplitude 
oO 
nn 
; 
ug 











Time (secs) 


FIGURE P2.50 
Step response. 





(b) The poles of T(s) are s; = —5 and sg3 = —4+ 735. 


(c) The partial fraction expansion (with a step input) is 


1.0122 0.0061 + 0.07167 0.0061 — 0.0716 


gS ee eee 
(s) 8+5 3 +44 935 3 +4 — 535 


(d) The step response is shown in Figure P2.50. The real and complex 
roots are close together and by looking at the poles in the s-plane we 
have difficulty deciding which is dominant. However, the residue at 
the real pole is much larger and thus dominates the response. 


P2.51 (a) The closed-loop transfer function is 


14000 


= 
(8) = 33 a5s2 4 31008 114500 





(b) The poles of T(s) are s; = —5 and sg3 = —20 + j50. 
(c) The partial fraction expansion (with a step input) is 


1.0275 0.0310 + 0.0390j , 0.0310 — 0.0390) 
s+5 5 + 20+ j50 3 +20 — 750 





Y(s) = 0.9655 — 
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FIGURE P2.51 
Step response. 


(d) The step response is shown in Figure P2.51. The real root dominates 
the response. 


(e) The final value of y(t) is 


Yao = lim Y(s) = lim T(s) = 0.97 . 
s—0 s—0 
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Advanced Problems 


AP2.1 The transfer function from V(s) to w(s) has the form 


w(s) Ky, 
V(s)  Tms+1— 





In the steady-state, 


Wes = lim s ah S = 5Km 5 


So, 
Km = 70/5 = 14. 
Also, 
w(t) = Vm Km(1 — e/™) 
where V(s) = V/s. Solving for Tm yields 


_ 
In(1 — w(t)/wss) 


tie 


When t = 2, we have 


2 
Sa 
™m ~ Tn(1 — 30/70) 


Therefore, the transfer function is 


wis) = 14 
Vis) 3.578 +1 





AP2.2 The closed-loop transfer function form R,(s) to Y2(s) is 
Y(s) a G1G4G35(s) + G1 G2G3G'4G¢6(s) 


Ri(s) A 





where 
A = [1 + G3GaHo(s))[1 + GiGoHa(s)] . 
If we select 
G5(s) = —G2G3G¢(s) 


then the numerator is zero, and Y2(s)/Ri(s) = 0. The system is now 
decoupled. 
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AP2.3 (a) Computing the closed-loop transfer function: 


= G(s)G-(s) z 
V9) = [Fp AOUOG! Be) 


Then, with E(s) = R(s) — Y(s) we obtain 


_ [1+ Gels)G(s)(A(s) — D) 
0) = [Traaaey | 


If we require that E(s) = 0 for any input, we need 1 + G.(s)G(s)(H(s) — 
1) = 0.08 

fi G.(s)G(s) —1 _ n(s) . 

G.(s)G(s d(s) 

Since we require H(s) to be a causal system, the order of the numerator 
polynomial, n(s), must be less than or equal to the order of the denom- 
inator polynomial, d(s). This will be true, in general, only if both G,(s) 
and G(s) are proper rational functions (that is, the numerator and de- 
nominator polynomials have the same order). Therefore, making E = 0 
for any input R(s) is possible only in certain circumstances. 
(b) The transfer function from Ty(s) to Y(s) is 


_ Ga(s)G(s) 
er F ns BOG | a(s) . 


With H(s) as in part (a) we have 


roy = [ra 





(c) No. Since 


Ga(s)G(s) 


Y(s) = Fescocornl Ta(s) = T(s)Ta(s) , 


the only way to have Y(s) = 0 for any Ty(s) is for the transfer function 
T(s) =0 which is not possible in general (since G(s) 4 0). 


AP2.4 (a) With ¢(s) = 1/s we obtain 


ie. 1 
T(s) = ———— '- - 
s+ WSR s 
Define 
a 
gee and = ~:=1/C, . 


Ct 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Advanced Problems 67 


Then, it follows that 
1 _ 
B Bla Bla 


Sta 8s S+aQ S 


T(8) = 


Taking the inverse Laplace transform yields 





Ts) = =P ere + = a —e |), 


b) As t > 00, r(t) > 8 = ge. 


( 
(c) To increase the speed of response, you want to choose C;, Q, S and 
R such that 


ae Qs+1/R 
ears Saas 


is ” large.” 
AP2.5 Considering the motion of each mass, we have 
M33 + b3%3 + k3x3 = ug + b3%2 + kgxe 
Moo + (bz + b3)t2 + (ko + k3)t2 = Ug + b3%3 + kg3axgz t+ boty + koxy 
Myx, + (by + ba) a4 + (ky + kg)ax4 = uy + bote + koxe 








In matrix form the three equations can be written as 


M, O 0 Ly by + bo —by 0 Ly 
0 My O dg | t+ —bog bo+b3 —b3 LQ 
0 O Ms is 0 —b3  b x3 

ky tke —kp 0 Ly U1 

+] —ka kot+ks —kg r2 | =] ue 

0 —kg kg x3 U3 
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Design Problems 


CDP2.1 The model of the traction drive, capstan roller, and linear slide follows 
closely the armature-controlled de motor model depicted in Figure 2.18 
in Dorf and Bishop. The transfer function is 


Ths 


MS) = Fins + Rnl(rs+5,) + KeKnl ’ 


where 


Jp = Jm +1?(Ms + Ms) . 


Back EMF 





DP2.1 The closed-loop transfer function is 


Y(s) = G1(s)Go(s) 
R(s) 1+G,(s)Hi(s) — Go(s)Ho(s) 





When GH; = G2H2 and GiG2 = 1, then Y(s)/R(s) = 1. Therefore, 
select 


if _ Go(s)Ho(s) _ 
= Geigy Od Mls) = “GE = Gals) Hale) . 





Gy (s) Gi (s) 


DP2.2 At the lower node we have 


neon + 2t2 — 20 = 0 
U A 3 192 = . 


Also, we have v = 24 and ig = Gv . So 


1 1 
v(F+5 +6) +26v—20=0 
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and 


20-v(4+4) 1 
G=— = 5. 


DP2.3 Taking the Laplace transform of 


yields 


Therefore 
DP2.4 For an ideal op-amp, at node a we have 


and at node b 


from it follows that 


1 1 
SOV Ve 
la " | Ra 


Also, for an ideal op-amp, V, — V, = 0. Then solving for V; in the above 
equation and substituting the result into the node a equation for V, yields 


Vo 2 








or 
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For vin(t) = At, we have Vjn(s) = A/s?, therefore 


Uo(t) =A so" +t— | 


where 3 = 1/RoC. 
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Computer Problems 


CP2.1 The m-file script is shown in Figure CP2.1. 





p=[1 5 4]; q=[1 10]; 1 15 54 40 
% Part (a) P= 


pq=conv(p,q) -4 
% Part (b) ee -1 
Z= 


P=roots(p), Z=roots(q) 











% Part (c) -10 
value=polyval(p,-1)_ ——7—>_ value = 
0 
FIGURE CP2.1 


Script for various polynomial evaluations. 


CP2.2 The m-file script and step response is shown in Figure CP2.2. 





numc = [1]; denc = [1 1]; sysc = tf(numc,denc) 
numg = [1 2]; deng = [1 3]; sysg = tf(numg,deng) 
% part (a) 

sys_s = series(sysc,sysg); 

sys_cl = feedback(sys_s,[1]) 

% part (b) 

step(sys_cl); grid on = 


Transfer function: 
s+2 


sA2+5s+5 














Step Response 
From: U(1) 
04 T T T T = =—= 





Amplitude 
To:V(1) 
° 
6 
7 


O15 F 











Time (sec.) 


FIGURE CP2.2 
Step response. 
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CP2.3 Given 
yt+4y+4y=u 


with y(0) = y = 0 and U(s) = 1/s, we obtain (via Laplace transform) 


1 1 
1?) Fee a GeD 


Expanding in a partial fraction expansion yields 


¥(s) 0.25. 0.25 0.5 
4 =—_— =. 
S s+2 (s+2)? 


Taking the inverse Laplace transform we obtain the solution 
y(t) = 0.25 — 0.25e-** — 0.5te~** . 


The m-file script and step response is shown in Figure CP2.3. 


Step Response 






































0.25 
0.2 + | 
2 0.15 5 n=[1];d=[1 4 4]; sys = tf(n,d); 7 
Zz t=[0:0.01:5]; 
¢ y = step(sys,t); 
< 01+ ya=0.25-0.25*exp(-2*t)-0.5*t.*exp(-2*t); | 
plot(t,y,t,ya); grid; 
title(‘Step Response’); 
xlabel('Time (sec)'); 
0.05 7 ylabel(‘Amplitude'); : 
0 il i 1 1 
0 1 2 3 4 5 
Time (sec) 
FIGURE CP2.3 


Step response. 
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CP2.4 The mass-spring-damper system is represented by 
mai+ba+kax =f . 


Taking the Laplace transform (with zero initial conditions) yields the 
transfer function 
1/m 


SD ra ten 


The m-file script and step response is shown in Figure CP2.4. 





m=10; k=1; b=0.5; 
num=[1/m]; den=[1 b/m k/m]; 
sys = tf(num,den); 
t=[0:0.1:150]; 

step(sys,t) 


Step Response 
From: U(1) 





Amplitude 





0.6 -- 


0.4 -- 





0.2 














i 
0 50 100 150 


Time (sec.) 


FIGURE CP2.4 
Step response. 


CP2.5 The spacecraft simulations are shown in Figure CP2.5. We see that as J 
is decreased, the time to settle down decreases. Also, the overhoot from 
10° decreases as J decreases. Thus, the performance seems to get better 
(in some sense) as J decreases. 
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Nominal (solid); Off-nominal 80% (dashed); Off-nominal 50% (dotted) 

















Fy 
SB 12- 4 
2 os 
2 10} ENN —————— = 
6 
S 8h | 
i i 
9 i 
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4b) 4 
i 
2h | 
| 
0 q 1 ie 1 L L 1 1 i 1 
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%Part (a) 

a=1; b=8; k=10.8e+08; J=10.8e+08; 
num=k*[1 a]; 

den=J*[1 b 0 0]; sys=tf(num,den); 
sys_cl=feedback(sys,[1]); 

% 

% Part (b) and (c) 

t=[0:0.1:100]; 

% 

% Nominal case 

f=10*pi/180; sysf=sys_cl*f; 
y=step(sysf,t); 

% 

% Off-nominal case 80% 

J=10.8e+08*0.8; den=J*[1 b 0 0]; 
sys=tf(num,den); sys_cl=feedback(sys,[1]); 
sysf=sys_cl*f; 

y1=step(sysf,t); 

% 

% Off-nominal case 50% 

J=10.8e+08*0.5; den=J*[1 b 0 0]; 
sys=tf(num,den); sys_cl=feedback(sys,[1]); 
sysf=sys_cl*f; 

y2=step(sysf,t); 

% 
plot(t,y*180/pi,t,y1*180/pi,--',t,y2*180/pi,':'),grid 
xlabel('Time (sec)') 

ylabel(‘Spacecraft attitude (deg)') 
title(‘Nominal (solid); Off-nominal 80% (dashed); Off-nominal 50% (dotted)') 








FIGURE CP2.5 
Step responses for the nominal and off-nominal spacecraft parameters. 
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CP2.6 The closed-loop transfer function is 


4s® + 85° + 454 + 568° + 1125? + 56s 
T(s) = ny \C) ) 


p= 


7.0709 
-7.0713 
1.2051 + 2.0863: 
1.2051 - 2.0863: 
0.1219 + 1.8374) 
0.1219 - 1.8374i 
¢¥ = -2.3933 
La -2.3333 
-0.4635 + 0.1997i 
-0.4635 - 0.1997i 





num1=[4]; den1=[1]; sys1 = tf(num1,den1); 
num2=[1]; den2=[1 1]; sys2 = tf(num2,den2); 
num3=[1 0]; den3=[1 0 2]; sys3 = tf(num3,den3); 
num4=[1]; den4=[1 0 0]; sys4 = tf(num4,den4); 
num5=I4 2]; den5=[1 2 1]; sys5 = tf(num5,den5); 
num6=[50]; den6=[1]; sys6 = tf(num6,den6); 
num7=[1 0 2]; den7=[1 0 0 14]; sys7 = tf(num7,den7); 
sysa = feedback(sys4,sys6,+1); 
sysb = series(sys2,sys3); 

sysc = feedback(sysb,sys5); 
sysd = series(sysc,sysa); 





syse = feedback(sysd,sys7); vA 

sys = series(sys1,syse) ra z= 

% poles 0 

pzmap(sys) Pa 1.2051 + 2.0872i 
% 4 1.2051 - 2.0872i 
p=pole(sys) -2.4101 


z=zero(sys) » -1.0000 + 0.0000i 


-1.0000 - 0.0000i 











Polezero map 





25 T T T 


0.5 - | 


Imag Axis 
° 
T 
x 
Q 
(e) 
0) 
x 
i 


05 - 7 








25 1 L 1 l L 1 Ll 
8 6 4 -2 i) 2 4 6 8 





Real Axis 


FIGURE CP2.6 
Pole-zero map. 
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where 





Ma\ Se 35" as? = 1958" — 2005? = 1177s" 
— 2344s* — 3485s° — 7668s? — 55985 — 1400 . 


CP2.7 Them-file script and plot of the pendulum angle is shown in Figure CP2.7. 
With the initial conditions, the Laplace transform of the linear system is 


Oos 


al ET 


To use the step function with the m-file, we can multiply the transfer 
function as follows: 


8? A 


(j= __ 4 
(=a ory 


which is equivalent to the original transfer function except that we can 
use the step function input with magnitude 69. The nonlinear response 
is shown as the solid line and the linear response is shown as the dashed 
line. The difference between the two responses is not great since the initial 
condition of #9 = 30° is not that large. 


30 - 





L=0.5; m=1; g=9.8; 

theta0=30; 

% Linear simulation 

sys=tf([1 0 0],[1 0 g/L]); 
[y,t]=step(theta0*sys,[0:0.01:10]); 

% Nonlinear simulation 
[t,ynl]=ode45(@pend,t,[theta0*pi/180 0)); 
plot(tynl(:,1)*180/pi,ty,'--'); 

xlabel(‘Time (s)') 

ylabel('\theta (deg)') 


20} | 


0 (deg) 
Oo 








| yd function [yd]=pend(t,y) 
































-20 + \ | ian] Wy \ \ 4 




















-30 Md 





Time (s) 


FIGURE CP2.7 
Plot of @ versus xt when 69 = 30°. 
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CP2.8 Thesystem step responses for z = 3,6, and 12 are shown in Figure CP2.8. 


z=3 (solid), z=6 (dashed), z=12 (dotted) 
1.8 T T T T T T T T 























| 
0 0.5 1 15 2 2.5 3 35 4 45 5 
Time (sec) 


FIGURE CP2.8 
The system response. 


CP2.9 (a,b) Computing the closed-loop transfer function yields 





2429s+1 
T(s) = G(s) _8 s+ 
1+G(s)H(s) s%+4s+3 
The poles are s = —3,—1 and the zeros are s = —1,—1. 


(c) Yes, there is one pole-zero cancellation. The transfer function (after 
pole-zero cancellation) is 


s+l 
s+3- 





(aC 


(d) Only after all pole-zero cancellations have occurred is the transfer 
function of minimal complexity obtained. 
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78 CHAPTER 2. Mathematical Models of Systems 


Pole?Zero Map 
1 T T 





08 - =| 


0.6 - =| 


04-7 =| 


Imaginary Axi s 
Oo 
* 
@ 
| 


7-0.2 - + 


70.4 - =| 


7-0.6 - =| 








2-1 L L 1 ! ! 
2-3 7-2.5 7-2 7-15 7-1 2-0.5 0 


Real Axi s 





>> 
Transfer function: 
sA2+2S+1 


ng=[1 1]; dg=[1 2]; sysg = tf(ng,dg); 
nh=[1]; dh=[1 1]; sysh = tf(nh,dh); 
sys=feedback(sysg,sysh) 

% 

pzmap(sys) 

% 

pole(sys) 

zero(sys) 


poles p= 








zeros 


a 
af 


FIGURE CP2.9 
Pole-zero map. 
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State Variable Models 


Exercises 


E3.1 One possible set of state variables is 
(a) the current iz, through Lo, 
(b) the voltage vc, across C2, and 
(c) the current iz, through Ly. 
We can also choose vg,, the voltage across C as the third state variable, 


in place of the current through [. 


E3.2 We know that the velocity is the derivative of the position, therefore we 


have 
ay, 
dt 
and from the problem statement 
du ; 
We = —k,v(t) — kay(t) + k3i(t) : 


This can be written in matrix form as 


df y 0 1 y 0 
dt U = ko = ky U kg 


Define u = 7, and let ky = kg = 1. Then, 


x = Ax+ Bu 
where 
0 1 0 y 
A= , BS and x= 
—1 -l kg U 
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80 CHAPTER 3. State Variable Models 


E3.3 The charactersitic roots, denoted by A, are the solutions of det(AI— A) = 
0. For this problem we have 


Xr —1 
det(AI — A) = det = MA+1)41=A7+A41=0. 
1 A+1) 


Therefore, the characteristic roots are 


1 v3 t: 3 
ae and w= - 5 I ; 


ee 


E3.4 The system in phase variable form is 


x = Ax+ Bu 
y = Cx 
where 
0 1 O 0 
A= 0 O 1/, B=] 0 , Cc=|1 0 0 | 
—8 -6 -4 20 


E3.5 From the block diagram we determine that the state equations are 


tq = —(fk+d)x1 + 0x, + fu 
t= —kao+u 


and the output equation is 





Y= bx2 . 
Therefore, 
x = Ax+ Bu 
y=Cx+Du, 
where 
0 —k 1 
A= B= c=|0 p | and D = (0 
a —(fk+d) f 


E3.6 (a) The state transition matrix is 


1 
Si) Seta I+ Arp Ay 
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Exercises 81 
But A? = 0, thus A? = A*=.--=0. So, 
1 O 0 1 1 ¢t 
a t 
0 1 0 O 0 1 


and since x;(0) = x2(0) = 1, we determine that 


x(t) = x (0) + tx2(0) =14+t 
X(t) = x2(0) = 2 


E3.7 The state equations are 





Ly = 09 
tq = —10021 — 20%. + u 
or, in matrix form 
; 0 it 0 
x= x+ ie 
—100 —20 1 


So, the characteristic equation is determined to be 


r —1 
det(AI — A) = det =)? + 20 + 100 = (A +10)? =0. 
100 A+ 20 
Thus, the roots of the characteristic equation are 


A =e =—10. 


E3.8 The characteristic equation is 


Xx =1 0 
dtl AjSde | @ A <7 | =AQPSRA45)—0. 
0 5 A+2 


Thus, the roots of the characteristic equation are 


M=0, A=—-1+j2and A3=-1—-j2. 
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82 CHAPTER 3. State Variable Models 


E3.9 Analyzing the block diagram yields 


. 1 
aes ea ae 
to =a . r 
Q2= 21 5 2 


3 
Yall — sto — 7. 


2 
In state-variable form we have 
=—j{ <2 1 3 
1 -3 =A 2 


The characteristic equation is 
5 i 
gp set+l=(s+2)(s+5)=0. 
E3.10 (a) The characteristic equation is 
aN —6 
det[AI— A] = det = A(A+5)+6 = (A+2)(A+3) =0. 
1 (A+5) 
So, the roots are Aj = —2 and Ag = —3. 
(b) We note that 


-1 


s 6 1 s+5 6 
@(s) = [sI—A]~' = = 


1 s+5 (s+2)(s+3)] _1 5 
Taking the inverse Laplace transform yields the transition matrix 
Se-7' Ge! he = Ge 
P(t) = 


E3.11 A state variable representation is 


x = Ax+Br 
y = Cx 
where 
0 1 0 
A= , B= , C=| 72 2] 
—12 -8 1 
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Exercises 83 
E3.12 The equation of motion is 
di : 
L—+ Ri+ ve = vin 
dt 
where 
1 / . 
V.= = J ide . 
C 
Unit step response 
1.6 1 
| | 4 
1.4 | 
Udi \ | 
\ : x1: capacitor voltage 
gle earcear \ Ce 
y ai 
7 
a 0.8 - 4 
g 
vy | 
£ 0.6 + | 4 
‘) | 
o4t | | 
| 
0.24} | 
j x2: inductor current 
oF _ bie bese cuss lsecnhmeseseteaehesos | 
-0.2 L L i L 
0 0.05 0.1 0.15 0.2 0.25 0.3 
Time(sec) 
FIGURE E3.12 
input. 


State variable time history for a unit step 


Selecting the state variables 7; = v, and x72 = 1, we have 
: 1 
Ly = ow 
R 1 1 





mae a: 
This can be written in matrix form as 
; 0 LG 0 
x= — 
—-1/L —-R/L 1/L 
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84 CHAPTER 3. State Variable Models 


When C= 0.001F', R = 40, and L = 0.1H, we have 


The step response is shown in Figure E3.12. 
E3.13 (a) Select the state variables as x1 = y and rg = w. 


(b) The corresponding state equation is 


Ly = —2X1 — arg + 2u 


to = ba, — 4u 
or, in matrix form 


. —-l -a 2 LY 
x= x+ wu and x= 
b 0 —4 Hop) 


(c) The characteristic equation is 


A+1 a P 
det[AI — A] = det =AA+A+ab=0. 
—b xX 


So, the roots are 





1 
A=—Zt5v1—4ab. 
E3.14 Assume that the mass decay is proportional to the mass present, so that 
M=-qM + Ku 


where q is the constant of proportionality. Select the state variable, x, to 
be the mass, M/. Then, the state equation is 


t£=-—qr+Ku. 
E3.15 The equations of motion are 


m+ kx +k,(x2—q)+ br =0 
mg+kq+b@+kh(q—x)=0. 
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Exercises 


In state variable form we have 


0 1 0 0 
= (k+k1) _b ky 0 
x = m m m x 
0 0 0 1 
k (k+k1) b 
a 0 a oe 





where 4] = %,% = %,43 =q and x4 = q. 





E3.16 The governing equations of motion are 





Mm x ky (x q) t by (a q) =U 
meg + koq + boq by (q iz) ki(q x) =().; 














0 if 0 0 0 
ky by AL bi 1 
x= m1 m1 m1 m1 x+|] ™ | u(t) 
0 0 0 1 0 
am by (kitke) __ (b1 +b2) 0 
m2 mea m2 m2 


Since the output is y(t) = q(t), then 


y=[0 01 0|x. 


E3.17 At node 1 we have 
Cit, = ———. +. ———— 
1U1 Ry ey 
and at node 2 we have 
Up — v2 q, A 


Cov2 = ——— 
2U2 Rs Ra 


Let 


and 
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86 CHAPTER 3. State Variable Models 


Then, in matrix form we have 


1 1 1 1 
(2Gbee a a. Nios 
— — : R2Cy hs : x+ RC ‘ 

~ R2C2 a (ats re ns) 0 R3C2 Ub 


E3.18 The governing equations of motion are 


: di 
Rip +L +0 = 
di 
Io bu =% 
dv 
oe ee ae 
iL =y +i di 








Let 21 = 71,02 = 12,73 = V, U1 = Vg and ug = vp. Then, 





R 1 1 
Ta, Ie Ti 9 
= 1 1 
x= 0 O -y }]X+!/] 0 F}]u 
z+ @ 0 0 0 
y=[0 0 1 )x+ (Ju. 
E3.19 First, compute the matrix 
s —l 
s[—-A= 
3. 8s+4 
Then, ®(s) is 
1 s+4 1 
@(s) = (sI— A) + = 
A(s) a) s 
where A(s) = s? +45 +3, and 
s+4 1 0 10 
G(s) = a 7G i, 
()=[10 of | 40 % <)> aes 
Als) Als) 


E3.20 The linearized equation can be derived from the observation that sin# + 0 
when 6 = 0. In this case, the linearized equations are 


6 all k . 
—6+—d0=0. 
O+F ses 
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Let 7; = 0 and r2 = 6. Then in state variable form we have 


x= Ax 
y = Cx 
where 
0 1 (0) 
A= ; c=[1 ol and x(0)=]| . 
—g/L —k/m A(0) 
E3.21 The transfer function is 
—1 
- _ ail _ 
G(s) =C[sI- A] -B+D Pa eed 


The unit step response is 


y(t) =—-l+e*+te™. 
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88 CHAPTER 3. State Variable Models 


Problems 


P3.1 The loop equation, derived from Kirchoff’s voltage law, is 


di 1 HR. 
—= ==. —%, 


ia a oa 7 


1 
waa fide. 


(a) Select the state variables as 7; =i and xr = U¢. 


where 


(b) The corresponding state equations are 


« L.., & i 
= oe i LY 
. 1 

T2=G M1: 


(c) Let the input u = v. Then, in matrix form, we have 





—R/L -1/L Wi 
x= Da U. 
1/C 0 0 
-R/L 
/ i. We 5 1/s 
v »>—( }_»>—T }—> p> 
VL << is saad 
aoe 1 xX, 
-1/L 
FIGURE P3.1 
Signal flow graph. 
P3.2 Let 
es ee 
- (Ri + R2)C ' aa (Ri + Ro)L : 
1 Ro 
neat —, Ee . 
ra 12 (Ry + Ra)C 21 22 (Ri + Ro)L 


The corresponding block diagram is shown in Figure P3.2. 
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Problems 89 
ia 
fe OE 
4 
(a) / 
2R1R2/(R1+R2)C 
an 
Vv, > a 
1/s 
(b) 
oe . 1/s 
V5 ( > ‘ X, 
4 
an) 
FIGURE P3.2 


(a) Block diagram. (b) Signal flow graph. 


P3.3 Using Kirchoff’s voltage law around the outer loop, we have 


di 
Le — yet —11 =0. 


Then, using Kirchoff’s current law at the node, we determine that 





where ip is the current through the resistor R. Considering the right loop 


we have 


ipR—vo2+Ue =0 or Raa 
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90 CHAPTER 3. State Variable Models 
Thus, 
dve Ve a v2 diz Uc U1 v2 
a ROO pe ma OD 


In matrix form, the state equations are 


Ly 0 1/L LY “i 1/L —1/L UL 
L2 -1/C —1/RC Hop) 0 1/RC V2 


where x1 = iy and x2 = ve. The signal flow graph is shown in Figure P3.3. 


T/L 





wo 1/s 


FIGURE P3.3 
Signal flow graph. 


P3.4 (a) The block diagram model for phase variable form is shown in Fig- 
ure P3.4a. The phase variable form is given by 


0 1 0 0 
x= 0 o 1itxt+itotr 
10 -3 —2 1 

v=(8 2 1 |x. 


(b) The block diagram in input feedforward form is shown in Figure P3.4b. 
The input feedforward form is given by 


—2 10 1 
x=| -3 0 1]x+] 2 |r) 
—10 0 0 5 


y=[1 0 0]x. 
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Problems 























5 + Ys) 















































Ris) Ys) 


























(b) 


FIGURE P3.4 
(a)Block diagram model for phase variable form. (b) Block diagram model for input feedforward form. 
P3.5 (a) The closed-loop transfer function is 


s+1 
j= 7. 
(s) 68 +5s2—5s+1 


(b) A matrix differential equation is 


x = Ax+ Bu 
y = Cx 
where 
01 0 0 
A=/| 00 1], B=/o/, C=[11 0] 
—-1 5 -5 1 


The block diagram is shown in Figure P3.5. 
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FIGURE P3.5 
Block diagram model. 


P3.6 The node equations are 





0.00025 4 4, —-%Z=Y% <9 
die” 4000 
dvy V2 ; 
0.0005 2 — 25 

a” * Too 
. 
0.002 Pig as 


Define the state variables 


LYS Uy 29S Ue v3=ip. 


Then, 
x = Ax+ Bu 
where 
—1 0 —4000 1 0 
A= 0 -2 2000 | , B= J 0 2000 
500 —500 0 0 0 
P3.7 Given K = 1, we have 
1 (s+1) 
KG(s)-- = +>... 
(s) s  s(s*+1) 


We then compute the closed-loop transfer function as 


ge Og 1 g-! 426-2 +647 


T SO Fi... 
sa ee aca Fabs a ee 
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(a) The state variable model is 


0 1 0 0 
x= 0 0 1{x+] 0 |r 
is. 5/3: 48 1/3 





o> a. > a | 
(b) We check the roots of the characteristic equation 


3 0 9) 1 
det[sI — A] = s? + —s?+-s+—=0, 
et|s | ge eG 


to find 


8; = —0.2551 and s23 = —0.7058 + 0.8991) . 





All roots lie in the left hand-plane, therefore, the system is stable. 


P3.8 The state-space equations are 


t= %9 

. ku 

4 
U3 

3 =U 


This is a set of nonlinear equations. 


P3.9 (a) The closed-loop transfer function is 


10 10s—3 


CO — —————— ee arnt? ae 
(s) Js3 + (b+ 10J)s2+10bs+10K, 1+10.1s-!45-245s-3’ 


where Kk, = 0.5, J=1, andb=0.1. 
(b) A state-space model is 


0 1 0 0 
x= 0 0 1 | X+- Oa Eg 
—5 -1 —-10.1 10 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


94 CHAPTER 3. State Variable Models 


(c) The characteristic equation is 


s —l 0 
det/[sI— A] =det] 0 5 —] =s'+10.1s?+58+5=0. 
5 1 s+10.1 


The roots of the characteristic equation are 





8s; =—10.05 and so3 = —0.0250 + 0.70497 . 


All roots lie in the left hand-plane, therefore, the system is stable. 


P3.10 (a) From the signal flow diagram, we determine that a state-space model 


is given by 
—Kk, Ko ky —Ko2 ry 
x= x 
—ky —Ko ky Ko T2 
Y1 1 0 
y= = X. 
Y2 0 1 


(b) The characteristic equation is 
det[sI — A] = s?+ (Kp + K,)s+2K,Ko=0. 
(c) When Ky = Kp = 1, then 


—-1 1 
=, =] 


A= 


The state transition matrix associated with A is 


cost sint 
= £71 {[st- Aj} =e 
—sint cost 


P3.11 The state transition matrix is 
(2t—1)e* —2te* 
P(t) = 
2te~t (—2t + 1)e~# 


So, when 21(0) = x2(0) = 10, we have 
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Problems 95 
or 
a1 (t) = 10e* 
xo(t) = 10e~* 
P3.12 (a) The phase variable representation is 
; o 1 of fol 
x= 0 0 || eae |] a 
—48 —-44 —-12 1 
y= |40 8 O]x. 
(b) The canonical representation is 
=2 0 0D —0.5728 
a= 0 -4 O [2+] 4.1307 |r 
0 O —-6 4.5638 
y = [—5.2372 — 0.4842 —0.2191]z 
(c) The state transition matrix is 
H(t) = | 4(t)2(t)s(t) | 
where 
e 6t __ 36 At + 3e 2t de 6 = Qe—4t 4 fe 7 
Hi (t) = | —6e—& + 12e-* — Ge bo(t) = ge 6 + Bet — Bet 
36e—% — 48e" + 12e"7# 27e~* — 32e~% + 5e 





1,-6t _ 1,—4t , 1,-2¢ 
ze ae qe 
®3(t) = 8 eG 1 eW4t teat 
9,-6t _ 4,—4t , 1,-2t 
Ae de Fe 
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96 CHAPTER 3. State Variable Models 


P3.13 (a) The RLC circuit state variable representation is 


The characteristic equation is 
s*+10s+24=0. 


All roots of the characteristic equation (that is, s; = —4 and sy = —6) 
are in the left half-plane; therefore the system is stable. 


(b) The state transition matrix is 
so — De 26% 4. De 
age" ge" «De a ge 


(c) Given 


we have 


i(t) = 21(t) = 0.3e-* — 0.2e-* 
ve(t) = go(t) = —0.3e" + 0.3e . 


(d) When x(0) = 0 and u(t) = E, we have 


x(t) = | ‘S@-2 Buea. 


where 


Integrating yields 


a(t) = (—2e-* + 2e-*) E 
a(t O40e% 32° \R . 


P3.14 A state space representation is 


x= Ax+Br, y = Cx 
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where 





































































































0 1 0 0 0 
0 0 1 0 0 
A= , B= , G=10. 1:0: Oo). 
0 0 0 1 0 
4 -—34 —23 —-12 1 
P3.15 A state variable representation is 
0 1 0 0 
x= 0 0 1]x+]0]7r 
—20 -31 —-10 1 
v= (20-5 Ox. 
The block diagram is shown in Figure P3.15. 
5 
R(s) 20 x Y(s) 
FIGURE P3.15 
Block diagram model. 
P3.16 (a) The state and output equations are 
t1 = 22 
Xr = 13 
#3 = —50021 — 50x%2 — 1523 + 500r 
YF 
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or, in matrix form 


0 1 0 0 
= 0 0 ti x+ | & | 7 
—500 —50 —15 500 


y=[1 0 0]x 


(b) The unit step response (shown in Figure P3.16) is stable and settles 
out in under 10 seconds. 





att ae a aa a 
it aoa | | va oA ee ee 


Amplitude 











Time (secs) 


FIGURE P3.16 
Unit step response. 


(c) The characteristic equation is 
s* + 15s + 50s + 500 = 0 
and the roots are 


8, = —13.9816 
$2.3 = —0.5092 + 5.9584) . 





All the poles lie in the left half-plane—the system is stable. 
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Problems 


P3.17 (a) The characteristic equation is 


s —] 0 


det | 0.0071 s+0.111 —0.12 
0 —0.07 s+0.3 
= 5° + 0.411s? + 0.0325 + 0.00213 =0. 


det(sI — A) 


The roots are 





8; = —0.3343 and s23 = —0.0383 + 0.0700) . 


All the poles lie in the left half-plane, therefore, the system is stable. 
(b) The solution of the system to a step of magnitude 0.285° is given by 


v(t) = —2.66 — 0.116793" + @~ 998! (2.77 cos 0.07¢ + 0.99 sin 0.07) 


axo(t) = 0.037e~ 033! — 9-038 (9.037 cos 0.07t + 0.23 sin 0.07t) 
a3(t) = 0.069 — 0.075e~ 93%! + @~%8* (9.006 cos 0.07t — 0.06 sin 0.07t) 


x1 - solid; x2 - dotted; x3 - dashed 
0.5 T T T T 








Step response) 














0 20 40 60 80 100 
Time (s) 


FIGURE P3.17 
Step response of magnitude 0.285°. 
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P3.18 The transfer function is 


4s — 44 


7 -lp _ 
G(s) = C(sI — A) B= 34s? 4375420 


P3.19 Define the state variables as 


L1= o1 — 2 
Wy] 
12> — 
Wo 
W9 
w3 = —. 
Wo 


Then, the state equations of the robot are 


L1 = WoL2 — WeX3 











‘ —JoW5 b b Km : 
a= Jy + ae a : ‘ike Two 
al eee ey 

J, + Jo J2 Jo 


or, in matrix form 


S. 


X=Wo|] a-—1 —b b) |x+]d 


where 


Ji i= b = b Km 
(J, + Jo)’ Ewe.” J2Wo JW — 











P3.20 The state equation is given by 


0 1 
= 2 
—2 —3 
where x1(0) = 1 and x2(0) = —1. The state transition matrix is 





age get apntt a pet 
@(t) = 





Qe%# Det De %# _ et 
The system response is 


a(t) = (-e- + 2e~*) x1(0) + (-e- + e*) x2(0) 
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to(t = (26-% — 2e~") x1(0) + (26-?" — e*) (0) 


The state response is shown in Figure P3.20. 





x) 
0.6 + ee 





System response 
' 
\ 











Time (s) 


FIGURE P3.20 
Response with 71(0) = 1 and x2(0) = —1. 


P3.21 The state equation is given by 


a 0 0.3 x 1016 
= oes | * where x(0) = 
==) = a5- 7x10 


The state transition matrix is 
Ee 0-103433¢ 0 


®(t) = 
Snbreole Crests = | e0-075326t 


The system response is 
a1 (t) = e70-103433t | (()) 


ao(t) = 35.5786 eee _ ene 21(0) + e~ 0.075326t (()) 


The state response is shown in Figure P3.21. 
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—=] X=Xenon 135 
aio |=lodine 135 











Nucleide densities in atoms per unit volume 














0 10 20 30 40 50 
Time (hours) 


FIGURE P3.21 
Nuclear reactor state response to initial conditions. 


P3.22 From the flow graph we obtain 


1 =%g+h\,u 


tq = hou — ay, XQ — AoX4 


Y=. 
In matrix form we have 
0 1 hy 
x= x+ U 
—aAp —al No 
y=[1 Ox 


The transfer function is 


G(s) = C(sI- Ay B=f1 gh] *F% + | | 


Dl 


—Ag 8 No 
where 


A(s)=s? +a1s+4a,. 
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Therefore, 


bis + bo 


G(s) = (hi(s + a1) + ho)/A(s) = ee geceas 


So, the vector differential equation does represent the flow graph model. 


P3.23 The governing equations are 








di 
—-—-v 
dt 
dv, 1 1 
Qs tS (tt — (vy — v2) =0 
1 + R, (vy —v) + Ro v2) 
dvo 1 v2 
Ce ate 0, 
ar + 7, (v2 ee a 2 
Let u =v, 21 = 7,22 = vy and x3 = vg. Then, 
0 0 + 0 
x= GQ fee 1 x+ 1 
a \ Ri R2 C1 R2 RC 
1 1 1 1 
~ C2 R2C2 a — + — 0 


y=(|0 0 1x. 


P3.24 (a) The phase variable representation is 


J o 1 of | 


0 
x= 0 0 1]x+/] 07/7 
—30 -31 —-10 1 
y= (1 0 Ose. 


(b) The input feedforward representation is 


—10 1 0 0 
x= | -31 0 1/x+]0]7r 

—30 0 0 1 
y=(l 0 Ojx. 
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(c) The physical variable representation is 


}-3 1 of | 


~ 
II 
fon) 
| 
bo 
ae 
* 
+ 
Ee Oo OC 
“4 


y=([1 0 Olx. 


(d) The decoupled representation is 


—3 0 0 1 
x= 0 —2 O;]x+]1]r 
0 0 -5 1 
1 1 1 
ae 


P3.25 The matrix representation of the state equations is 
0 1 1 ut 0 
~ - 
0 2 0 1 u2 1 
When u, = 0 and uw2 = d= 1, we have 


Ly = 321 + ug 


L2 = 2x9 + Qua 


So we see that we have two independent equations for x; and x2. With 
U2(s) = 1/s and zero initial conditions, the solution for x; is found to be 


s(s — 3) 


and the solution for x2 is 


v(t) = £1 {Xals)} = £7 |} et {St ag = te 





P3.26 Since ®(s) = (sI— A)~!, we have 


—1 
s+1 0 s+3 0 1 
®(s) = = A 
a ogg S g4-7 (s) 
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where A(s) = (s + 1)(s +3). The state transition matrix is 





a)=1-ao)-| °° 
— S = 
et e-3t p8t 
P3.27 The state variable differential equation is 
: 0 1 0 
x= x+ Tr 
—25 —-6 25 
=/|1 Ole 
and 
s+6 1 1 
®(s) = (sI— A)-'= 
~25 gs | A(s) 


where A(s) = s? + 6s + 25. 


P3.28 Equating the change in angular momentum to the sum of the external 
torques yields 


J6 — Hw cos 6 = —b6 — kd 


where 6 is the damping coefficient, & is the spring constant, and J is the 
wheel moment of inertia. Defining the state variables 7; = 0 and 79 = & 
and the input u = w, we can write the equations of motion as 


Ly = XQ 


. k b 
v2 = -—%1 - =X 4 oe 


J J 





With a small angle assumption (that is, cosa; + 1) we have 


0 iL 0 
x = x U 
-k/J —b/J H/J 


P3.29 The governing equations of motion are 
miyi + k(yi — yo) + by = u 


mayo + k(y2 — y1) + by2 = 0 
Y=¥2.- 
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Let 21 = 1,02 = 1,73 = yo and x4 = yo. Then 


| 0 1 0 0 ] | 0 ] 
_k _b k 4g a 
oo m1 my my xt] ™ ly 
0 0 0 1 0 
k b 
ne ee 0 


y=[0 01 0|x. 
P3.30 The equations of motion are 
Iq + MgLsing, + k(q — q2) =0 
Iq, —k(qi — q2) =u. 


Let 41 = M1, 2 = H, 3 = qo, and X4 = qe and linearize the equations 
using small angle assumptions (i.e. sing; © qi). Then, we have 








X41 = 7% 

. MgL ny ) 
w2 >= T Ly T Ly £3 
r3= 2X4 

t4 = 7 (a1 — 23) + i : 

P3.31 Using Kirchoff’s current law, we find that 
d 
C 7 =i9 +13 


where 73 = current in Rg. Let 7; = current in Ry. Using Kirchoff’s voltage 


law, we have 


pot =v, — Ry 
and 
Ryiy + Rota +ue = U1 . 
But 
ig =1 — 11 , 
so 


(Ri + Ro)ix =v, —Ue+ Roi . 
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Using Kirchoff’s voltage law once again, we calculate 73 as 


: U2 — Ve 
i3 = ———_. 
3 R3 
Utilizing the above equations, we can solve for diz/dt and du,./dt, as 
follows: 
dir Ro ie Ry Riko. 
= = eo 4 Oe Ooms 
dé. DCR, +R) DOR +R) * ECR + Ba) 
Ve U1 Ve Ve Ryit v2 





dt C(Ri+R2) C(Rit+R2:) CR3; C(Ri+R2) CR3 


Define the state variables 7; = v, and rg = iz. Then, in matrix form we 





have 
_ (Rit R2+R3) OR 1 aa v 
= CR3(Rit+R2) CHitha) | y 4 | CUith) CRs 1 


Ri _ __ RiR2 Re 
L(Ri+R2) L(Ri+R2) L(Rit+R2) 








0 
V1 
Se 1 R il 
aa | Wath) ~ Tithe) [xt | (itm) 9 
P3.32 A state variable representation is 


0 1 0 
x= x+ Uns 
—3 —-4 30 


The state transition matrix can be computed as follows: 





1 s+4 1 
&=£7'{[st-ay*}ac NO) 
. 3. s 
Bet _ 1-3! 1o-t _ 1 6—3t 


where 
A(s) = s?+48+3=(s+1)(s+3). 
P3.33 A state variable representation is 


my, =—-kym, +r 


mz = kym, — komo 
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where k, and kg are constants of proportionality. In matrix form, we have 


—ky 0 1 
x= Ax+Br= x+ r 


where x1 = m, and x2 = mg. Let ky = kg = 1 and assume that r(t) = 0 
and 2; = 1 and x2 = 0. Then 



































1 0.4 
f 
| 
| aes 
Oe 0.35 | 
| 
0.8 | 
| 0.3 | 
0.7} | 
| 
= 06/4 | ae | 
ray | | 
Z ost | a. a gee | 
a \ | 
g L | | | 
g Orn 0.15} | 
03); \s | | 
ae ol | 
0.21 | 
1 | 
1 | 
gail | 0.05 | 
0 0 f t=0 
0 10 0 05 1 
time (sec) x1 
FIGURE P3.33 


Actual versus approximate state response. 


P3.34 The system (including the feedback) is described by 


G 2 
172 1 
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The charactersitic equation is 


x: =f 3 1 
det [AI — A] = det ='MN+A4+=-=0. 
17a: Ae 2 


The roots of the characteristic equation are 





1 if 
Xr aera = } — * 
1,2 5) J 5) 
The system response is 
—t/2 t —t/2 ot —t/2 ot 
€ coss +e sin 2e sin 
x(t) = e!x(0) = ; ? : x(0) 
—e—*/2 sin f e—*/2 cos f —¢-#/? gin f 
2sin £ 
ayy? 2 


t Se 
cos 5 — SIN 5 


where 21(0) = 0 and x2(0) = 1. 
P3.35 (a) The state space representation is 


0 1 0 0 
s=| 0 © LF let hole 
Raid 7 1 

y=[8 0 O]x. 


(b) The element ¢11(t) of the state transition matrix is 





8 
batt) =3e°" = 22-7" + a : 
P3.36 The state equations are 
h=a : [808 — 50h] re 
=@24=> —- =—-27+=—2 

1= 5 1+ pio 

d= xr = W>= % 
Ky. KmKp x KmKa 353 ie 25000 

W = £3 = —ig = —— ws + 9, = - 2 Ups 
ge Tie i. ~~ oO 
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In state variable form, we have 





8 
—1 5 0 0 
x= 0 0 1 x+ 0 Vi 
353 25000 
0 0 — 30 3 
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Advanced Problems 


AP3.1 With the state variables are defined as 


the nonlinear equations of motion are 


21 22 

: — _ K (Io+z3)? 

22 I~ m(Xotaye |? 
i 

23 z(u — Rz3) 


where the control is the voltage v. We assume that z; = x is measurable. 
The linearized equations of motion are 


z= Az+Bu 
y= Cz 
where 
0 1 0 0 
A= eT. , B=] 0 , and c=|10 0] 
R 1 
0 0 -F fa 


The transfer function is 


With the constants 


R = 23.2 
L = 0.508 
m = 1.75 
K =2.9x 1074 
I, = 1.06 


X, = 4.36 x 1073 
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the transfer function is 


—36.38 


G(s) = S35 67s? + 4493s + 205195 


AP3.2 The differential equation describing the motion of y is 
my + by + ky = but+ku. 


Taking Laplace tranforms (with zero initial conditions) yields the transfer 
function 


Y(s) (b/m)s + (k/m) 


U(s) 8? + (b/m)s + (k/m) 


In state space form, we have 


AP3.3 The transfer function is 


Y(s) 2s? +68+5 
Ris) 88 +4s2+5s4+2° 





In (nearly) diagonal form, we have 


4 wi 0 
A=| 0-1 of, B=J/1],ad C=[11 1] 
( o.<9 1 


The matrix A is not exactly diagonal due to the repeated roots in the 
denominator of the transfer function. 


AP3.4 The differential equations describing the motion of y and q are 


my + key + ki(y-—9@) = 


QgQ=f 
—b¢t+hty-g=f 





where ky = 2 and ky = 1. Assume the mass m = 1. Then with the state 
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T 
variables defined as z = y y q , we have the state variable model 


01 0 0 
= | Gh Q)z+ 1 7 
o/b 0 =2/6 —1/b 


y=[1 0 0] 


If we model a large bump at high speeds as an impulse and a small bump 
at low speeds as a step, then b = 0.8 provides good performance. In both 
cases, the ride settles out completely in about 10 seconds. 


AP3.5 The differential equations describing the motion of x and @ are 
(M +m)#+ ML cos 66 — ML sin 06? = —kax 
gsin6 + cos 6% + LO =0 
Assuming @ and @ are small, it follows that 
(M +m)#+ MLO = —kx 
%+L6 = —g@ 


at 
Define the state variables as z = ry er 6 6 . Then, the state vari- 


able model is 


0 1 0 0 
; —k/m 0 gM/m 0 
Z= Z 
0 0 0 1 
k/(Lm) 0 -g(M+m)/(Lm) 0 
AP3.6 
AP3.7 Computing the closed-loop system yields 
—1 1 0 
ARK = Be , and c=|2 ie 
Kk, Ko 1 


The characteristic polynomial is 
|sI — (A — BK)| = s?+ (Ko +1)s+ K, + Ko =0. 


The roots are in the left-half plane whenever Ko+1 > 0 and K,+ K2 > 0. 
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CHAPTER 3. State Variable Models 


Design Problems 


CDP3.1 


DP3.1 


The transfer model of the traction drive, capstan roller, and linear slide 
was given in CDP2.1 as 

X(s) _ rKm 

Vals) 8 [(ILms + Rm)(Jrs + bm) + Ky Km] ’ 





where 
Jp = Jm +1?(Ms + Msp) . 


Define 71 = 2, 2 = “, and x3 = %. Then, a state variable representation 
is 





x = Ax+ Bu, 
y = Cx 
where 
0 1 0 0 
A=] 0 0 1 , B= 0 
0 — Rmbmtho Km _ Lmbm+RmJr rhm 
LmJtr LmJtT LmJt 
c=|10 0] 


(a) The equation of motion of the spring-mass-damper is 
my + by+ ky =u 


or 


Select the state variables 
ajy=y and wo=y. 
Then, we have 


x = Ax+ Bu 
y = Cx 
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where 


0 1 0 
A= . B 
20 —9 1 


; Cali G| 


A is the system matrix. The characteristic equation is 


8 —1 
det [AI — A] = det =s7+9s+20=0. 
20 s+9 
The roots of the characteristic equation are s; = —4 and s2,=-—5, 
and the transistion matrix is 
be—4t — de—5t eat — e-5t 


&(t) = 
=e"? 4 20e-" = de-™ 4 he 


(b) Assume the initial conditions are 71(0) = 1 and x2(0) = 2. The zero- 
input response is shown in Figure DP3.1. 


(c) Suppose we redesign the system by choosing b and k to quickly damp 
out x2 and x;. We can select b and k to achieve critical damping. 









































b/m=9, k/m=20 Critical damping: b/m=20, k/m=100 
2 T 2 T T T 
15 4 
1 4 
ik | x1 
x1 7 
0.54 4 
x Pd 
g g 
S$ S 
a2 OF 2-1 x2 a 
v ¥ 
vu vu 
6 6 
2 pc) 
Wn Wn 
-0.5 F 4 
234 4 
TP x2 | 
=3 4 4 
15° 4 
2 1 i 1 -4 L i ig 
0 0.5 1 15 2 0 0.5 1 iS 2 
Time(sec) Time(sec) 
FIGURE DP3.1 


Zero input state response. 
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116 CHAPTER 3. State Variable Models 


If we desire the characteristic polynomial to be pg(s) = (s + 10)? = 
s* + 20s + 100, then we need b = 20 and k = 100. 


DP3.2 The desired transfer function is 
Y(s) _ 10 


U(s) s2+4s+3° 
The transfer function derived from the phase variable representation is 


de 
U(s) s2+bs+a 


Therefore, we select d= 10, a= 3 and b= 4. 


DP3.3 Assume the aircraft lands precisely on the centerline. The linearized equa- 
tions of motion are 


m3é3 + Kp#3 + Ko(x3 — 22) = 0 
moto + Ko(xq — 23) + Ki(x2 — 21) = 0 
2 
mx, = ——Ko(arz1, -— 2 
ale 2(1 — £2) 

where 21(0) = x9(0) = #2(0) = #3 = 0 and 41(0) = 60. The system 
response is shown in Figure DP3.3 where Kp = 215. The aircraft settles 
out at 30 m, although initially it overshoots by about 10 m at 1 second. 





45 





Amplitude 











Time (secs) 


FIGURE DP3.3 
Aircraft arresting gear response. 
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DP3.4 We can model the bungi cord system as a mass-spring-damper. This is 
actually an over-simplification because the bungi cord cannot “push” the 
jumper down as a spring would—it can only exert a restoring force when 
the cord is stretched (that is, when the jumper exceeds the length, L, of 
the cord). The problem is nonlinear! When the distance of the jumper 
from the platform is less than L we should model the cord spring constant 
and damping as K = 0 and b = 0, respectively. Only gravity acts on the 
jumper. Also, when « (the jumper velocity) is negative (where we define 
positive towards the ground), then we should model b = 0. A reasonable 
set of equations of motion are 


£1 = Xo 


; Kk b 
0g = ay = eg 
m m 


where 2, is the distance measured from the top of the platform and x2 
is the jumper velocity. For the initial conditions we have x;(0) = 10 
and x2(0) = 0. A reasonable set of parameters for the bungi cord are 
L = 40 m, kK = 40 N/m and b = 20 kg/m. The system response is 
shown in Figure DP3.4 for a person with m = 100 kg. The accelerations 
experienced by the jumper never exceed 1.5 g. 























global MASS GRAVITY LENGTH K b 
MASS=100; HEIGHT=100; GRAVITY=9.806; 
LENGTH=40; SPRINGCONSTANT=40; SPRINGDAMPING=20; 
x0=[10;0]; 
t=0; dt=0.1; 
n=round(120/dt); 
for i=1:n; 
if x0(1)<LENGTH 
K=0; b=0; 
elseif x0(2)<0 
b=0; 
else 
K=SPRINGCONSTANT; b=SPRINGDAMPING; 
end 
tf=t+dt; function [xdot] = bungi(t,x) 
[Txd = ode45Ubungilit t1x0); = er acr tal LENGTH Kb 
xs(i,:)=x(length(x),:); t=tf; xdot(2)=-(K/MASS)*(x(1)- 
x0=x(length(x),:); ts(i)=tf; LENGTH)-(b/MASS)*x(2)+GRAVITY; 
énd xdot=xdot'; 
plot(ts,HEIGHT-xs(:,1)), grid 


FIGURE DP3.4 
(a) Bungi cord system response m-file script. 
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FIGURE DP3.4 


CONTINUED: Bungi cord system time history response. 


DP3.5 Computing the closed-loop system yields 


0 1 0 
A-BK= . B= _ and c=[1 0]. 
—2—k, 3-Ko 1 
The characteristic polynomial is 


|sI — (A — BK)| = s? + (Kp —3)s+ K, +2=0. 


Suppose that the desired poles are in the left-half plane and are denoted 
by —p,; and —p9. Then the desired characteristic polynomial is 


(s+ pi)(s + po) = 8? + (pi + po)s + pipe = 0. 
Equating coefficients and solving for K = [Ky Ko] yields 


Ky = pip2 — 2 
Ko =pi+po+3. 
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Computer Problems 


CP3.1 The m-file script to compute the state-space models using the ss function 
is shown in Figure CP3.1. 






































% Part(a) 
num =[1];den =[1 25]; i xl 
a= sys = tf(num,den); x1 -25 
x1 x2 sys_ss = ss(sys) | 
x1 -8 -2.5 % Part(b) b= 
aS 2 num = [3 10 3];den =[1 85]; mM 
b= sys = tf(num,den); — 
ul —— _ sys_ss = ss(sys) c= 
x1 4 % Part(c) x1 
x2 0 num =[1 10];den =[1 3 3 1]; yl 
ce sys = tf(num,den); d= 
x1 x2 sys_ss = ss(sys) er 
yl -3.5 -1.5 yl 0 
d- 
ul ' 
yl 3 a= 
x1 x2 x3 
x1 -3 -1.5 -0.25 
X22 10. 40 
x3 0 2 0 
b= 
ul 
x1 2 
x2 0 
x3 0 
c= 
x1 x2 x3 
yl 00.25 1.25 
d= 
ul 
y1 0 








FIGURE CP3.1 


Script to compute state-space models from transfer functions. 


For example, in part (c) the state-space model is 


x= Ax+ Bu 
y=Cx+Du, 
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where D = [0] and 


2 i as 2 
Aa] & % o|, B=]/o], C=[0 025 1.25 
0 2 0 0 


CP3.2 The m-file script to compute the transfer function models using the tf 
function is shown in Figure CP3.2. 











% Part (a) 

A=[0 1;2 4); B=[0;1]; C=[1 0); D=[0); Transfer function: 

sys_ss=ss(A,B,C,D); en 

sys_tf = tf(sys_ss) wm} = s2-4s-2 

% Part (b) 
A=[1 1 0;-2 0 4; 6 2 10]; B=[-1;0;1]; C=[0 1 0]; D=[0]; 

eee sys_ss=ss(A,B,C,D); 

wore rm sys_tf =tf(sys_ss) 

5A3-115\2+45-36 % Part (c) 

A=[0 1;-1 -2]; B=[0;1]; C=[-2 1]; D=[0]; Transfer function: 

sys_ss=ss(A,B,C,D); ee 

sys_tf = tf(sys_ss) wm} s\24+254+1 





















































FIGURE CP3.2 
Script to compute transfer function models from the state-space models. 


CP3.3_ For an ideal op-amp, the voltage gain (as a function of frequency) is 


22(s) 
Vo(8) = 2° Vin(s), 
(8) = Fe Vinls) 
where 
1 
Ss a Be 
Ro 
ec 
Z 14+ RoCos 


are the respective circuit impedances. Therefore, we obtain 


Ro Cis 


(9) =~ [OF RiCi ol + RaOaey| nl) 


The m-file script and step response is shown in Figure CP3.3. 
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a= 
x1 x2 
x1 _-3.00000 -1.00000 
R1=1000; R2=10000; C1=0.0005; C2=0.0001; x2 2.00000 0 
numg=I[R2*C1 0]; b= 
deng=conv([R1*C1 1],[R2*C2 1]); ull 
sys_tf=tf(numg,deng) x1 4,00000 
% Part (a) x2 0 
% c= 
sys_ss=ss(sys_tf) xl x2 
% Part (b) yl 250000 0 
% d= 
step(sys_ss) a ul 
yl 0 
Continuous-time system. 
Step Response 
25 T T 
aL 
154 
i 
mo} 
Zz 
Es 
E 
< 
ae 
0.5 } 
0 
0 





Time (sec.) 


FIGURE CP3.3 


The m-file script using the step function to determine the step response. 


CP3.4 The m-file script and state history is shown in Figure CP3.4. The transfer 


function equivalent is 
1 
G(s) = ————"——_-. .. 
(8) = Sy be bie48 


The computed state vector at t = 10 is the same using the simulation and 
the state transition matrix. 
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x1 solid; x2 dotted; x3 dashed 
1 T T T T T T T 





0.8 iN 4 


x(t) 











= | it : 1 | | i 1 i 





0 1 2 3 4 5 6 7 8 9 10 
time (sec) 





a=[0 1 0; 0 0 1; -3 -2 -5]; 
b=[0;0;1]; 

c=[1 0 0]; 

d=[0]; 

% 

% Part (a) 

% Transfer function: 
sys_ss = ss(a,b,c,d) 1 

sys_tf = tf(sys_ss) > 
% 

% Part (b) 
% 








SA3+5sA2+25+3 


























x0 = [0-1 1]; 

t = [0:0.1:10]; 

u=O0*t; 

ly,t,x] = Isim(sys_ss,u,t,x0); xf sim= 

plot(t,x(:,1),tx(s2)/:3t.x(,3)/-—9; 7 

xlabel(‘time (sec)'), ylabel('x(t)'), grid -0.2545 

title('x1 - solid; x2 - dotted; x3 - dashed’) 0.0418 

xf_sim = x(length(t),:)' = 0.1500 

% 

% Part (c) 

% xf_phi= 

dt = 10; 

Phi = expm(a*dt); epee 

xf_phi = Phi*x0' me | 0.0418 
0.1500 




















FIGURE CP3.4 
The m-file script using the Isim function to determine the step response. 
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FIGURE CP3.5 
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The two state-space models represent the same transfer function, as shown 
in Figure CP3.5. The transfer function in both cases is 
4 
G SS = 
(s) s§ + 8s? +5s+4 


We see that a state-space representation of a transfer function is not 
unique. 








a1=[0 1 0;00 1;-4-5 -8]; 

b1=[0;0;4]; 

c1=[1 0 0]; 

d1=[0]; 

% 

% Part (a) 

% Transfer function: 

sys_ss = ss(a1,b1,c1,d1); 4 

sys_tf = tf(sys_ss) SSS 

% sA3+8sA2+55+4 

% Part (b) 

% 

a2=[ 0.5000 0.5000 0.7071; 
-0.5000 -0.5000 0.7071; 
-6.3640 -0.7071 -8.0000); 


























b2=[0;0;4]; 

¢2=[0.7071 -0.7071 0]; Transfer function: 
d2=[0]; 4 
sys_ss=ss(a2,b2,c2,d2);, J nett nennnnne nn nnnnnn 
sys_tf = tf(sys_ss) wm) 543 4+85\24+554+4 











Comparison of the transfer functions of two state-space models. 


CP3.6 


The m-file script and impulse response are shown in Figure CP3.6. The 
controller state-space representation is 


e=—-2e+u 


yr 


and the plant state-space representation is 


—2 —-2 0.5 
x= x+ U 

yi 0 0 
y=[0 1]x 


The closed-loop system state variable representation is 


x = Ax+ Bu 
y=Cx+Du, 
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where D = [0] and 


2 -2 05 0 
A=| 2 0 o|, B=Jo], C=[01 0] 
0 -1 —2 1 





numc=[1]; denc=[1 2]; sys_tfc = tf(numc,denc) 


numg=[1]; deng=[1 2 4]; sys_tfg = tf(numg,deng) 


% 

% Part (a) 

% 

sys_ssc = ss(sys_tfc) 

% 

% Part (b) 

% 

sys_ssg = ss(sys_tfg) 

% 

% Part (c) 

% 

sys_s = series(sys_ssc,syS_SsQ); 
sys_cl = feedback(sys_s,[1]); 


impulse(sys_cl) 





Impulse Response 
From: U(1) 
T 





0.1 


Amplitude 
To: ¥(1) 














Time (sec.) 


FIGURE CP3.6 


Computing the state-space representations and the impulse response. 
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CP3.7 The m-file script and system response is shown in Figure CP3.7. 





a=[0 1;-2 -3]; b=[0;1]; c=[1 0]; d=[0]; 
sys = ss(a,b,c,d); 

x0=[1;0]; 

t=[0:0.1:10]; u=0*t; 
ly,t,x]=Isim(sys,u,t,x0); 
plot(t,x(:,1),t,x(:,2)/--') 

xlabel('Time (sec)') 

ylabel('State Response’) 
legend('x1"'x2)-1) 

grid 














x1 
-—=- 





0.5 F 


State Response 











-0.5 





0 1. 2 3 4 +#=<S 6 7 8 9 1 
Time (sec) 

FIGURE CP3.7 

Using the Isim function to compute the zero input response. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage ina 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


CHAPTER 4 


Feedback Control System 
Characteristics 


Exercises 


E4.1 (a) The system sensitivity to 7 is given by 


go = SES" . 
In this case, we have 
oe ence 
1+GH(s) 1+35) 3s+101 
and 
—TS —3s 








where 7 = 3. Therefore, 
—3s 
St = ———_.. 
*  3s+101 
(b) The closed-loop transfer function is 


T(s) G(s) 100 100/101 0.99 
SSS ———— a 8: SS 5 
1+GH(s) 3s+101) os+1 Tes +1 





where the time-constant 7. = 3/101 = 0.0297 second. 
E4.2 (a) The system sensitivity to K is 


a OKo T 1+ Kk, Ko : 


126 
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(b) The transfer function from Ty(s) to Vo(s) is 


K2 


= —— eh, 
Vals) = Tus) 


(c) We would select Ky > 1, so that the transfer function from Tag(s) to 
Vo(s) is small. 


E4.3 (a) The tracking error, E(s) = R(s) — Y(s), is given by 


R(s) A/s 


"*TEGG) TERT 


The steady-state error (computed using the final value theorem) is 


€ss = lim sE(s) = lim —— = = : 
s s—0 1+—4o5 1+ K/16 
(s+3) 
(b) A disturbance would be the wind shaking the robot arm. 
E4.4 (a) The tracking error, E(s) = R(s) — Y(s), is given by 


R(s) 


Es) = TGs) | 


The steady-state position error is computed (using the final value 
theorem) to be 





li | iis | li s 0 
—— ———————- | = lim | ————_ | = 0. 
“se 50 [1+ KG(s)| 90/14 uk 


(b) The ramp input of 0.1 m/sec is given by 


Then, using the final value theorem, we have 








€s5 — lim s Oe = lim ae | 
s—0 1+ 75 s—0 s + Oe , 
or 
2 — OL _ 0.01 
“10K K 
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128 CHAPTER 4 Feedback Control System Characteristics 
We desire e;, < 0.0001 m, so 


0.01 
K> 


——_ = 100. 
= d000 1”? 


E4.5 The light bounces off the surface of the slide and into a detector. If the 
light fails to hit the detector dead center, the unbalanced electric signal 
causes the motor to adjust the position of the light source, and simulta- 
neously the lens. 


E4.6 The closed-loop transfer function is 


5(s + 2) 


T ————— eee 
(s) s?+15s+10 


The step response is shown in Figure E4.6. 


Step Response 








Amplitude 
y(t)/A 
Oo 
wn 
T 
L 











Time (sec. ) 


FIGURE E4.6 
Step response. 


E4.7 (a) The closed-loop transfer function is 


Ky 


aU) IGG) 
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Exercises 129 


(b) The sensitivities are 


T OT /T _ s+k,Ko 
K™ OK/K s+ K,(K + Ko) 
and 
= ° 
Ki s+ Ki(K + Ko) * 


(c) The transfer function from Ty(s) to Y(s) is 


Y(s) —1 


Ti(s) s+ Ki(Ko+K)~ 





Therefore, since E(s) = —KY(s) (when R(s) = 0), we have 
K 


E(s) = ——————Ti(s 
i) s+ ky(Ko+ K) a(s) 
and 
K 
= lin sE(s) = ————_- . 
Css 0” (s) Ky(K + Ko) 
(d) With kK = Ky =1, we have 
ky 
T(s) = ——_.. 
(s) s+2ky 
Then, 
Kk, 1 
Y(s) = ——- 
ae Eee 
and 
1 


y(t) = 5 [be] u(t), 


where u(t) is the unit step function. Therefore, select A, = 10 for the 
fastest response. 


The closed-loop transfer function is 


46.24K (s + 50)(s + 425) 


T (3s) = — ro |: 
(s) (s + 200)(s + 425)(s? + 16.75 + 72.9) + 19652K (s + 50) 


The steady-state error is determined to be 


6.3 


1 
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The plots of the steady-state error versus K and the percent overshoot 
P.O. versus K are shown in Figure E4.8 for 40 < kK < 400. 
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(a) Steady-state error. (b) Percent overshoot. 


E4.9 (a) The closed-loop transfer function is 


G(s) K(s? +5s +6) 


T ee = Oe 
(s) 1+ G(s)H(s) s%+15s?+56s+ 604+ 14K 


(b) With E(s) = R(s) — Y(s) we obtain 


= G(s) _ 1~G(s)(1 — H(s)) 
YOST Tew AG) > Te G@Ae) 
s* + (15 — K)s” + (56 — 5K)s + (60+8K) 1 


s8 + 15s2 + 56s +604 14K 





Then, using the final value theorem we find 


(60 + 8K) 
lim s(s) = 
lim sE(8) = G04 14K 


(c) The transfer function from the disturbance T,j(s) to the output is 


if a? 15s? + 568.4 60 


0 a pe 
(s) a(8) = 37 45s? 45634004 14K 


~ 1+ G(s)H(s) Tals) - 
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The steady-state error to a unit step disturbance is 


lim s¥(s) = Ii s? + 15s? + 56s + 60 1 60 
1m S SS) Si) 3S SSS eS SS SSS 
520 s—>0 §3+1552+56s+60+14K s 60+14K 


(d) The sensitivity is 


p_ OTK _ OT OGK 
K@KT AaGoKT 


ae ae (=) oO 
~ (1+ G(s)H(s))? \s +10 G(s) ~ 14 G(s)H(s) ° 
E4.10 (a) The closed-loop transfer function is 
G.(s)G(s) 10044 (s + 5) 


(3) = > - 
(= Ty GAs)G(s)H(s) 82 + 105s + (500 + 100K, Ko) 


The steady-state tracking error is 


_ [1 = Ge(s)G(s)(1 — H(s)) 


E(s) a R(s) — Y(s) = 1+ G.(s)G(s)H(s) R(s) 


_ s* + (105 — 100K1)s + 500 — 10041 (5 — Ka) 1 
7 s* + 105s + 500 + 100K) Ko 8 
and 
: 5 — K1(5 — Ko) 
lim sE(s) = ————__— 
aan (s) 5+ Ky, Ko 
(b) The transfer function from the noise disturbance N(s) to the output 
Y(s) is 
—G.(s)G(s)H(s —100K, Ko 
1+ G.(s)G(s)H(s) s? + 105s + (500 + 100K, Ke) 


The steady-state error to a unit step N(s) = 1/s is 


lim sY(s) = lims 
s—0 s—0 


| —100K; Ko | 1 —Kk) Ke 


52 + 105s + (500+ 100K,Ko)| s 5+KiKo" 


(c) The design trade-off would be to make KK as large as possible 
to improve tracking performance while keeping K,K>2 as small as 
possible to reject the noise. 


E4.11 The closed-loop transfer function is 


Kk 


Cn 
(3) = Sioa 
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132 CHAPTER 4 Feedback Control System Characteristics 


The sensitivity is 


Orr s? + 25s 


gf = =, 
K™ O0K/K s?+25s+K 





E4.12 (a) The closed-loop transfer function is 
G.(s)G(s) K 


a 1+G.(s)G(s)H(s)  s?+K,s+K " 


The sensitivity is 
OT /T sky 


sf. = = - =. 
Ki €K,/Ky 2+Kis+K 


(b) You would make K as large as possible to reduce the sensitivity to 
changes in Ky. But the design trade-off would be to keep Kk as small 
as possible to reject measurement noise. 


E4.13 (a) The closed-loop transfer function is 
G.(s)G(s) 120 
T (8) = 0 Oo 
14+ G(s)G(s)H(s) 8s? + 10s + 120 


The steady-state tracking error is 


_ s? + 10s 1 
~ 62410s+120 5s 


and 
lim sE(s)=0. 


(b) The transfer function from the disturbance Tj(s) to the output Y(s) 
is 
1 


ee ee ee 
(s) =o 


| T,(s) . 
The steady-state error to a unit step Ty(s) = 1/s is 


1 ? A 
et at E a 10a om 3 120 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 133 


Problems 


P4.1 The tank level control block diagram is shown in Figure P4.1. 








DQ; > Gils) “~ DH 


























FIGURE P4.1 
Tank level control block diagram. 


(a) For the open-loop system the transfer function is 


R 


Cil8) = Rasy 


Thus, 


ao _0G1 Rl 
- OR Gy  RCs+i1 


For the closed-loop system, the transfer function is 


Gi R 


Ss — 
(s) 1¢kG, RCs eER 
Thus, 
ga 2 
ook TF RCsLTAKR 
and 
gt OF K —KR 
SOK TT - ROg=te RR 


(b) For the open-loop system 


AH(s) = 
0H(s) ; 


All disturbances show up directly in the output, thus the open-loop 
system has no capability to reject disturbances. On the other hand, 
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for the closed-loop system we have 


AH(s) 1 RCs+1 


6H(s) 1+KGi(s) RCs+1+KR° 





By selecting K large, we reduce the effects of any disturbances. For 
example, consider a step disturbance. The steady-state error due to 
the disturbance is 


€ss = lims 
s— 


' (RCs +1) ie —A 


RCs£T2 KR) Ss 12 RR 


As K gets larger, the steady-state error magnitude gets smaller, as 
desired. 


(c) Consider the step input 


A 
AQi(s) = i 
Ss 
Then, for the open-loop system we have 


A 
éss = lims(1—Gi)— =(1— RA. 


The steady-state error is zero when R = 1, but is sensitive to changes 
in R. For the closed-loop system we have 


- 1 ee A 
er 1+ KG, s 1+KR° 


By selecting K large, the effect of the disturbance is reduced and is 
relatively insensitive to changes in R. 


P4.2 (a) The open-loop transfer function is 
(8) =14,G(8) 
Therefore, Sk, is undefined and 
Sk, =1. 
The closed-loop transfer function is 


_  KaG(s) 
Oar Cay" 


Therefore, 


ot . OF Ki _ =KakiG(s) 
1 0K, T 14+K,KiG(s) 
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and 


1 


Sees: 
Ko "14+ Kik,G(s) 


(b) The tracking error, E(s) = 04(s) —0(s) = —@(s), since 0q(s) = 0. The 
transfer function from the wave disturbance to the output 0(s) is 
G(s) 


9(s) = TE K.Gs) 


Lats} 


Consider a step disturbance input for the open- and closed-loop sys- 
tems. For the open-loop system, we have 


Css = — lim G(s) =-A. 


Thus, we see that the open-loop system does not have the capability 
to reduce the effect of disturbances. For the closed-loop system, we 
have 


. =C(3) A — Aw? 
€s5 = lim s | —————__- } — = ———_ 
s—0 1+ Kk, K,G(s) S 1+ Kk, Kw 


We see that the larger we make K,K,q, that smaller the effect of the 
wave disturbance on the output in steady-state. 


P4.3 (a) The open-loop transfer function is 
K 
G(s) = —— 
(s) TSt+l1 
where K = kik, E,. Then, computing the sensitivity yields 
SC =1, 
The closed-loop system transfer function is 


Kk 


(= 
(s) T34+KKy, +1 


Similarly, computing the sensitivity yields 


T 1 TS+1 


———— 
cae ie KinG(s)  rs+14+KKip, 
(b) For the closed-loop system 


_ 1/(rs + 1) 
~ 1+KKy/(rs+1) ° 





T(s) 
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when K Ky, > 1. So, by choosing K Ky, large, we can reduce the 
effect of the disturbance. This cannot be done with the open-loop 
system. 


(c) Consider the step input 
A 
Eues(s) = — . 
The tracking error for the open-loop system is 


E(s) = Eges(s) — T(s) . 


Thus, 





eas = linn s [1 = \(4) =(1-K)A. 
s—0 Ts+1 s 


So, €s; = 0 when Kk = 1, but is sensitive to changes in K. The tracking 
error for the closed-loop system is 


Ts+1+ K(k, -1) 


E = 
2) Ts4+1+KKin 


des) 


and 


Sw A _AQ+K(Ke =1)) . 


aimee ed = 
a eo ee (eerer ara KKy, P [oe Kis 


s—0 
Selecting Ky, = 1 and K > 1 reduces the steady-state error. 


P4.4 (a) The overall transfer function is 


Y(s)__ MG(s) + UQG(s) 
R(s) 1+QG(s) 





a) = 
(b) From Eq. (4.16) in Dorf & Bishop, we have 
S6=SG-SE. 


In our case, we find that 


and 
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Thus, 


sta1- QG(s) _ 1 


1+QG(s) 14+QG(s)~ 
(c) The sensitivity does not depend upon U(s) or M(s). 
P4.5 The closed-loop transfer function is 
GG(s) 
‘GQ... 
(9) = TT aEe@ 
(a) The sensitivity of T(s) to changes in kg is 


1 
— 
Ska = TEES) 


(b) The transfer function from Ty(s) to 6(s) is 


G(s) 


MO) T2G.G@) 


Ta(s) ‘ 
Since we want 6(s) due to a disturbance, E(s) = —0(s) and 


—~G(s) 0 10: 


1+GiG@)) 3s ke 





€ss = lim sE(s) = lims 
s—0 s—0 


Since our maximum desired error magnitude is 


0.10°- 7 
Ess = 180 = 0.001745 rad 5 


we select 
ka => 5730 . 
(c) The open-loop transfer function is 
6(s) = G(s)Ta(s) . 
So, 


s—0 


Css = — lim sG(s) (=) — oo. 


P4.6 The closed-loop transfer function is 


—  GyG(s) 
Te GG 
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(a) The sensitivity is 


T 1 (718 + 1)(t%s + 1) 


Sk. = ——— = -——s ss 
Ke" 14+GiG(s) (ms +1(tes +1) + Ki Ke 
(b) The speed is affected by the load torque through the transfer function 


_ —K,yG(s) 
Vis) =F Gas 


(c) Let R(s) = 30/s , and K.K, >> 1. When the car stalls, V(s) = 0. 
Using the final value theorem, we find 


lim s ree ) eae lim s ( Gite) ) s 


AT (3) 


s—0 1+GG, (s) S s—0 1+ GG\(s) Ss 
+K,Ke Ky Ke ) 
(Ss) “ (ek 


Since K. ky > 1, we have 





3044 
Ad = 
Kg 
Thus, if 
K 
~9I —9 : 
ky 


then Ad = 15 percent grade ( i.e. Ad = 15 ft rise per 100 ft horizon- 
tally) will stall the car. 


P4.7 (a) Let 


kg 


G(s) — ky 5 G2(s) — 3(78+1) 


, and H(s)=k3+kas. 


Then the transfer function from Tz(s) to Y(s) is 


sts) 11s) = 


kg 
= T, , 
1+GiGoH(s) ” s) 


"ii ee 
(s) s(7s +1) + kyko(kg + ks) = 


(b) The sensitivity of the closed-loop system to kg is 


re 
ka 1+ G1G2H(s) ; 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 139 


where Ts) is the closed loop transfer function 


T(s) = G1 G(s) = kiko 
1+ G,G2H(s) s(Ts + 1) + kyko(k3 + ks) ; 


(c) The error is given by 





With 
1 
R(s) =~ 
(s)==, 
we have 
re ey es er 
é33— nue s — = i 
P4.8 (a) The sensitivity is 
r 1 (0.1s + 1)(s? + 20s + 200) 


Sk = Ty GiG(s)  (0.1s +1)(s? + 20s + 200) + 200K * 


(b) The transfer function from Ty(s) to Y(s) is 


200(0.1s + 1) 


G(s) _ 
Ty(s) = (0.15 + 1)(s2 + 20s + 200) + 200K 


i) = Teac) 





Ta(s) * 


P4.9 (a) Computing the derivative of R with respect to i yields 


dR —0.201R 


di (i — 0.005)3/2 * 
When vouz = 35 volts, we have 


30 


t= =00 ~ “me: 


At the operating point i = 7 ma, we find from Figure P4.9(b) in Dorf 
& Bishop that R ~ 20K (note: If we use the given formula, we find 
that R ~ 8.2K when i = 7 ma, thus we see that the formula is just 
an approximation to the plot). Using R = 20K, we have 


dR _ —0.402 x 10+ 


he 0896x104 = —45 kohms/ma . 
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The transfer function (valid around the operating point) is 


T(s) se Vout (s) = Kk 
Vin(s) (sr +1) +K (84) 
_ K 
sr +14+9KI- 


The photosensor block diagram is shown in Figure P4.9. 











Vin — > re wm Vout 


+ 











= 





45 | al 
5 
i (ma) 














FIGURE P4.9 
Photosensor block diagram. 


(b) The sensitivity of the system to changes in K is 


1 Ts+1 


Ss; = ———————— . 
K Trs+1+9KI 


P4.10 (a) and (b) The paper tension control block diagram is shown in Fig- 






































ure P4.10. 
DT (s) 
{ V1 +DVi(s) 
k3 | 
E (5) Y. K Ws) ~ 1 T(s) 
R(s) a: > — m P—— 20 OS 
: it toa —s 






































2 
k | 
7; y(s) | k 
FIGURE P4.10 


Paper tension control block diagram. 
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(c) The closed-loop transfer function, T;, is given by 





2Km 
‘(ja = ee) 
R(s) 14+ Aime, ors? +8 + nk 


The sensitivity of JT. to changes in Ky, is 


gl = 1 _ s(Ts + 1) . 
RR es 


(d) The transfer function from AV\(s) to T(s) is 








= 
s <i 
T(3)= ae AVi (8s) = —4Rq,-AVi(s) . 
kis(ts+l) s+ ki(rs+1) 
When AV, (s) = A/s, we have 
—(7rs+1) A 
T $’) = _— 
( ) rs? +5 + thule s 
and 
—Ak 
Jim T)= lim 1 sT(s = IK ae 


P4.11 (a) The closed-loop transfer function is 


G-G(s) K K 
6) = SS 
1+G.G(s) (10s+1)(2s+1)+K 20s?4+12s5+14+K 
(b) The sensitivity SP is 
OT K 1 1 
1+ apps) 


(c) Define E(s) = R(s) — Y(s). Then 


R(s) 20s? +12s+1 
E(s) = ———_~- = _ | —.——————___|R : 
(8) = TF GGus) ~ | 20s? pds + K 41 PO) 
With 
A 
R(s) = — 
(s)=<, 
we have 
A 
Ess = lim sE(s) = TK : 
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(d) We want |e(t)| < 0.02A as t — co . So, 


A 
0.02A > 
~ K+1 





implies 
Kk> 49. 
P4.12 (a) The two transfer functions are 


Y(s) = ky Ko 
R(s) 1+0.0099K, Ko 





T\(s) = 


and 
¥(s) ky Ko 


Ta(8) = Bey = Tp 0.09K (1 +0.09K.) | 


(b) When Kk, = K2 = 100 , then 


(100)? 
T\(s) = —_—_1+___. = 100 
(8) = 79 po99C002 
and 
(100)? 
T,(s) = ——-——~___ = 100 . 
(8) = G>.09(100)2 
(c) The sensitivity oT is 
aT, Ky 1 
ae eee 
Ki OK, Ti, 1+0.0099K, Kk 


when K, = Kg = 100. The sensitivity oe is 





Tz _ OT, Ki ee ee 0.1 
Kt 0K, Tz 14+0.09K1 
when AK, = 100. Thus, 
T: 
Ty Sik 
10 
P4.13 (a) Let N(s) = Gi(s) + kGo(s) and Ty(s) = G3(s) + kG4(s). Then 
ON k OD k Gok Gak 


k(G2G3 — G1G4) 
(Gy + kG2)(G3 + kG4) ; 
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(b) The closed-loop transfer function is 


Tie) = MGls) + UG(s) _ Gils) + kG2(s) 
ae kGH(s)  _G3(s) + kGa(s) © 


Then using result from (a), we have 


k(UG(s) — MG?H(s)) 


St = TG(s) + KUGT=) L+H) 


P4.14 The closed-loop transfer function is 
G(s) N(s) 12(s +5) 





(8) = 1+G(s) Tis) s(s+a)(s+1)+10(s+6) © 
Then 
Sq = Sa — Se, 
but. 
SN =0 
Let 
_ p(s) 
OO) = TOle+a) ’ 
where p(s) = 12(s +5) and q(s) = s(s +1). Then 
_ G(s) p(s) 
ie) 1+G(s)  q(s)(s+a)+ p(s)’ 
and 
_ op __@D a _ —aq(s) a 
Sa = 80 Ga D = Geeta) tHe) TFG) 


P4.15 (a) The closed-loop transfer function for the disturbance to the output is 


Y(s) _ G(s) 
Ta(s) 1+KG(s)’ 





with R = 0. The steady-state deviation is 


= tim» ( G(s) ne G0) 1 
Ya 50 KI KGa) @ 1+KG(0) 14K" 


So, with K = 5 we have y,, = 1/6, and with K = 25 we have 
Yss = 1/26. 
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(b) Considering the rudder input, we have 


G(s)Ta(s) + KG(s)R(s) _ G(s)(Za(s) + KR(s)) 


a 1+ KG(s) - 1+ KG(s) 


Setting R(s) = — fs) yields Y(s) = 0. 
P4.16 (a) Let 





= il ‘i sie G(s) 
Ae tien. Oe oo 
Then 
_ G(s) G2G_(s) 
TS) = TGs) ') + Tr GoGelay et 


(b) We can equivalently consider the case of a step input, Tog = A/s, 
T, = 0, and zero initial conditions. Thus, 
G.G2 5 A 


Tr SO a oe 
2(s) 14+G.Go° 77 500s? +60s+6 5’ 


where G.(s) = 500. The transient response is shown in the Fig- 
ure P4.16 for a unit step input (A = 1). 


Unit step response, A=1 





Tp=34.3 sec ' 
0.6} p.o. = 12.8% Ts=66.7 sec 4 


T2 
9S 
uv 

T 

— 

i 











0 10 20 30 40 50 60 70 80 90 100 


time (sec) 


FIGURE P4.16 
Two tank temperature control system response. 
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(c) With 


we have 
E(s) = Toa(s) — M(s)Ta(s) 
where 
G2G_(s) 
M(s) = ————_- .. 
Tyee) 
Then 


ess = lim (1 M(s))= =(1-M(0))A=(-2)A= 


P4.17 (a) The closed-loop transfer function is 


A(s) 600 - 6000 
Oa(s) 0.1s?+8+600 s2+10s +6000 ” 


The solution for a step input is 
6(t) = 1 — 1.0021e~°-0*4 sin(77.2962t + 1.5058). 


(b) The transfer function from the disturbance to the output is 


A(s) —1 
Ta(s) 0.18? + s + 600 ” 





Thus, 
A 
as ae. 
pa) = 00 


Therefore, the disturbance input magnitude reduced by 600 at the 
output. 


(c) Using the final value theorem we have (for 0g(s) = 1/s? ) 
eo = lim sE(s) = lim s(1 — T(s))6a(s) 


; 0.1s2 +s 1 1 
= lim s | ——.———_ _] = = —... 
s-0 \0.1s?+5+4+600/ s? 600 
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Advanced Problems 


AP4.1 The plant transfer function is 


R 
Gel®) = Rast” 
The closed-loop output is given by 
1 GG;,(s) 
Hts) = ————0: —_ ; 
ie) Te GG, (5) 23") * T+ 6G6,(6) a(s) 


Therefore, with E(s) = Hq(s) — H(s), we have 


—1 
i 
O- Teese) * 
since Hq(s) = 0. 
(a) When G(s) = K, we have 
= lim sE(s) = —— 
gage eee 


(b) When G(s) = K/s, we have 
n= lim sE(s)=0. 


AP4.2 Define 


ag) s(Las + Ra)(Js + f) + KmEoGe(s) © 
Then, 
6(s)/Ba(s) = 
and 
BS) = aay hae) 
So, 


A A Aky 





il 
= lim ¢8(s) = lin g——___ = —*__.= 
a (s) 0 I +nG(s) s 1+nG(0) Kyt+n 
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147 
When 64(s) = 0 and Ta(s) = M/s, we have 


7 Las + Ra) 
T = : 
8(s)/Ta(s) s(Las+ Ra)(Js+ f) + Kmky + KmGen 
If G(s) = ik, then 


—nM Ry 
Ky(kp + nk) 
and if G.(s) = K/s, we determine that e,, = 0 
(a) The input R(s) is 


€ss = 


AP4.3 


1-1 
S45 =e. iS, s 
Cos = a TT GG) = FA mew 
7s(s+5) 


0.8750 . 

















Time (sec) 
FIGURE AP4.3 


(a) Error plot with d(t)=0. 
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2-0.5 


S 2 














Time (sec) 


FIGURE AP4.3 
CONTINUED: (b) Error plot with r(t)=0. 


(c) The transfer function from Ty(s) to Y(s) (with R(s) =0 ) is 


—70 


Y (s)/Ti = 
(9)/Tals) = 75554 40 
The steady-state error due to a disturbance Ty(s) = 1/s is 


— 1 
€ss = lim nu =-1.75. 
s 


“0° 752 + 55s +40 5 
(d) The error e(t) is shown in Figure AP4.3b. 
AP4.4 (a) The closed-loop transfer function is 


Km 
w(s)/V(s) = ee eee ee oe 


With v(t) = t, we have V(s) = 1/s?, and Ty(s) = 0. Using the final 
value theorem yields 
1 ky 0.1 
ess = lim sE(s) = lim ~——pR_— = = 


KK - 
sUst+paakK, 





We desire that 


0.1 
Ess = Kk <0O.1. 
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Therefore, we should select kK > 1. For example, we can take K = 8. 
(b) The transfer function from Ty(s) to w(s) is given by 


w(s) —10s 
Ti(s) s2+10s+100- 


The error plot is shown in Figure AP4.4, where e(s) = —w(s) (V(s) = 
0.) 























Time (sec) 


FIGURE AP4.4 
Error plot with a ramp disturbance input. 


AP4.5 (a) The transfer function from the disturbance Tj(s) to the output Y(s) 
is 
‘2 —s 
Tis) s3+4s?+4s8+ K ° 





The steady-state error (when Ty(s) = 1/s) is 


. S 1 
Css Se a ES 7g 7 
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(b) The closed-loop transfer function is 
¥(s) _ ri 
R(s)  s§4+4s2+4s+K ¢ 
The steady-state error (when R(s) = 1/s?) is 
1 s° + 4s? + 4s 4 
= li 1—T(s))s = lim —— "= = . 
ad ah (s)) a sO s(s3+4s2?+4s+K) K 
(c) Let kK = 8. Then, 
Y(s) —s 
Tals) 33 +4s?+484+8 © 
The error plot is shown in Figure AP4.5, for r(t) = 0. 
0.15 
| \ 
0 ey aaa 
| | 
; | 
| | 
0.05 - | 
2 ; | 
= | \ / 
| \ | 
of \ | fog Lee + 
\ | 
| | 
| | 
| | 
-0.05 \ 
-0.1 L L L L L L L L L 
0 2 4 6 8 10 12 14 #4416 #4418 20 
Time (sec) 
FIGURE AP4.5 
Error plot with a step disturbance input and K=8. 
AP4.6 


(a) The transfer function is 


Vi(s) 1+ RCs 
V(s) 24+ RCs" 
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(b) The system sensitivity is defined as 








8-300 
Therefore, the sensitivity is determined to be 
sg = RCs 7 1 
(2+ RCs)(1 + RCs) (1 de nas) (1 + it) 


(c) Let V(s) =1/s. Then 
—14+RCs1 05 0.5RC 


Vols) =a Ge 8 + ROs4+2° 


Taking the inverse Laplace transform yields 
Vo(t) = 0.5(1 + e~2/FC u(t) 


where u(t) is the unit step function. A plot of v(t) versus t/RC is 
shown in Figure AP4.6. 





Vo 
° 
N 
Lea 

T 
oe 
IE 

















0.5 1 1.5 2 25 3 3.5 4 45 5 


FIGURE AP4.6 
Step response. 
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AP4.7 (a) The transfer function from Ty(s) to Y(s) is 


Y(s) 2s 
Ti(s) s(s+2)+2K 





(b) The transfer function from N(s) to Y(s) is 
Y(s) yas 
N(s) s(s+2)+2K " 
(c) Let Ty(s) = A/s and N(s) = B/s. Then, 
—2s A 2h B 


ig 
sb a(s +2) +2K s 





SS — hi — ue xq— — 
res uss sb a(s +2) + 2K s + 


So, K has no effect on the steady-state errors. However, choosing 
K = 100 will minimize the effects of the disturbance Tj(s) during the 
transient period. 


AP4.8 (a) The closed-loop transfer function is 


kb 


ry, 
(8s) = Sy Ros 1 


(b) The sensitivity is determined to be 


gt OF/T _ stl 
6 €b/b s+ Kb+1 


(c) The transfer function from Ta(s) to Y(s) is 


Y(s) b 
Ti(s) s+Kb+1/ 





So, choose K as large as possible, to make Y(s)/Tq(s) as “small” as 
possible. Thus, select 


Kk=50. 


This also minimizes Se at low frequencies. 
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Design Problems 


CDP4.1 The model of the traction drive, capstan roller, and linear slide was de- 
veloped in CDP2.1: 


0(s) Km 
Vals)  $[(Lms + Rm)(Jrs + bm) + Kp Kn] * 





The step response for the closed-loop system (with the tachometer not in 
the loop) and various values of the controller gain K, is shown below. 





% System parameters 

Ms=5.693; Mb=6.96; Jm=10.91e-03; r=31.75e-03; 
bm=0.268; Km=0.8379; Kb=0.838; Rm=1.36; Lm=3.6e-03; Lm=0; 
% Controller gain 

Ka=100; 

% Motor and slide model 

Jt=Jm+rA2*(Ms+Mb); 

num=[Km]; 

den=[Lm*Jt Rm*Jt+Lm*bm Kb*Km+Rm*bm 0]; 
sys=tf(num,den); 

%Closed-loop tf and step response 
sys_cl=feedback(Ka*sys,[1]); 

step(sys_cl) 











15 T T 





—— __ Ka=2 
--- Kass 
—— ___ kKa=10 
ss Ka=100 

















Theta step response 














0 0.2 0.4 0.6 08 1 
Time (sec) 
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DP4.1 (a) The transfer function from the load disturbance to the output speed 
is 


wis) —G(s)  _ —s 
Ti(s) 1+G.G(s) s2+48+K~ 





Thus, the effect on w(s) (of a unit step disturbance) at steady-state 
is 


. F —s il 


We see that the load disturbance has no effect on the output at steady- 
state. 


(b) The system response for 10 < K < 25 is shown in Figure DP4.1. 


K=10,12,16,18,20,23,25 

















0.5 1 15 2 2:5 3 


Time(sec) 


FIGURE DP4.1 
Speed control system response. 


For example , if we select K = 16, then w, = 4,¢ = 5; and the 
response due to a unit step disturbance is 


j= —s (<) = —1 
ON) 24 dst16\s) (st2)2+12° 


Hence, if we are originally at w(t) = 100 for t < 7, we have 


= 
w(t) = 100 — ——~e snvV1l2t t>7T. 
(t) 7 Vv = 
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DP4.2 With 0, = 0, we have 


_ G(s) T,(s) = S 
14 G(s) EO 58445? 4984+ KKy 


0(s) Ta(s) - 


For Tq = A/s, we have 


A 


(6 = 
@) s8+4s2+9s+ Kk 


The system response to a unit step disturbance for various values of K Ky 
are shown in Figure DP4.2. From the plot we see that when K Kk, is small 
the response is slow but not oscillatory. On the other hand, when K ky 
is large the response is fast but highly oscillatory. In fact, if A Ay > 35, 
the system is unstable. Thus, we might select K Ky = 10 as a reasonable 
trade-off between fast performance and stability. 


Unit step response for KK,;=1,5,10,15,20,25 
0.12 ; 1 1 ; ; 

















time(sec) 


FIGURE DP4.2 
Aircraft roll angle control system response to a disturbance. 


DP4.3 (a) The closed-loop transfer function is 


w(s) K 
wa(s) s2+5s+ KK, | 
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Then, 
s*+5s+K(K,-1)1 
E(s)=(1-T — SS Se ee 
r= (s))wals) s?+5s+KK, s 
So, if 
0.99 < ky < 1.01, 
then 


less| < 0.01 . 


(b) The transfer function from Ty(s) to w(s) is 


— Ti(s) . 


on s?t5s+ K ky e 


So, with E(s) = —w(s) and Tag(s) = 2/s, we have 





. 2 
lim sE(s) -— ER 


Therefore, we select KK, > 20 to obtain e,, < 0.1. 
DP4.4 The steady-state error for a step input command is zero for any K,. The 
transfer function from Tq(s) to Y(s) is 


Y(s) G(s) 2 


Ta(s) ~ 14+ KG(s) s§4+5s?+48+2K - 





Thus, the output at steady-state due to a step disturbance Ty(s) = A/s 
is 


A 
lim sY(s)=—. 
poe 


We want to maximize K to reduce the effect of the disturbance. As we will 
see in Chapter 6, we cannot select K too high or the system will become 
unstable. That is why the problem statement suggests a maximum gain 
of K = 10. For the design we choose 


K=10. 
DP4.5_ The transfer function from V(s) to Vo(s) is 


ks 
s+a 





Vo(s)/V(s) = 
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where 
Ro + Rg 1 
= — and a=——. 


k; 
Ro Ry Cc 


Computing the step response, we find that 
vit) Ske ase 


Solving for R,, Ra, Rg and C yields 


R,C=0.01 and ita = 4. 
R3 


DP4.6 (a) The closed-loop transfer function is 


Kis 
= >———9 : 
()= By Kr) 
Since J > 0, the system is unstable when K < 0 and marginally 
stable when K > 0. 
(b) Since the system is marginally stable, the system response does not 
have a steady-state value—it oscillates indefinitely. 


(c) The closed-loop transfer function is 


Kps+Kp 0 (s) 


oj 
(s) jf hes ke * 


The system is stable for all Ap > 0 and Kp > 0, given that J > 0. 
(d) The tracking error E(s) = 6a(s) — 0(s) is 


Js? 


E(s) = => . 
(s) Js?+ Kps+ Kp 


Therefore, using the final value theorem we obtain the steady-state 
value 


iene =i Js? 1 0 
1m $s =] 1 oS SS OS SS . 
s—0 s—0 Js?+ Kps+Kp S 
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Computer Problems 


CP4.1 The transfer function is 


5 


CS) > eg 00 


An m-file script which generates the step response is shown in Figure CP4.1. 
The step response is also shown in Figure CP4.1. 


Step Response 





0.4 T T T T 





num=[5]; den=[1 2 20]; 
sys = tf(num,den); 
axis([0 6 0 1]); 
t=[0:0.01:6]; 

step(sys,t) 

y = step(sys,t); 

yss = y(length(t)) 





Amplitude 





yss = 


0.2496 














Time (sec) 


FIGURE CP4.1 
Step response. 


The step response is generated using the step function. In the script, the 
transfer function numerator is represented by num and the denominator 
is represented by den. The steady-state value is ys, = 0.2 and the desired 
value is 1.0. Therefore, the steady-state error is 


65g = 0.8: 


CP4.2 The step response and an m-file script which generates the step response 
is shown in Figure CP4.2. The closed-loop transfer function is determined 
to be 


75 


a. 
(s) s*+254+85 


The percent overshoot is P.O. = 71% and the steady-state error is es. = 
0.12. 
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Step Response 





1b fi System: sys_cl J 
3 Peak amplitude: 1.51 
| Overshoot (%): 71 

At time (sec): 0.343 





num = [75]; den = [1 2 10]; ; 
sys = tf(num,den); 

sys_cl = feedback(sys,[1]) 
step(sys_cl) 


os} } | 
y = step(sys_cl); oo t| | J 


Amplitude 


04 - 











0 L L L L L 
0 1 2 3 4 5 6 


Time (sec) 





FIGURE CP4.2 
Step response. 


CP4.3 The step responses and the m-file script which generates the step re- 
sponses is shown in Figure CP4.3. 








K=10 
— — —K=200 
6t | K=500 














K=[10,200,500]; 
t=[0:0.01:7]; 
for i=1:3 
num=5*K(i); den=[1 15 K(i)]; 
sys = tf(num,den) 
y(:,i)= step(sys,t); 
end 
plot(ty(:,1),ty(,2),'--"ty(,3),"') 
legend('K=10','K=200','K=500',-1) 

















FIGURE CP4.3 
Step responses for K = 10, 100, 500. 
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CP4.4 The step response and the m-file script which generates the step response 
is shown in Figure CP4.4. The closed-loop transfer function is determined 
to be 


10 


i\) = aa eT i0 


Using the m-file script, a trial-and-error search on k yields 
k=3.7. 


The percent overshoot P.O. = 10% and the steady-state value is 1, as 
expected. 








k = 3.7; % Final value of k=3.7 
numcg = [10]; dencg = [1 k 0]; 
sys_o = tf(numcg,dencg); 
sys_cl = feedback(sys_o,[1]) 1p 
t=(0:0.1:5]; 

ly,t] = step(sys_cl,t); 
plot(t,y,[0 5],[1.1 1.1]/--'); grid 
xlabel('Time (sec)'); ylabel(‘y(t)'); = 

















04+ 4 


Transfer function: 
10 


s\2+3.75+10 


0.27 : 4 











L 
i) 0.5 1 15 2 25 3 35 4 45 =) 
Time (sec) 


FIGURE CP4.4 
Step response. 


CP4.5 The closed-loop transfer function is 


K 
1 
(s) s= Ck 
where kK = 2. When a = 1 and R(s) = 1/s, the final value is 
lim sT(s)R(s) = li i =2 
pe Oe) Kae 


The output is within 2% of the final value at around t = 4.6 seconds. The 
plot of the step responses for a = 1,0.5,2,5 is shown in Figure CP4.5. 
The output is unstable for a > 2. 
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Computer Problems 





K=2+ t=[0:0.1:5]; 
num=k*[1]; 

a=[1 0.5 2 5]; 

for i=1:4 

den=[1 -a(i)]; sys = tf(num,den); 

sys_cl = feedback(sys,[1]); 
y(;,i)=step(sys_cl,t); 

end 
plot(ty(:,1),ty(,2)/:;ty(.3)/--Sty(4)/-.) 
axis([0 5 0 5]); 

xlabel('Time (sec)'), ylabel(‘y(t)') 
title(‘a=1 (solid); a=0.5 (dotted); a=2 (dashed); a=5 (dashdot)') 





a=1 (solid); a=0.5 (dotted); a=2 (dashed); a=5 (dashdot) 
T T 





T 7 


5: T T 


45+ ! 


3.5/7 I / 





0.5 














1 
25 3 85 4 45 5 
Time (sec) 


FIGURE CP4.5 
Step response for a=1, 0.5, 2, and 5. 


CP4.6 The transfer function from the disturbance to the output is 


G(s) 1 


T SESE ee —_ _.. 
(s) 1+KoG(s) Js?+bs+k+ Ko 


The disturbance response is shown in Figure CP4.6. The compensated 
system response is significantly reduced from the uncompensated system 
response. The compensated system output is about 11 times less than the 
uncompensated system output. So, closed-loop feedback has the advan- 
tage of reducing the effect of unwanted disturbances on the output. 
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J=1; k=5; c=0.9; 

num=[1/J]; den=[1 ¢c/J k/J]; 

sys = tf(num,den); 

t=[0:0.1:10]; 

% 

yu=step(sys,t); % Part (a) 

KO=50; 

numk=[KO]; denk=[1]; sysk = tf(numk,denk); 
sys_cl = feedback(sys,sysk); 
yc=step(sys_cl,t); % Part (b) 
plot(t,yu,t,yc,;--') 

xlabel('Time (sec)'), ylabel(‘\theta’) 
title((Uncompensated response (solid) & Compensated response (dashed)’) 





Uncompensated response (solid) & Compensated response (dashed) 
0.35 T T T T T T T 





0357 4 


0.25 F a 


01- | 


0.05 - 4 











Time (sec) 


FIGURE CP4.6 
Disturbance responses for both the uncompensated and compensated systems. 


CP4.7 The step responses for the proportional and PI controller are shown in 
Figure CP4.7. The steady-state tracking error for the proportional con- 
troller is 


Css — 0.33 . 


Increasing the complexity of the controller from a proportional controller 
to a proportional plus integral (PI) controller allows the closed-loop sys- 
tem to track the unit step response with zero steady-state error. The cost 
is controller complexity, which translates into higher costs ($). 
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numg=[10]; deng=[1 10]; sysg = tf(numg,deng); 
t=[0:0.001:0.5]; 

% Part (a) 

numc=[2]; denc=[1]; sysc = tf(numc,denc); 
sys_O = series(sysc,sysg); 

sys_cl = feedback(sys_o,[1]); 

yk=step(sys_cl,t); 

% Part (b) 

numc=[2 20]; denc=[1 0]; sysc = tf(numc,denc); 
sys_O = series(sysc,sysg); 

sys_cl = feedback(sys_o,[1]); 

yp=step(sys_cl,t); 

% 

plot(tyk,t,yp,--') 

xlabel('Time (sec)'),ylabel(‘y(t)') 
title('‘Proportional controller (solid) & Pl controller (dashed)') 














Proportional controller (solid) & Pl controller (dashed) 
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FIGURE CP4.7 
Step response for proportional controller and PI controller. 


CP4.8 (a) The closed-loop transfer function is 


G(s) 10s? + 500s 


Ts G(s) H(s) a s? + 200s + 5000 °9) 


T(s) 
The step response is shown in Figure CP4.8a. 
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(b) The response of the system to the sinusoidal disturbance 


10 

N(s) = =——— 

(8) = Sy 100 
is shown in Figure CP4.8b. 


(c) In the steady-state, the magnitude of the peak response is 0.0095 and 
the frequency is 10 rad/sec (see Figure CP4.8b). 





% Part (a) 


ng=10*[1 0]; dg=[1 100]; sysg=tf(ng,dg); >> 

nh=[5]; dh=[1 50]; sysh=tf(nh,dh); Transfer function: 
sys=feedback(sysg,sysh) eee ede oe 10sA2+ 500s 
figure(T) ttn nnnnnn nnn 
step(sys) sA2 + 200s + 5000 


ee Step Response 
% Part (b) 10 : : : 


sysn=-feedback(sysg*sysh,1) 
% This is the sinusoidal input 8 
syss=tf([10],[1 0 100)); 
figure(2) 
t=[0:0.001:7]; 
step(syss*sysn,t) 
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FIGURE CP4.8 


(a) Unit step response. (b) Response to sinusoidal noise input at w = 10 rad/sec. 


CP4.9 (a) The closed-loop transfer function is 


__ Gels)G(s) 
1+ G(s)G_(s) 


K(s+1) 


T(s) (s+ 15)(s? +5+6.5)+K(s+1) 


R(s) = R(s). 


(b) The step responses are shown in Figure CP4.9a. 
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(c) The unit disturbance response of the system is shown in Figure CP4.9b. 
The steady-state value is 0.14. 


Step Response 


0.7 
































K=5 a5 
== SiK=10 ° 
0.6 5 R80 0.18 + 
0.16 - System: syscl 
0.5: Final Value: 0.14 
0.14 ——® 
uv 
c 047 a 0.12 
a 3 
8 2 oon 
gz 0.3 z 
£4) 0.08 
0.06 
0.04 
0.02 
0 
0 1 2 3 4 5 6 7 
Time (s) Time (sec) 
(a) (b) 


FIGURE CP4.9 
(a) Unit step responses for A = [5, 10,50]. (b) Disturbance unit step response. 


CP4.10 The m-file is shown in Figure CP4.10a and the step responses in Fig- 
ure CP4.10b. 








K=10 
~~ ~K=12 
K=15 





K=[10, 12, 15]; 
t=[0:0.1:20]; 
ng=[20]; dg=[1 4.5 64]; sysg=tf(ng,dg); 
nh=[1]; dh=[1 1]; sysh=tf(nh,dh); 
for i=1:length(K) 
sys=K(i)*sysg; 
syscl=feedback(sys,sysh) 
y(;,)= step(syscl,t); 
end 
plot(ty(:,1),t,y(:,2),'--"ty(,3),"") 
xlabel('Time (s)') 
ylabel('Step response’) 





Step response 























legend('K=10!'K=12','K=15'-1) 27 
-3 
0 5 10 15 20 
Time (s) 
(a) (b) 


FIGURE CP4.10 
(a) M-file script. (b) Unit step responses for K = [10, 12, 15). 
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CHAPTER 5 


The Performance of Feedback 
Control Systems 


Exercises 


E5.1 For a zero steady-state error, when the input is a step we need one inte- 
gration, or a type 1 system. A type 2 system is required for e,, = 0 fora 
ramp input. 


E5.2 (a) The closed-loop transfer function is 


Y(s)_ G(s) 100 100 


T(s) = R(s) 1+G(s) (s+2)(st+5)+100 5?+2Cw,stu2 





The steady-state error is given by 


7 A 
€ss = I +K, ) 
where R(s) = A/s and 
, 100 
Therefore, 
€ss = TL . 


(b) The closed-loop system is a second-order system with natural fre- 
quency 


Wy, = V110, 


166 
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and damping ratio 


7 
¢ = —— = 0.334. 


2/110 


Since the steady-state value of the output is 0.909, we must modify the 
percent overshoot formula which implicitly assumes that the steady- 
state value is 1. This requires that we scale the formula by 0.909. The 
percent overshoot is thus computed to be 


P.O. = 0.909(100e~76/V 1-$*) = 29% . 
E5.3 The closed-loop transfer function is 


Y(s) G(s) K K 


I(s) 1+G(s) s(s+14)+K  s2+14s+K 
Utilizing Table 5.6 in Dorf & Bishop, we find that the optimum coefficients 
are given by 
£ +14o,e tw? . 
We have 
s?4148+K , 
so equating coefficients yields w, = 10 and K = w2 = 100 . We can also 
compute the damping ratio as 


14 


~ QW, 


¢ =0.7. 


Then, using Figure 5.8 in Dorf & Bishop, we find that P.O. ~ 5%. 
E5.4 (a) The closed-loop transfer function is 


G(s) 2(s + 8) 


T(s) = ———- = =———. . 
(s) 1+G(s) s?+6s+16 


(b) We can expand Y(s) in a partial fraction expansion as 


2 A 1 4 

¥(s) = pe Aa a(+-=3** 1) 
(s? + 6s + 16) s e 9) 66+16 

Taking the inverse Laplace transform (using the Laplace transform 

tables), we find 


y(t) = All — 1.07e~* sin(/7t + 1.21)] . 
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(c) Using the closed-loop transfer function, we compute ¢ = 0.75 and 
Wn = 4. Thus, 


a 8 
— =-=2.67 
Cw, 3 , 


where a = 8. From Figure 5.13(a) in Dorf & Bishop, we find (approx- 
imately) that P.O. = 4% . 


(d) This is a type 1 system, thus the steady-state error is zero and y(t) > 
Aast—-o. 


E5.5 (a) The closed-loop transfer function is 


Y(s) G(s) 100 


T(s) = - a ae 
(s) = Bis) ~ 14GH(s) > #24 100Ks + 100 ’ 





where H(s) = 1+ Ks and G(s) = 100/s?. The steady-state error is 
computed as follows: 
; . A 
€ss = lim s[R(s) — Y(s)] = lim s[1 — T(s)| = 
s—0 s—0 Ss 
ra A 
= lim |1 - —> | -— 
s—0 1+—(1+Ks)| s 


(b) From the closed-loop transfer function, T'(s), we determine that w, = 
10 and 


100K 


ain) BK . 


¢ 





We want to choose K so that the system is critically damped, or 
¢ = 1.0. Thus, 


1 
KkK=+=0.20. 
5 


The closed-loop system has no zeros and the poles are at 


812 = —50K +10V25K2—-1. 


The percent overshoot to a step input is 





—57K 


P.O. = 100ev1-«* for 0< kK <0.2 





and P.O. = 0 for K > 0.2. 
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E5.6 The closed-loop transfer function is 


Y(s)  -KG(s) K(s +2) _ K(s +2) 


Ms) = Ri) = TE KGW) 7 HOP RHR ~ PEK H POR 





Therefore, w, = /2K and ¢ = ere So, 


a 4 


Cw hal 


From Figure 5.13a in Dorf & Bishop, we determine that 


a 
— = 1.5 
CWn 
when ¢ = 0.707. Thus, solving for K yields 
= 1.5 
K+1 7 
or 
K =1.67. 


E5.7 The pole-zero map is shown in Figure E5.7. Since the dominant poles 


Polezero map 





0.8 F 7 


0.6 F 4 


04> 4 


Imag Axis 
° 
T 
0) 
x 
1 


-0.2 F 7 


-0.6 F 4 


-0.8 F bal 











Real Axis 


FIGURE E5.7 
(a) Pole-zero map. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


170 CHAPTER 5_ The Performance of Feedback Control Systems 


Step Response 
From: U(1) 





0.3 4 





0.25 - | 
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FIGURE E5.7 
CONTINUED: (b) Unit step response. 


are real, you do not expect to have a large overshoot, as shown in Fig- 
ure E5.7b. 


E5.8 (a) The closed-loop transfer function is 


Kk 


T(s) = ——————__. . 
(s) set+V2Ks+K 


The damping ratio is 


and the natural frequency is w, = VK. Therefore, we compute the 
percent overshoot to be 


P.O. = 100e776/V!-° = 4.3% 


for ¢ = 0.707. The settling time is estimated via 
4 8 
T; =— : 
Cw V2K 


(b) The settling time is less than 1 second whenever K > 32. 
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E5.9 The second-order closed-loop transfer function is given by 


wh 


MS) Fy Rune to 
From the percent overshoot specification, we determine that 
P.O.<5% implies ¢€ > 0.69. 
From the settling time specification, we find that 
T;<4 implies wp¢>1. 
And finally, from the peak time specification we have 


Tp <1 implies wpfl1—¢2>7. 


The constraints imposed on ¢ and w,, by the performance specifications 
define the permissible area for the poles of T(s), as shown in Figure E5.9. 
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FIGURE E5.9 
Permissible area for poles of T(s). 


E5.10 The system is a type 1. The error constants are 


K,=0c and Ay=10; 
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Therefore, the steady-state error to a step input is 0; the steady-state 
error to a ramp input is 1.0A9, where Ap is the magnitude (slope) of the 
ramp input. 


E5.11 (a) The tracking error is given by 








R(s) (s+ 9)(s + 2)(s +4) 
(s) — Ta ie) | | | | d R(s) 
14+G.G(s)  (s+9)(s+2)(s +4) + K(s +6) 
The steady-state tracking error (with R(s) = 1/s) is 
‘ (2 
lim sE(s) = To aK ° 
We require es, < 0.05, so solving for kK yields K > 228. 
(b) The tracking error due to the disturbance is 
—G(s) —(s+9)(s + 6) 
E(s) = ——_T SS _ T 
(8) = 776,G(s) "9 = B40 4+D G+ D+ Kato 


The tracking error is shown in Figure E5.11. 
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FIGURE E5.11 
Tracking error due a step disturbance. 


E5.12 The system is a type 0. The error constants are Kp, = 0.2 and K, = 0. 
The steady-state error to a ramp input is oo. The steady-state error to a 
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step input is 


1 
= —— = 0.833. 
Ess I -K 


E5.13 (a) The tracking error is given by 
E(s) = [1 —T(s)] R(s) . 
The steady-state tracking error (with R(s) = 1/s) is 
es = lim 5 [1 — T(s)] R(s) = lim [1 — T(s)] =1-7(0) 
The closed-loop transfer function is 


oe K(s + 0.1) 
~ s(s +0.1)(s +2) + K(s +8) ’ 
and T(0) = 0.033. Therefore, e,, = 1 — T'(0) = 0.967. 
(b) Use Gp(s) = 30. Then, 


<= lim s [1 — T(s)G,(s)] R(s) = 1-lim T(s)G,(s) = 1-30 T(0) =0. 


s—0 


E5.14 The plot of y(t) is shown in Figure E5.14. 
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y(t) 


0.6 - / 


04 ;- i 


o2----/ 











Time (sec) 


FIGURE E5.14 
Plot of y(t) with T'(s) (solid line) and approximate Tu (s) (dashed line). 
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Using the dominant poles, the approximate closed-loop transfer function 


is 
50 
T, se 
a(S) = 3705450 
The actual transfer function is 
500 


Ts) = Gy ioe? + 10s +50) * 


E5.15 The partial fraction expansion is 


10(z -—1 10(z-—8 
_10(z—-1) et , 10% - 8) e 8 4.1.95. 


t)= 
y(t) 7z 56z 


The plot of y(t) for z = 2,4,6 is shown in Figure E5.15. 


z=2 (solid) & z=4 (dashed) & z=6 (dotted) 
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FIGURE E5.15 
Plot of y(t) for z=2, 4, 6. 


E5.16 The desired pole locations for the 5 different cases are shown in Fig- 
ure E5.16. 
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Exercises 175 
Im(s) 
desired A 
region 
for poles 
P&S P= 10 
a7, ° . % 
53 rt 
= : >} Re(s) 



















































































' 
(a) 0.6< z<0.8and Wp <10 
desired 
region : Im(s) 
for poles bres rN 
v. 
n=10 
ed *% 
45° o aN 
; xs“ 
= 60 - = Re(s) 
ee 
a va 
7 
ee 
| 
7 
(b) 0.5 < z<0.707 and wp, >10 
Im(s) 
4 
desired < so OS 
region paindeces 
for poles 
~— 




















(c) 0.5 < zand5< Wy <10 


FIGURE E5.16 
Desired pole locations. 
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176 CHAPTER 5_ The Performance of Feedback Control Systems 
Im(s) 
4 
desired 
region 
for poles 
Wa = 10 
= a5 = Re(s) 
Mss 
| 
(d) 0.707 > zand5< Wp <10 
Im(s) 









































= m= Re(s) 
ae : 
Y 
(e) 0.6< zand w,<6 
FIGURE E5.16 
CONTINUED: Desired pole locations. 
E5.17 The output is given by 
G(s) 
Y(s) = T(s)R(s) = K—— —~R(s) . 
(3) = T(s)R(s) = KFS RO) 


When K = 1, the steady-state error is 


€s, = 0.2 


which implies that 


lim sY(s) =0.8. 


s—0 
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Exercises 177 


Since we want e,, = 0, it follows that 


liveY (6) = 1, 


s—0 


or 
08k =1. 
Therefore, K = 1.25. 
(a) The characteristic equation is 
gs” = Uw,s tw =s* 43.172 +7=0, 


from which it follows that 


ail 
Wy = V7 = 2.65, (=5 7 06. 


Wn, 





Therefore, we compute the percent overshoot and the estimated set- 
tling time to be 








- _¢2 4 
P.O. = 100e~*6/V!-* = 9.538% and T, = =25s. 
Wn, 
(b) The unit step response is shown in Figure E5.18. 
Step Response 
14 T T T T T 
System: sys 
Peak amplitude: 1.1 
ib Overshoot (%): 9.53 | 
. At time (sec): 1.47 System: sys 








Settling Time (sec): 2. 












0.8 F | 


Amplitude 


0.6 | ! | 


04 - 


0.27 J 

















\ \ 
0 0.5 1 1.5 2 2.5 3 
Time (sec) 


FIGURE E5.18 
Unit step response. 
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E5.19 (a) The closed-loop transfer function is 


K 
13) > ———————_ 
(s) set+V2Ks+K 


The damping ratio is 


and the natural frequency is w, = ~K. Therefore, we compute the 
percent overshoot to be 


P.O. = 100e775/V1-“? — 4.3% 


for ¢ = 0.707. The settling time is estimated via 
4 8 


[a 


Wn J2Kk 


(b) The settling time is less than 1 second whenever K > 32. 
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Problems 





Problems 
P5.1 (a) The system error is 
E(s) = ee ROS) 
en 
where 
9 oO 
R(s) = 5°/sec 
8 
So, 
25 


Pa Dae) ee * 


(b) If we desire es, < 1°/sec, then 


25° 
ee <1’ jsee., 
1+ Kykm 


and solving for KgKy, yields 
KakKm > 24. 


(c) The closed-loop transfer function is 
Kk 
T(s) = we a a, 
Vie(s) 8% +14+ KakKm 





The step response of the system (i.e. uc(t) = A) is 
AK, K. —(KaKm+1) 
os (1 a ‘) 
1+ KiaKm 


So, at settling time, we have 
=(4+KaKm), 
l—e  7™ > 0.98 , 


where 7,, = 0.4. Setting t = 0.03 and solving for Kg Ky, yields 


Kakm = 52. 


P5.2 (a) The settling time specification 
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180 CHAPTER 5 The Performance of Feedback Control Systems 
is used to determine that Cw, > 6.67. The P.O. < 20% requirement 
is used to determine 
¢ <0.45 which implies 6 < 63° 
and the P.O. > 10% requirement is used to determine 
¢ > 0.60 which implies @ > 53°, 


since cos? = ¢. The desired region for the poles is shown in Fig- 






































ure P5.2. 
Im(s) 
desired A 
region 
for poles 
\ 
[ 53°] | hak 
~~ 
= = = Re(s) 
S = -6.67 ’ 
FIGURE P5.2 


Desired region for pole placement. 


(b) The third root should be at least 10 times farther in the left half- 
plane, so 


Ir3| > 10|Cwp| = 66.7 . 


(c) We select the third pole such that rz = —66.7. Then, with ¢ = 0.45 
and Cw, = 6.67, we determine that w, = 14.8. So, the closed-loop 
transfer function is 


T(s) = 66.7(219.7) 


(s + 66.7)(s? + 13.38 4219.7) ’ 
where the gain K = (66.7)(219.7) is chosen so that the steady-state 
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tracking error due to a step input is zero. Then, 


G(s) 
T(s) = ———-~ 
(= TTG6)’ 
or 
T(s) 
Ce) FTG) 
P5.3 Given the input 
1 
R(s) = 2 5 


we compute the steady-state error as 


i ( 1 ) 1 i ( il ) i 1 
= lim s | ————~ } = = lim | =~} = lim | ——- = = . 
ree ey +G(s)/ 83 s+0 \s?G(s) s0 \ 2 (4) K 
s 
Since we require that e,, < 0.5 cm, we determine 
K>2. 


P5.4 (a) The closed-loop transfer function is 


T(s) G(s) K we 
SSS SS EE 5 
1+G(s) s?+2s+K s?+2¢w,zs+w?2 


Thus, 
wy, =VK and C=1/un=1/VK. 


Our percent overshoot requirement of 5% implies that ¢ = 1/V2 , 
which in turn implies that w, = 2. However, the corresponding 
time to peak would be 


4.4 
Tp = —= = 3.15. 


V2 
Our desired 7, = 1.1—we cannot meet both specification simultane- 
ously. 


(b) Let JT, = 1.1A and P.O. = 0.05A, where A is the relaxation factor 
to be determined. We have that K = w? and Cw, = 1, so 


1 
TK ‘ 
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182 CHAPTER 5_ The Performance of Feedback Control Systems 


Thus, 





PO.=e NIC Se, 
Also, 


Ty = ——= = 1.1A. 
al 


Therefore, from the proceeding two equations we determine that 
PO.2)GA=e"". 
Solving for A yields 
f(A) =mA+41n(0.05)+11A=0. 


The plot of f(A) versus A is shown in Figure P5.4. From the plot we 

















FIGURE P5.4 
Solving for the zeros of f. 


see that A = 2.07 results in f(A) = 0. Thus, 


P.O. = 0.05A = 10% 
Dy = LAR = 2.5 -See: 
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So, we can meet the specifications if they are relaxed by a factor of 
about 2 (i.e. A = 2.07). 


P5.5 (a) The closed-loop transfer function is 


K, Ko(s + 1) 


T(s) = > —————__ .. 
(s) s2 + Kk, Kos+ ky Ko 


A percent overshoot less than 5% implies ¢ > 0.69. So, choose ¢ = 
0.69. Then set 2¢w, = K,Ko2 and we = K, Ko. Then 


2(0.69)wy = w2 ; 
and solving for wy, yields 
Wyn = 1.38. 


Therefore Ky, Ky = w? = 1.9. When Kk, K> > 1.9 it follows that 
€ > 0.69. 


(b) We have a type 2 system, so the steady-state tracking error to both 
a step and ramp input is zero. 


(c) For a step input, the optimum ITAE characteristic equation is 
2 2 _ 
s+ 14unstw,=0. 
For a ramp input, the optimum ITAE characteristic equation is 
S39 tu = 0. 


Thus, K, Ko = w2 = 3.2wy. So, wy = 3.2 and K,K> = 10.24. 
P5.6 We have a ramp input, r(t) = t. So 








1 
Ky = lim sG(s) —_ lim Ss _ 7(s+1) = 15 = 0.75 5 
s—0 s0 [s(s+5)(s + 20) 100 
and 
|R| 1 
cS SS SS =H 1 
Css = = O75 188 


P5.7 (a) The closed-loop transfer function is 


Kk, Ko 


ee 
G) > Fae Ki koKas = Kak 


The steady-state tracking error for a ramp input is 


; u 
ess = lim sE(s) = lim s(1— T(s))R(s) = lim s(1-T(s)) 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


184 CHAPTER 5_ The Performance of Feedback Control Systems 
i Is+ Ki K2k3 
VV. 
s—>0 [s2 + K, Ko K38s + Ky Ko 


But we desire e,, = 0.01 m, so K3 = 0.01. 
(b) For P.O. = 10%, we have ¢ = 0.6. Also, 





0.01 Ky Ko 
2 Peale nai ai 
Gun 25 
and 
2 ky Ko 
o,= . 
25 


Thus, solving for Kj K2 yields K; Ky = 36 x 10+. 
P5.8 (a) The closed-loop transfer function is 


T(s) = P(s) _ G(s)/s _ 20 
R(s) 14+ G(s)H(s)/s — s(s +30) © 





Therefore, the closed-loop system time constant is tT = 1/30 sec. 


(b) The transfer function from Ty(s) to the output P(s) is 


P(s) —G(s) —20 


Ti(s) 1+G(s)H(s)/s  s+30° 


The response to a unit step disturbance is 


p(t) = 30 -e%). 


At settling time, p(t) = 0.98p,, = —0.65. Thus, solving for t(= T;) 
we determine that T, = 0.13 sec. 


P5.9 We need to track at the rate 
v _ 16000 


= — = —— $1.78 x 107° radians/sec . 
r 2500 


The desired steady-state tracking error is 


1 
€sg To degree = 0.1754 x 10-7 rad . 


Therefore, with 


dl 
ss i 
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we compute K, as 


1.78 x 10-3 
Kk, = I 00 
° 0.1754 x 10-2 : 


This assumes that the system is type 1. 
P5.10 (a) The armature controlled DC motorblock diagram is shown in Fig- 

















ure P5.10. 
ampliner 
Ris) 1 -\——» | kK Km a» d Ws) 
s oa RatLlas Js+b 
































Kp 
back emf 
FIGURE P5.10 


Armature controlled DC motor block diagram. 


(b) The closed-loop transfer function is 


wis) KG(s) 





ON R(s)  1+KK,G(s) ’ 
where 
Km 
9) TEL TOFD) 
Thus, 
T(s) = = 


s?+2s4+14+K’ 





where Rg = lg = J =b= Ky = Ky = 1. The steady-state tracking 
error is 





C= lim s(R(s) —Y(s)) =lims (=) (1 — T(s)) 


s—0 S 
K )= A 
i oe ees ee ae 





= A(1—T(0)) = (1 7 


(c) For a percent overshoot of 15%, we determine that ¢ = 0.5. From 
our characteristic polynomial we have 2¢w, = 2 and w, = V1+ K. 
Solving for w, yields w, = 2, thus K = 3. 
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P5.11 (a) The closed-loop transfer function is 


_Y(s)__K 
~ Ris) s+K~ 








To include the initial condition, we obtain the differential equation: 
y(t) + Ky(t) = Kr(t) . 


Taking the Laplace transform yields: 


sY(s) — y(t.) + KY(s) =K (=) , 


where y(t.) = Q. Computing the inverse Laplace transform, L~'{Y (s)} 
yields 


y(t) = A(1— e7**) + Qe7** 
Also, the tracking error is given by 
e(t) = A-y(t) =e ™(A-Q). 


Thus, the performance index, I is determined to be (for K > 0) 





r= f° (A-Q)te*tat = (A- Q) (=z) ais 
_ (A-@/y 
— OK 


The minimum I is obtained when K = oo, which is not practical. 


2 


Set K at the maximum value allowable such that the process does not 
saturate. For example, if K = 50, then 


(A-Q)° 


[= —— 


100 
P5.12 The optimum ITAE transfer function for a ramp input is 


— 
io) 
nN 


> 3.25w2s + w? 
88 +1.75Wn8 + 3.2528 + ws | 


T(s) 


The steady-state tracking error, e,, = 0, for a ramp input. The step 
response is shown in Figure P5.12 for w, = 10. The percent overshoot is 
P.O. = 39%, and the settling time is T, = 0.72 s . 
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FIGURE P5.12 








Step input system response. 


identical. 


P5.13 The step responses for the actual system and the approximate system 


are shown in Figure P5.13. It can be seen that the responses are nearly 








L 
1.5 


2.5 
Time (sec) 











FIGURE P5.13 


(dashed line). 
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P5.14 Consider 


_ 2(c1s +1) 
ee) Ge ea) 


After cancellation of like factors, we compute H(s)/L(s), 


H(s) 8° + 7s" + 248 + 24 
L(s) (s +3)(s + 4)2(as +1) ° 
Therefore, 
M(s) = 8° +7s7+24s+24, and 
Als) = Blas? + (7q + 1s? 4+ (19 4 Tie 19] « 





Then, following the procedure outlined in Section 5.10, we have 


M°(0) =24, M'(0)=24, M?(0)=—14, M%(0)=6, and 


A? (0). = 24, At(0) = (de, 4-772, A*(0) = 22-7, 1)), A°O) = 12e,. 
For g= 1: 
Mz = 240, and 
Ao = 4[144cf + 25] . 
Then, equating Ay and Mg, we find c;, 
cy = 0.493 . 


So, 


_ 2(0.493s+1) 0.9865 +2  0.986(s + 2.028) 


MS) =e so) aaa eee D) 


P5.15 The open-loop transfer function is 


10 


Gls) = Gyaje0Gs FI) | 


Define 7 = 50C’. Then, the closed-loop transfer function is 


Vi(s) 10 10/7 


Vin(8) (S+D(rs+1) +10 4 (1) 54 


Tr 





With 
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we can solve for 7, yielding 
7 —20r+1=0. 


Therefore, T = 19.95 and 0.05. For each value of 7 we determine C as 
follows: 7 = 19.95 = 50C, implies C = 0.399F, and 7 = 0.05 = 50C, 
implies C = lmF. 


P5.16 (a) The closed-loop transfer function is 


Y(s) 12K 
R(s) s2?4+12s+12K ° 


The percent overshoot specification P.O. < 10% implies ¢ > 0.59. 
From the characteristic equation we find that 


we=12K and (w,=6. 
Solving for K yields 
2(0.59)V12K =12 which implies that K =8.6. 


So, any gain in the interval 0 < K < 8.6 is valid. The settling time is 
Ts = 4/Cw, = 4/6 seconds and satisfies the requirement. Notice that 
T;, is not a function of K. 


(b) The sensitivity is 


il s(s +12) 
T TTT eeeeeennnEEnnEEEnETEET ETE 
Sx(9) = TG = P+ 1254 100 


when K = 10. 
(c) The sensitivity at DC (s = 0) is 





Sk(0) =0 
(d) In this case, s = 727-1 beat/sec = j27. So, the sensitivity at s = 277 
is 
85.1084 
Pops 
27 )| = ——— = 0.77. 
P5.17 We select L(s) as 
1 
Las 
(s) as+1’ 
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then 
H(s) 6as + 6 


L(s) 88+ 6s2+11s+6 ° 





Therefore, 
M(s) =6as+6, 
and M°(0) = 6, M'(0) = 6a, M?(0) = 0. Also, 
A(s) = s°+6s*+11s4+6, 


and A°(0) = 6 , A'(0) = 11 , A?(0) = 12. So, computing Mz and Ag 
yields 


Mp = 36a? , and 


Ay = 49. 
Finally, equating My = Ag yields 36a? = 49 , or 
a = 1.167. 


Thus, 


1 0.857 


eee ee 
(8) = T67sp1 > 540.857 


P5.18 (a) The closed-loop transfer function is 


8 


i=. 
\s) = Sa 6g olds FB 


(b) The second-order approximation is 


1 


7 
i) dys? +dys+1 : 


where d; and dz are to be determined using the methods of Section 
5.10 in Dorf & Bishop. Given 


M(s) = 8dgs* + 8d,s + 8 
A(s) = s° +687 +128 +8 


we determine that 


Mg = —128d2 + 64d? 
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FIGURE P5.18 
Closed-loop system step response: Actual 7'(s) (solid line) and second-order approximation 
(dashed line). 


My = 6403 
A> = 48 
Aa=18 . 


Equating Mz = Ag and My, = Ag, and solving for d; and dz yields 
d, =1.35 and d2=0.53. 


Thus, the second-order approximation is 


1 


ig=___ = __x, 
(5) = 05352} 135041 


(c) The plot of the step response for the actual system and the approxi- 
mate system is shown in Figure P5.18. 


P5.19 The steady-state error is 


on (Ot LOS +12) + K(1— Ki) _ 120+ KA ~ Bi) 
é€ TT 
50 (s+ 10)(s +12) +K 120+ K 
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To achieve a zero steady-state tracking error, select Ky as follows: 


120 
P5.20 The closed-loop transfer function is 
S+a 





 g2+(2k+a)s+2ak+1 ° 
(a) If R(s) = 1/s, we have the tracking error 


E(s) = R(s) — Y(s) = [L— T(s)] R(s) 





or 
E(s) s?+(2k+a—1)s+2ak+1—a 1 
Ss SS 5555S 8S 
s? + (2k +a)s+2ak+1 8 
From the final value theorem we obtain 
; 2Zak+1—a 
oe aa 


Selecting k = (a — 1)/(2a) leads to a zero steady-state error due to a 
unit step input. 


= 


To meet the percent overshoot specification we desire ¢ > 0.69. From 
T(s) we find w? = 2ak + 1 and 2¢w, = 2k + a. Therefore, solving for 
a and k yields 


a=1.5978 and k=0.1871 


when we select ¢ = 0.78. We select ¢ > 0.69 to account for the zero 
in the closed-loop transfer function which will impact the percent 
overshoot. With a and k, as chosen, we have 


5 + 1.598 
'P = 
(8) = Sy 7970s 4 1.508 


and the step response yields P.O. ~ 4%. 
P5.21 The closed-loop transfer function is 


2(2s + T) 


T8)=Gy0aK)Qstr) +4 


(a) If R(s) = 1/s, we have the unit step response 


2(28 +7) 1 


Y(s)= Gy0aK)@s+ 145° 
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From the final value theorem we obtain 
2T 


yss = lim s¥(s) = Doge ya ° 


Selecting K = 10—20/7 leads to y,, = 1 and a zero steady-state error 
due to a unit step input. 


(b) The characteristic equation is 
(s+0.2K)(2s +7) +4 = 2s? + (0.4K +7)s+0.2K7+4=0. 


So, with kK = 10 — 20/7, the natural frequency and damping ratio 
are: 


2 
tT +47 -8 
Wn =V2+7 and = 
" ¢ ATV24+7 
The settling time and percent overshoot are found using the standard 
design formulas 


fo gn Poa ov 
Wn, 

with w,, and ¢ given above (as a function of 7). Since the closed-loop 
system has a zero at s = —7/2, the formulas for T, and P.O. will 
only be approximate. Also, note that for the closed-loop system poles 
to be in the left half-plane (that is, all the poles have negative real 
parts), we require that 7 > 2/3 — 2 © 1.4642. As seen in the next 
chapter, this is the condition for stability. Having 7 > 2\/3 —2 insures 
that the damping ratio ¢ is positive. 
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Advanced Problems 


AP5.1 (a) The steady-state error is 
96(3) 
6 


64. = lim s(1 — T(s))R(s) =1-T(0) =1- 536) =. 


(b) Assume the complex poles are dominant. Then, we compute 


a 
— = 0.75, 
Wn, 


since a = 3, ¢ = 0.67 and w,, = 6. Using Figure 5.13 in Dorf & Bishop, 
we estimate the settling time and percent overshoot to be 


P.O.=45% and T;= se = 1 second . 
CWn, 


(c) The step response is shown in Figure AP5.1. The actual settling time 
and percent overshoot are 


P.O. = 33% and T,; = 0.94 second . 





1.4 

















io) 

ne} 

= 

= 

€ 

<x 

0 1 1 1 1 1 1 1 it 1 
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 
Time (secs) 
FIGURE AP5.1 


Closed-loop system step response. 
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Advanced Problems 


AP5.2 The closed-loop transfer function is 


T(s) = 5440(7z5 + 1) 
~ g3 + 2852 + (432 + 54407,)s +5440 * 


The closed-loop step responses are shown in Figure AP5.2. The perfor- 
mance results are summarized in Table AP5.2. 


tau=0 (solid) & tau=0.05 (dashed) & tau=0.1 (dotted) & tau=0.5 (dot-dash) 
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FIGURE AP5.2 


Closed-loop system step responses. 


p=—20, —-4+167 





p= 10.4, —8.77 + 21.064 





p= —6.5, —10.74+ 26.84) 
p = —1.75, —13.12 + 54.167 











TABLE AP5.2 Performance summary. 


As Tz increases from 0 to 0.1, the P.O. decreases and the response is faster 
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and more stable. However, as T, is increased beyond 0.1, the P.O. and T, 
increase, although 7;. continues to decrease. 


AP5.3 The closed-loop transfer function is 


1 


T(s) = ——_>—— 
(s) Tps? + (1 + 27p)s? +2841 


The closed-loop step responses for Tt, = 0,0.5,2,5 are shown in Fig- 
ure AP5.3. The performance results are summarized in Table AP5.3. 





tau=5 (solid) & tau=2 (dotted) & tau=0.5 (dashed) & tau=0 (dot-dash) 
1.5 T T T T T T T 





y(t) 
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FIGURE AP5.3 
Closed-loop system step responses. 


0 4 5.8 0% 1 


p= =I, = 


p=—2.84, —0.58 4 
p=—2.14, —0.18 4 
p = —2.05, —0.07 








TABLE AP5.3 Performance summary. 
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As Tp increases, the P.O., T; and T; also increase; adding the pole makes 
the system less stable with more overshoot. 


AP5.4 The system transfer function is 


1k 15 


"(8 = Gyae+n +k) + GEHG++ IK 


Ta(s) « 

When considering the input response, we set Ty(s) = 0, and similarly, 
when considering the disturbance response, we set R(s) = 0. The closed- 
loop step input and disturbance responses for K = 1,10,100 are shown in 
Figure AP5.4. The performance results are summarized in Table AP5.4. 
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FIGURE AP5.4 
Closed-loop system input and disturbance responses (K=1: solid line, K=10: dotted line, 
and K=100:dashed line). 


ESE EEA 


0.45 


0.19 0.6 
0.023 | 0.59 





TABLE AP5.4 Pedonianceeniy: == Ci“ (it‘(..*S*# summary. 
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The best value of the gain is kK = 10, which is compromise between (i) 
percent overshoot, and (ii) disturbance rejection and tracking error. 


AP5.5 The system transfer function is 


50(s + a)(s + 2) 


= s(s+3)(s +4) + 50(s + a)(s + 2) ay) 
50s(s + 2) 
7 Gsd Ganesan” 





Disturbance response: alpha=0 (solid) & alpha=10 (dashed) & alpha=100 (dotted) 
10 T T T T 





y(t) 
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FIGURE AP5.5 
Closed-loop system disturbance response. 


When considering the input response, we set Ty(s) = 0, and similarly, 
when considering the disturbance response, we set R(s) = 0. The steady- 
state tracking error is 


50(s + a)(s + 2) 


t= lim s(1 — T(s))R(s) = lim 1 — a(e43)e+4) 4+ 506+a)(42) 


s—0 


When a = 0, we have 


100 


i= Spi, 
100 + 12 


Ess = 
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and, for a £0 
Csg— 0: 


The closed-loop step input and disturbance responses for a = 0, 10,100 
are shown in Figure AP5.5. For disturbance rejection and steady-state 
tracking error the best value of the parameter is 


a=100. 


However, when considering both the disturbance and input response we 
would select the parameter 


a=10, 


since it offers a good compromise between input response overshoot (about 
5% for a = 10) and disturbance rejection/tracking error. 


AP5.6 (a) The closed-loop transfer function is 


T(s) KK 
s)=> 
KK», + (8 + Km Ko + 0.01) 


The steady-state tracking error for a ramp input R(s) = 1/s? is 


ja lim s(1 — T(s))R(s) 
s+ Ky,Ky + 0.01 


i ee 
so0 KKm +8(s + KmKp + 0.01) 
_ KmKy + 0.01 
7 KK», 
(b) With 
Ky, = 10 
and 
K, =005, 
we have 


KK, +0.01 — 10(0.05) +0.01 _ ; 
KKm i 10K = 


Solving for K’ yields 


Kk =0.051 . 
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(c) The plot of the step and ramp responses are shown in Figure AP5.6. 
The responses are acceptable. 
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FIGURE AP5.6 


Closed-loop system step and ramp responses. 


AP5.7 The performance is summarized in Table AP5.7 and shown in graphical 
form in Fig. AP5.7. 


Estimated Percent Overshoot Actual Percent Overshoot 





TABLE AP5.7 Performance summary. 
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FIGURE AP5.7 
Percent overshoot versus K. 


The closed-loop transfer function is 


100i 
T3\= 


s(s + 50)(s + 100) + 100K * 


The impact of the third pole is more evident as K gets larger as the 
estimated and actual percent overshoot deviate in the range 0.3% at K = 
1000 to 6.5% at K = 5000. 


AP5.8 The closed-loop transfer function is 


K 57+120s+4110 
We) = 
(s) 1+K sttas+b 


where a = (54+ 120K)/(1+ K) and b = (64+ 110K)/(1+ K). Setting 
= w? and a = 2¢wry yields 





5+120K 
If4-k 


/64110K © 
2 kK 
For the closed-loop transfer function to have complex roots, we require 
a2 — 4b < 0. This occurs when —0.0513 < K < —0.0014. When K = 
—0.0417, we have ¢ = 0, hence minimized. At this point, the system has 


roots on the imaginary axis and is marginally stable. When —0.0513 < 
K < —0.0417, the system is unstable. 
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Design Problems 


CDP5.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 


6(s) 26.035 


Vals)  s(s+33.142) ’ 





where we neglect the motor inductance L,,,. The closed-loop transfer func- 
tion from the disturbance to the output is 


6(s) 26.035 


Ti(s) 52+ 33.142s + 26.035K, | 


For a unit step disturbance input the steady-state response is 


Therefore, we want to use the maximum K, while keeping the percent 
overshoot less than 5%. The step response for the closed-loop system (with 
the tachometer not in the loop) and K, = 22 is shown below. Values of 
Ka, greater than 22 lead to overshoots greater than 5%. 


Step response 
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DP5.1 (a) The closed-loop transfer function is 


o(s) 12.2K 12.2K 


ga(s)  8(8+2.2)(8+7)+12.2K 5349.28? +15.4s+12.2K - 





(b) For kK = 0.7, we have the characteristic equation 


s? + 9.287 + 15.48 + 8.54=0, 





with roots s; = —7.23 and so3 = —0.98 + 0.467. For K = 3, we have 
the characteristic equation 


s? + 9.287 + 15.45 + 36.6 =0, 


with roots sj = —7.83 and s23 = —0.68 + 2.057. And for K = 6, we 
have the characteristic equation 





s? + 9.25" + 15.48 + 73.2 =0, 





with roots s; = —8.4 and s93 = —0.4 + 2.97. 


(c) Assuming the complex conjugate pair are the dominant roots, we 
expect the following: 


(i) for kK = 0.7: P.O.=0.13% and T, = 6.8 sec 

(ii) for K = 3: P.O.=35.0% and T, = 1.5 sec 

(iii) for K = 6: P.O.=65.2% and T, = 1.1 sec 
(d),(e) We select 


K=1.71 


to have a P.O. = 16% and T, = 2.18sec. All four cases (K = 
0.7, 3,6, 1.71) are shown in Figure DP5.1. In each case, the approxi- 
mate transfer function is derived by neglecting the non-dominant real 
pole and adjusting the gain for zero steady-state error. The approxi- 
mate transfer functions are 





Te-pnls) = 1.18 _ 0.7908 | 
8? +1.965s+1.18 (s+0.98 + 0.467)(s + 0.98 — 0.46j) 
Txa(s) = 4.67 _ 3.299 
8? +1.37s +4.67  (s +.0.68 + 2.05j)(s + 0.68 — 2.05) 
Teale) = chalk 2 6.399 
s?+0.796s+8.71 (s+0.4+2.97)(s +0.4 — 2.99) 
Teeinils) = O17 1.458 


52+ 1.6798 +2.77 (8 +0.83 + 1.439)(s + 0.83 — 1.433) 
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FIGURE DP5.1 
Step responses (actual response:solid lines; approximate response: dotted lines). 


DP5.2 The closed-loop transfer function is 


Ku? 


(= SS 
(s) 8? + 2Cwys? + w2s+ Kw? 


where ¢ = 0.2. From the second-order system approximation, we have 


T 
L = ————$—— 
Pipa =O 


So, with ¢ = 0.2 given, we should select w, “large” to make TJ; “small.” 
Also, from the problem hint, let 


0.1 < K/un <0.3. 


As a first attempt, we can select w, = 20. See Figure DP5.2 for various 
values of K/w,. Our final selection is 


K=4 and w,=20. 


This results in P.O. = 2% and T, = 0.9 second. 
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FIGURE DP5.2 
Closed-loop system response. 


DP5.3 The closed-loop transfer function is 


K 
T(s) = ~—————. .. 
(s) stqst+kK 
From the ITAE specification, we desire 
Wi 
82+ 1.4wys +w2 - 


T(s) = 
But 
2Cwyn = 1.4wW, which implies ¢=0.7. 


Since we want T, < 0.5, we require Cw, > 8. So, 


8 


—=114. 
0.7 


Wn = 


We can select w,, = 12. Then, 
144 


a 
= age 


Therefore, kK = 144 and q = 16.8. The predicted percent overshoot is 
PO. =4.5%: 
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DP5.4 The open-loop transfer function is 


7 10K 7 10K/70 
CGS) = SEW t GED ~ GF HHO 





The second-order approximation is obtained by neglecting the fastest first- 
order pole. Thus, 


K/7 


GG-.(s) © G43s%) * 


The closed-loop transfer function is 


2, ee 

When ¢ > 0.52, we have less than 15% overshoot. So, we have 
2Cwy, = 10 

and 


Wy, = 1/21+ K/7. 


Eliminating w,, and solving for K (with P.O. < 15%) yields 








K < 500.19 . 

Also, 
Ky. = lim GG,(s) = ay 

and 

1 1 

ee Eee < 0.12 

implies 

Kk > 1078. 


Therefore, we have an inconsistency. We require 1078 < K to meet the 
steady-state requirement and K < 500.18 to meet the percent overshoot 
requirement. It is not possible to meet both specifications. 


DP5.5 The closed-loop characteristic equation is 


ky 2K2 
peace K. =I 3, ay “sea a 
+ K1G1(s) + K2G1Go(s) =1+ s(s+1) s(s+1)(s +2) ’ 
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or 
p35" 4 (04 Ke Ok — Fo) = 0. 
Assuming that Ky, > 0 and K2 > 0, the range of the gains for stability is 
0< Ko< ky. 


DP5.6 The closed-loop transfer function is 


ky 


T(s) = >. 
(s) s?+(K,Ko+1)s+ ky 


The percent overshoot specification (P.O. < 4%) is satisfied when ¢ > 
0.715. The peak time specification ( T, = 0.2 sec) is satisfied when w, = 
22.47 and ¢ = 0.715. So, given 


ky = w? and Ky,Ko9+1= 2¢w, , 
we determine that the specifications are satisfied when 
Ay = 504.81 
and 


Ky = 0.0617 . 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


208 CHAPTER 5_ The Performance of Feedback Control Systems 


Computer Problems 


CP5.1 With the impulse input we have R(s) = 1. The transfer function is 


6 6 
Y(s) = —————_ X(s) = ———_ .. 
(s) (s + 3)(s + 4) (s) (s + 3)(s + 4) 
Therefore, taking the inverse Laplace transforms yields the output re- 


sponse: 
y(t) = 6e-** — Ge . 


The impulse response and the analytic response is shown in Figure CP5.1. 





n=6; d=[1 7 12]; 

t=[0:0.1:6]; 

ya=6*exp(-3.*t)-6*exp(-4.*t); 

sys = tf(n,d) 

y=impulse(sys,t); 

plot(t,y,t,ya,'o') 

xlabel('Time (sec)'), ylabel(‘y(t)'), legend(‘'Computer','Analytic’-1) 








0.7 





Computer 
OQ Analytic 














Time (sec) 


FIGURE CP5.1 
Impulse responses. 
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CP5.2 The ramp response is shown in Figure CP5.2. The error as t — oo is 
Css —> CO. 


Linear Simulation Results 








n=[1 7]; d=[1 10 0 0]; 
t=[0:0.1:25]; 120°): 
sys= tf(n,d); 

sys_cl = feedback(sys,[1]); 
u=t; 

Isim(sys,u,t); 


Amplitude 
To:¥(1) 
3 
8 
T 




















Time (sec.) 


FIGURE CP5.2 
Ramp responses. 


CP5.3 The m-file script and the four plots are shown in Figure CP5.3. The plots 
can be compared to Figure 5.17 in Dorf & Bishop. 


wn=2, zeta=0 wn=2, zeta=0.1 





















































i ao a aie 
I | | | | | { \ | | | | | {\ 
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Ob Pad | th da ) | 4 \ Se Ps 
ede ea ta \ ce 
i a Ce | 
\ | \ ] \ | a \ | 
aE VE YE Wg ap 
-2 \ AVI \ it \ | Vl \l 2 1 ik it 
0 5 10 15 20 0 5 10 15 20 
1 wn=1, zeta=0 1 wn=1, zeta=0.2 
{ 
/ \ | | | | 
os | | \ fF \ 4 [\ 
PAP pa | 057/ | : 
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\ | \ \ | i \ om 
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\ | \ \ | \ 
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FIGURE CP5.3 
Impulse responses. 
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FIGURE CP5.3 


CHAPTER 5_ The Performance of Feedback Control Systems 





w1=2; z1=0; 

w2=2; z2=0.1; 

w3=1; z3=0; 

w4=1; 24=0.2; 

t=[0:0.1:20]; 

% 

num1=[w1A2]; den1=[1 2*z1*w1 w1A2]; 
sys1 = tf(num1,den1); 
[y1,x1]=impulse(sys1,t); 
% 

num2=[w2A2]; den2=[1 2*z2*w2 w2/2]; 
sys2 = tf(num2,den2); 
y2,x2]=impulse(sys2,t); 
% 

num3=[w32]; den3=[1 2*z3*w3 w32]; 
sys3 = tf(num3,den3); 
y3,x3]=impulse(sys3,t); 
% 

num4=[w4A2]; den4=[1 2*z4*w4 w4A2]; 
sys4 = tf(num4,den4); 
y4,x4]=impulse(sys4,t); 
% 

clf 
subplot 
subplot 
subplot! 
subplot! 




















222),plot 
223),plot 








CONTINUED: Impulse response m-file script. 


CP5.4 The closed-loop system is 


21 


7 
() = aos 2a 


Therefore, the natural frequency is 
Wm = V21 = 4.58 

and the damping ratio is computed as 

26un = 2, 
which implies 

¢=0.218 . 
The percent overshoot is estimated to be 

P.O. = 100e~$"/V1-@ = 50% , 


since ¢ = 0.218. The actual overshoot is shown in Figure CP5.4. 
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Step Response 


From: U(1) 
16 ——— - 








numc=[21]; denc=[1 0]; 
sysc = tf(numc,denc); 
numg=[1]; deng=[1 2]; 
sysg = tf(numg,deng); 
sys_O = series(sysc,sysg); 
sys_cl = feedback(sys_o,[1]) 
step(sys_cl) 


Amplitude 
To:¥(1) 




















0 1 2 3 4 5 6 





Time (sec.) 


FIGURE CP5.4 
Impulse responses. 


CP5.5 The unit step response is shown in Figure CP5.5. The performance num- 
bers are as follows: M, = 1.04, T;, = 0.63, and T = 0.84. 


Step Response 
From: U(1) 











numg=[50]; deng=[1 10 0]; 
sys = tf(numg,deng); 
sys_cl = feedback(sys,[1]); 
t=[0:0.01:2]; 06 F 
step(sys_cl,t); 


Amplitude 











Time (sec.) 


FIGURE CP5.5 
Closed-loop system step response m-file script. 
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CP5.6 The m-file script and the simulations are shown in Figure CP5.6. 





% Part (a) 

numc=[2]; denc=[1]; sys_c = tf(numc,denc); 
nums=[-10]; dens=[1 10]; sys_s = tf(nums,dens); 
numg=l-1 -5]; deng=[1 3.5 6 0]; sys_g = tf(numg,deng); 
sysa = series(sys_c,sys_S); 

sysb = series(sysa,sys_g); 

sys = feedback(sysb,[1]); 

f=0.5*pi/180; % Convert to rad/sec 

t=[0:0.1:10]; u=f*t; 
ly,x]=lIsim(sys,u,t);(y(length(t),1)-u(1,length(t)))*180/pi 
subplot(211) 

plot(t,y*180/pi,t,u*180/pi/--'), grid 

xlabel('Time (sec)'),ylabel(‘theta’) 

title(‘Constant gain C(s) = 2: theta (solid) & input (dashed)') 
% Part (b) 

numc=[2 1]; denc=[1 0]; sys_c = tf(numc,denc); 
[numa,dena]=series(numc,denc,nums,dens); 

sysa = series(sys_c,sys_S); 

sysb = series(sysa,sys_g); 

sys = feedback(sysb,[1]); 
ly,.x]=lIsim(sys,u,t);(y(length(t),1)-u(1,length(t)))*180/pi 
subplot(212), plot(t,y*180/pi,t,u*180/pi,--'), grid 
xlabel('Time (sec)'),ylabel(‘theta’) 

title('Pl controller C(s) = 2 + 1/s: theta (solid) & input (dashed)') 














Constant gain C(s) = 2: theta (solid) & input (dashed) 

















Time (sec) 


Pl controller C(s) = 2 + 1/s: theta (solid) & input (dashed) 

















Time (sec) 


FIGURE CP5.6 
Closed-loop system response to a ramp input for two controllers. 


For the constant gain controller, the attitude error after 10 seconds is 
€s5 = —0.3 deg. On the other hand, the PI controller has a zero steady- 
state error es, = 0 deg. So, we can decrease the steady-state error by 
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using a more sophisticated controller, in this case a PI controller versus a 
constant gain controller. 


CP5.7 The closed-loop characteristic equation is 


s? + 12s” + 610s + 500 = (s + 0.8324)(s? + 11.1676s + 600.7027) =0. 





The natural frequency and damping ratio of the complex roots are wy, = 
24.5 and ¢ = 0.23. From this we predict M, = 1.48, T,; = 0.72, and 
T, = 0.13. The actual response is shown in Figure CP5.7. The differences 


Step Response 


From: U(1) 
1.4 T T 








numg=[100 100]; deng=[1 2 100]; Be Ba a ee ses Ne A ee ee 
sysg = tf(numg,deng); 

numc=[0.1 5]; denc=[1 0]; 
sysc = tf(numc,denc); 

sys_o = series(sysg,sysc); 
sys_cl = feedback(sys_o,[1]) 
t=[0:0.01:3]; 

step(sys_cl,t); 

ylabel(‘theta dot’) 





theta dot 























Time (sec.) 


FIGURE CP5.7 
Missile rate loop autopilot simulation. 


can be explained by realizing that the system is not a second-order system. 
The closed-loop system actually has two zeros, one real pole, and two 
complex-conjugate poles: 


(s +50)(s +1) 


ry = ee ___.., 
(8) = (98324) (62 + 11.1676s + 600.7027) 


The effect of the pole at s = —0.8324 is diminished by the zero at s = —1. 
The third pole and the zeros affect the overall response such that the 
analytic formulas for second-order systems are not exact predictors of the 
transient response. 
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CP5.8 Figure CP5.8 shows an m-file to compute the closed-loop transfer function 
and to simulate and plot the step response. 


Step Response 





1 T T T T T 



























|| System: sys 
0.9 | Peak amplitude: 0.979 7 
| Overshoot (96): 95.7 
og At time (sec): 0.533 a 
numg=I10]; deng=[1 10]; sysg = tf(numg,deng); f 
numh=[0.5]; denh=[10 0.5]; sysh = tf(numh,denh); 07 4 
sys = feedback(sysg,sysh) I 
w 06 System: sys 4 
step(sys); 3 I Settling Time (sec): 39.1 
2 os faiaeErD ai ais : = 
~ | | 
Transfer function: 04 | | J 
100s+5 | jl 
peta sea ee ewen st 0.3 f | 4 
10sA2+ 100.55+10 02 |! i J 
I | 
o.1 I 1 
I | 
8 f f ’ 1 f 
0 10 20 30 40 50 60 


Time (sec) 


FIGURE CP5.8 
M-file to compute the transfer function and to simulate the step response. 


CP5.9 Figure CP5.9 shows an m-file to compute the closed-loop transfer function 
and to simulate and plot the ramp response. The steady-state error is 7.5. 


Linear Simulation Results 








numg=[10]; deng=[1 20 75 0]; 
sysg = tf(numg,deng); 

sys = feedback(sysg,1) 
t=[0:0.1:100]; 

u=t; % Unit ramp input 40} 
Isim(sys,u,t); 


Amplitude 
w 
g 

















0 10 20 30 40 50 60 70 80 90 100 
Time (sec) 


FIGURE CP5.9 
M-file to compute the transfer function and to simulate the ramp response. 
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CP5.10 Figure CP5.10 shows an m-file to compute the closed-loop transfer func- 
tion and to simulate and plot the impulse, step, and ramp responses. 
Notice that the closed-loop system is unstable. 


Impulse Response 








numg=[1]; deng=[1 2 0]; sysg = tf(numg,deng); 
numc=[0.5 2]; denc=[1 0]; sysc = tf(numc,denc); -10 








Amplitude 
° 





























syss=series(sysg,sysc); 0 2 4 6 8 oF : 12 14 16 18 20 
sys = feedback(syss,1) step RESBEse 
t=[0:0.1:20]; a 10) T r r r : : : : 1 
subplot(311) 2 
impulse(sys,t); BF 0 eine i ee 
subplot(312) 
step(sys,t); at 2 4 6 8 10 12 14 16 18 20 
subplot(3 1 3) Linear Sita AIST Results 
u=t; % Unit ramp input A 
Isim(sys,u,t); 3 

2 20 ee 

0 = af 1 1 1 1 1 1 1 


i) 2 4 6 8 10 12 14 16 18 20 
Time (sec) 


FIGURE CP5.10 
M-file to compute the transfer function and to simulate the ramp response. 


CP5.11_ For the original system, we find T, = 2.28 and P.O. = 80.6%. For the 
2nd-order approximation we find T, = 2.16 and P.O. = 101% 





25 , 


Pa 2nd order approximation 
ab 


3rd order system response 








num=77*[1 2]; den=conv([1 7],[1 4 22]); 
sys = tf(num,den) 

na=(77/7)*[1 2]; da=[1 4 22]; sysa=tf(na,da); 
t=[0:0.01:5]; 

y=step(sys,t); 

ya=step(sysa,t); 

plot(t,y,t,ya,'--') 

xlabel(‘Time (s)'), ylabel('Step response’) 


in 





Step response 








0.5 











Time (s) 


FIGURE CP5.11 
Step response. 
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The Stability of Linear Feedback 
Systems 


Exercises 


E6.1 The Routh array is 


s’ | 3K 5 
si b 0 
5° 4 
where 
_ 3K(K +2)-—5 
3K 


For stability, we require K > 0 and b > 0. Therefore, using the condition 
that b > 0, we obtain 


3K?+6K—5>0, 


and solving for K yields K > 0.63 and K < —2.63. We select K > 0.53, 
since we also have the condition that K > 0. 


E6.2 The Routh array is 


s° 1 2 
8? 9 24 
ge ee f 
5° 24 


The system is unstable since the first column shows two sign changes. 


216 
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E6.3 The Routh array is 


e 1 45.7 10 
a) 0.6 20 
s* | 43.59 10 
S| 07.82 
a 10 
By the Routh-Hurwitz criterion, the system is stable (i.e., all the numbers 
in the first column are positive). 
E6.4 The closed-loop transfer function is 


—K(s—-1) 
I) == 5a 

34+ 3524+ (2-K)s+ Kk 
Therefore, the characteristic equation is 


sf 435° + (2—K)stk=0, 


The corresponding Routh array is given by 


s} | 1 (2—K) 
a || 3 K 
st b 0 

S° K 


where 


For stability we require K > 0 and 6b > 0. Thus, the range of K for 
stability is 0 < K < 1.5. 


E6.5 The closed-loop transfer function is 


Kk 
s?+10s? + 275+184+ K © 





When K = 20, the roots of the characteristic polynomial are 





$1.2 = —1.56 + j1.76 
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and 
63 = —6.88 . 


E6.6 When K = 252, the roots of the characteristic equation are on the imag- 
inary axis. The roots are 





812=2475.2 and s3=-—10. 
E6.7 (a) The closed-loop system characteristic equation is 


K(s +2) 


os eee CGT | 


=0, 
or 


ft (KR-petIKk=0. 


We have the relationships w, = /2K and 2¢w, = K — 1, where 
¢ = 0.707. Thus, 


2 (<a) VOR = K-11, 


ers k 
and 


Kk*-6K+1=0. 


Solving for K yields K = 5.83 and kK = 0.17. However, for stability 
we require K > 1 (from the Routh array), so we select K = 5.83. 





(b) The two roots on the imaginary axis when K = 1 are 519 = +jvV2. 


E6.8 The closed-loop system characteristic equation is 
3+ 20s? + (100 ++ K)s + 20K =0. 
The corresponding Routh array is 


3° 1 (100 + kK) 


8? 20 20K 
si b 0 
g? 20K 
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where 


_ 20(100 ++ K) — 20K _ 20(100) 


b= = 100. 
20 20 ~ 


Therefore, the system is stable for all kK > 0. 


E6.9 The characteristic equation is 
40 F(K 2146 S0, 


and the Routh array is given by 


a. | 2 6 
si b 0 
Se 46 
where 
b= 2(K vues _K_9 


Setting b = 0, yields 
KkK-2=0 or K>2. 
E6.10 Stable with your eyes open and (generally) unstable with your eyes closed. 


E6.11 The system is unstable. The poles are s; = —5.66, sg = —0.90 and s34 = 
0.28 + j0.714. 





E6.12 The characteristic equation associated with the system matrix is 


s°+3s?+58+6=0. 





The roots of the characteristic equation are s; = —2 and so.3 = —5+ 71.66. 
The system is stable. 








E6.13 The roots of g(s) are 5] = —4, sg = —3, 34 = —1+ 2 and 55.6 = +j0.5. 
The system is marginally stable. The Routh array is 
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36 1 31.25 67.75 15 
3° 9 61.25 14.75 
st 24.44 66.11 15 
s? | 31.909 9.2273 0 
8? 60 15 
st 0 0 
gs? 

The auxillary equation is 

60s? ++15=0. 
Solving the auxillary equation yields two roots at sj2 = +j0.5. After 





accounting for the row of zeros, the completed Routh array verifies that 
the system has no poles in the right half-plane. 


E6.14 The Routh array is 


st if 45 50 
3° 9 87 
s? | 35.33 50 


s! | 74.26 0 





The system is stable. The roots of q(s) are 51,2 = —3 4 j4, s3 = —2 and 


84 = —1. 


E6.15 The characteristic equation is 


s°+6s7+11ls+6=0. 


The system is stable. The roots of the char 
82 = —2 and s3 = —3. 


E6.16 The roots of q(s) are s; = —20 and s23 = 4 
stable. The Routh array is 
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3° 1 5 
s* | 20 100 
si 0 0 
gs? 


The auxillary equation is 


20s? +100=0. 








The roots are s = +j2.24. So, the system has roots at s = +72.24. 
Completing the Routh array (after accounting for the row of zeros) verifies 
that no poles lie in the right half-plane. 


E6.17 (a) Unstable. 
(b) Unstable. 
(c) Stable. 

E6.18 (a) The roots are s;,2 = —2 and s3 = —1. 
(b) The roots are $1.93 = —3. 


E6.19 The characteristic equation is 


(s,, — 2)? + 10(s, — 2)? + 29(s, —2) 4+. K =0 





or 
3 2 = 
8, +48, +5, —-26+ Kh =0. 


The Routh array is 





=e 1 1 

ar 4 K — 26 

Hf 30—K 

s = 0 

8° | K —26 
If K = 30, then the auxillary equation is 4s2 + 4 = 0 or s, = 4). 
Therefore, s = s, — 2 implies s = —2+ 7. 





E6.20 This system is not stable. The output response to a step input is a ramp 
gt) = Ke. 
E6.21 The characteristic polynomial is 


9 +38? +ks+6=0. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


222 CHAPTER 6 The Stability of Linear Feedback Systems 


The Routh array is 


8? 3 6 
1 3k—6 

8 3 

s? 6 


So, k > 2 for stability. 
E6.22 The transfer function is 


G(s) = C(sI— A)"'B+D 


e =1 “0 0 
=i O60 OLD @ 1 0 
k k stk 1 
setkst+k stk 1 0 
1 
= _ 2 
[1 0 0] k sttks 5 0 As) 
—ks —ks—k_ 8? 1 


where A(s) = s+ ks? +ks +k. Thus, the transfer function is 


1 
AS) = aks the bk 
The Routh array is 
8° 1 
s? k k 
si | k-1 
8° k 


For stability k > 1. 
E6.23 The closed-loop transfer function is 


Ks+l1 


er= st(st+p)+Ks+1— 





Therefore, the characteristic equation is 


s°+ps*+Ke+1=0. 
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The Routh array is 


3 1 K 
s? p 1 
s' | (pK —1)/p 

8° 1 


We see that the system is stable for any value of p > 0 and pk —1> 0. 
E6.24 The closed-loop transfer function is 


10 


CC — 
(8) = S24 (K — 20s 410 


Therefore, the characteristic equation is 
9574+ (K =—20)e+10=0. 


The Routh array is 


s2 2 10 
s' | K—20 
8° 10 


We see that the system is stable for any value of kK > 20. 
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Problems 


P6.1 (a) Given 


a pack? . 
we have the Routh array 

e | 1 2 

si 5 0 

s° | 2 


Each element in the first column is positive, thus the system is stable. 
(b) Given 


stds +8244, 


we have the Routh array 


8? 1 8 
sy | 4 4 
s' | 7 0 
so | 4 


Each element in the first column is positive, thus the system is stable. 
(c) Given 


g 4957 — 45-490, 


we determine by inspection that the system is unstable, since it is 
necessary that all coefficients have the same sign. There are two roots 
in the right half-plane. 


(d) Given 
gage oe" ies ‘ 


we have the Routh array 
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There are two sign changes in the first column, thus the system is 
unstable with two roots in the right half-plane. 


(e) Given 
Sag 4 9S 4 eK, 


we have the Routh array 


= 1 3. K 
s 1 2 0 
s? 1 K 
s' | 2-K 0 
8° K 
Examining the first column, we determine that the system is stable 
for0< K <2. 
(f) Given 


pL g aL Oe 2G, 


we know the system is unstable since the coefficient of the s? term is 
missing. There are two roots in the right half-plane. 


(g) Given 
Pe a gO hg ppl RE 


we have the Routh array 


s° 1 2 1 
3? 1 1 K 
a? 1 ieee <a 

|| K 

st —k 0 

s° K 


Examining the first column, we determine that for stability we need 
K>Oand Kk <0. Therefore the system is unstable for all Kk. 


P6.2 (a) The closed-loop characteristic polynomial is 
s* + 27.888° + 366.45” + 1500s + 1500k, = 0. 


The Routh array is 
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e if 366.4 1500kq 
s° | 27.88 1500 

s? 312.6 1500k, 

si b 

s° | 1500k, 


where 
b = 1500 — 133.78k, . 


Examining the first column of the Routh array, we find that b > 0 
and 1500k, > 0 for stability. Thus, 


Oke 11.21 . 
(b) With 
4 
T; = 1.5 = —— 
Ss Cwn, bi 
we determine that 
CW = 2.67 . 


So, shift the axis by s = s, — 2.67, and 


(89 — 2.67)* + 27.88(s, — 2.67)? + 366.4(s, — 2.67)? + 1500(s, — 2.67) + 
1500k, = s4 + 17.2s° + 185.858? + 63.558, — 1872.8 + 1500k, . 


The Routh array is 


st 1 185.85 1500kq-1872.8 
83 172 63.55 

s? 182.16 1500k,-1872.8 

si b 


8° | 1500k,-1872.8 


where 
b = 240.38 — 141.63k, . 


Examining the first column of the Routh array, we find that b > 0 
and 1500k, — 1872.8 > 0. Thus, 1.25 < kg < 1.69. 
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P6.3 


P6.4 


Problems 227 
(a) Given 
K 
oe (s+1)(s +2)(0.5s +1) ’ 
and 
H(s) =, 
0.005s + 1 


the closed-loop transfer function is 


K(0.005s + 1) 


ee 
(8) = 0 005st + 0.512bs? +2525 +4018 + 24K 


Therefore, the characteristic equation is 
0.002584 + 0.51255 + 2.5287 + 4.01s + (2+ K)=0. 


The Routh array is given by 


st 0.0025 2.52 2+K 
8° 0.5125 4.01 0 
g? 2.50 2+K 

s! | 3.6—0.205K 0 

8° 2+K 


Examining the first column, we determine that for stability we require 
—2<K <176. 


(b) Using kK = 9, the roots of the characteristic equation are 





8; =—200, so93=—-0.3342.237 , and s4=—4.35. 


Assuming the complex roots are dominant, we compute the damping 
ratio ¢ = 0.15. Therefore, we estimate the percent overshoot as 


P.O. = 100e776/V1-°? — 62% . 


The actual overshoot is 27%, so we see that assuming that the complex 
poles are dominant does not lead to accurate predictions of the system 
response. 


(a) The closed-loop characteristic equation is 


K(s +40) 
= 1 Oe 
be Ge) =) rage ean) 
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or 
s°? + 30s? + 200s + Ks+40K =0. 


The Routh array is 


3? 1 200 ++ K 
8? 30 40K 
1 Kk 
s 200 — + 0 
s? 40K 


Therefore, for stability we require 200 — K/3 > 0 and 40K > 0. So, 
the range of K for stability is 


O0< kK < 600. 
(b) At kK = 600, the auxilary equation is 
30s? + 40(600) =0 or s?+800=0. 


The roots of the auxiliary equation are 





§ = £428.38 . 


(c) Let K = 600/2 = 300. Then, to the shift the axis, first define sy = 
s+1. Substituting s = s, — 1 into the characteristic equation yields 


(so—1)? +30(s,—1)? +500(s,—1)+12000 = s?4+27s?+4443s,+11529 . 


The Routh array is 


83 1 443 

s? or 11529 

s! 16 0 

8° 11529 
All the elements of the first column are positive, therefore all the 
roots lie to left of s = —1. We repeat the procedure for s = s, — 2 
and obtain 


s? + 245” + 392s, + 10992 =0. 





The Routh array is 
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e 1 392 
a 24 10992 
si -66 0 
s° | 10992 
There are two sign changes in the first column indicating two roots 
to right of s = —2. Combining the results, we determine that there 
are two roots located between s = —1 and s = —2. The roots of the 


characteristic equation are 


sy = —27.6250 and $23 = —1.1875 4 20.80827 . 








We see that indeed the two roots s9.3 = —1.1875+20.8082)7 lie between 
-1 and -2. 


P6.5 (a) Given the characteristic equation, 


os? +38? +4s+2=0, 





we compute the roots s; = —1, and s93 = -—1 +). 


(b) The roots of the characteristic equation 


s* +95? + 30s? + 425 +20 =0 





are.3j = —1,89 = —2, and $34 = —3 471. 


(c) The roots of the characteristic equation 
s° + 19s” + 110s + 200 = 0 


are sj = —4,s9 = —5, and s3 = —10. 


P6.6 (a) The characteristic equation is 
1+G(s) =0, 
or 


si +s7+10s+2=0. 





The roots are: s; = —0.2033, and so3 = —0.3984 + 73.1112. 


(b) The characteristic equation is 
4 3 2 = 
s+ 10s° + 358° + 50s + 24=0. 


The roots are 51 = —1,s9 = —2,s3 = —3, and sy = —4. 
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(c) The characteristic equation is 
s° + 11s? +29s+6=0. 


The roots are s; = —0.2258, s7 = —3.8206 and s3 = —6.9536. 


P6.7 (a) The closed-loop characteristic equation is 
s? + 101s? + (100+ 10K K,)s +100KK, =0. 


The Routh array is 


3° 1 100+ 10K K, 
a 101 100K K, 
si b 

s° | 100K K, 


where 
910 
b=1 — KK, : 
00 + 101 a> 0 


Thus, examing the first column, we determine that K Kg > 0 stabi- 
lizes the system. 


(b) The tracking error is 





: 100 100 
e(s) = im s(1— Ts) — EK,’ 
We require E(s) < 1° = 0.01745. So, 
100 
KK ———— = 5129. 
* > 001745 


When KK, = 5729, the roots of the characteristic polynomial are 





8; =—10.15 and s93 = —45.43 + 7233.25 . 


P6.8 (a) The closed-loop characteristic equation is 


K 
1+——__*~____=9, 
(0.58 1)(e-- D(a 1) 


or 
gle 14g ol KS 0. 


The Routh array is 
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3° 1 14 
8? 7 8(1+K) 
st b 
s° | 8114+ K) 
where 


7(14) — 8(1+ K) 
ao 


For stability, we require b > 0 and 8(1+ K’) > 0. Therefore, the range 
of K for stability is 


b= 


—-l1<k <11.25. 


(b) Let kK = 11.25/3 = 3.75. Then, the closed-loop transfer function is 


3.37 


fe a 
(8) = Sy 72 4 de 438 


The settling time to a step input is TJ, + 6 seconds. 


(c) We want T, = 4 sec, so 


T;=4= implies Cw, =1. 


wn 
Our desired characteristic polynomial is 
(3 + b)(s? + 2Cwys + w2) = 5? + (24 b)s* + (w? + 2b)s + bw? 


where we have used the fact that Cw, = 1 and w, and b are to be 
determined. Our actual characteristic polynomial is 


s+ 7s?+14s+8(1+ K)=0. 


Comparing the coefficients of the actual and desired characteristic 
polynomials, we find the following relationships: 


2+b=7 
we +2b= 14 
bw? = 8(1+ K). 


Solving these three equations yields 
b=5, wyp=2 and K=1.5. 


The actual settling time is T, = 4.17 sec. This is not exactly our 
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desired T, since we have the contribution of the additional pole at 
s = —5. The closed-loop poles are 


s;=-5 and so3=-1+1.73j. 





P6.9 (a) The closed-loop characteristic equation is 


10K 


i tS —— 
+ GH(s)=1+ (poy +20) ” 


or 
s° + 140s? + 4400s + 40000 + 10K =0. 


The Routh array is 


3? il 4400 
s? 140 40000 + 10.K 
si b 


s° 40000 + 10K 
where 


- 140(4400) — (40000 + 10K) 
7 140 : 


Examining the first column and requiring all the terms to be positive, 
we determine that the system is stable if 


—4000 < K < 57600 . 
(b) The desired characteristic polynomial is 
(s+b)(s?+1.38wys+w2) = s?+ (1.380, +b)s?+ (Ww? +1.38w,b)s+bw2 


where we have used the fact that ¢ = 0.69 to achieve a 5% over- 
shoot, and w,, and b are to be determined. The actual characteristic 
polynomial is 


s° + 140s” + 4400s + 40000 + 10K =0. 


Equating the coefficients of the actual and desired characteristic poly- 
nomials, and solving for K, b, and w,, yields 


b= 104.2, w,=25.9 and K =3008. 


So, a suitable gain is K = 3003. 
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P6.10 (a) The closed-loop characteristic equation is 
s*+7s° + 20s? + (24+ K)s+10K =0. 


The Routh array is 


st 1 20 10K 
3° 7 24+ K 0 
g? | 6K 10K 

gi b 

s? 10K 


where 


(1-*) (244 1) — 70K 


4 
Setting b > 0 yields 
9784 — 398K — K* > 0, 
which holds when 
—404.88 < K < 6.876. 


Examining the first column, we also find that K < 116 and K > 0 
for stability. Combining all the stability regions, we determine that 
for stability 


O0< K < 6.876. 
(b) When K = 6.876, the roots are 








S12 = —3.54 1.637 ; and $3.4 = +2.13 . 
P6.11 Given 
s°4+(1+K)s?+10s+(5+15K)=0, 


the Routh array is 


5° il 10 

5 1+K 5+15K 
at b 

s° | 5+15K 
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where 


_ (1+K)10—(5+15K) 5-5K 
i 1+K a sie 





Given that K > 0, we determine that the system is stable when 5—5K > 0 
or 


O<A <1. 
When K = 1, the s? row yields the auxilary equation 


257 +20=0. 





The roots are s = +jvV 10. So, the system frequency of oscillation is 10 
rads/sec. 


P6.12 The system has the roots 








31.2 = +92 5 $3.4 = +72 5 65 = —3 5 and 56 = —2. 
Therefore, the system is not stable since there are repeated roots on the 
Jw-axis. 


P6.13 (a) Neglecting the zeros and poles, we have the characteristic equation 
s* + 30s° + 325s? + 2500s + K =0. 


The Routh array is 


3° 30 2500 0 
s? | 24167 K 
st b 
8° K 
where 
es 604166.67 — 30K 
241.67 
Therefore, the system is stable for 0 < kK < 20139. 
(b) Without neglecting the zeros and poles, the closed-loop characteristic 
equation is 
s® + 908° + 5525s* + 124008? + (1255000 + K)s” 
+ (8500000 + 30k)s + 1125kK =0. 
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This is stable for 
0<K < 61818. 


We see that the additional poles and zero makes the system stable 
for a much larger gain K. 


P6.14 (a) The Routh array is 


Ca i 5 
ce 5 6 
s' | 3.8 
8° 6 


Examining the first column of the Routh array, we see no sign changes. 
So, the system is stable. 


(b) The roots of the system are s; = —0.3246 and so3 = —2.3377 4 
3.6080). 


(c) The step response is shown in Figure P6.14. 





Step Response 








0.14 F 


Amplitude 














0 \ \ 1 
0 5 10 15 


Time (sec) 


FIGURE P6.14 
Unit step response. 


P6.15 The closed-loop transfer function is 
K+1 


E: — 
(s) s°4+3874+3s+K41 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


236 CHAPTER 6 The Stability of Linear Feedback Systems 


The Routh array is 


3° 1 3 

8? 3 eal 
1 8—K 

8 3 

s? K-4+1 


So, for stability we require —1 < K <8. 


P6.16 The system characteristic equation is 
s?+(h—k)stab—kh=0. 


For stability we require h > k and ab > kh. If k > h, the system is 
unstable. 


P6.17 (a) The characteristic equation is 
s°+9s*+(K —10)s+2K =0. 


The Routh array is 


3° i K —10 
s* 9 2K 
1 7K—90 
a 9 
5° 2K 
For stability 
K > 90/7. 


(b) When Kk = 90/7, the system is marginally stable. The roots are 





bio = 74/20/7 » 
at the jw-axis crossing. 
P6.18 The closed-loop characteristic equation is 
q(s) = s°+s4+ 4s? +4Ks*4+2Ks+K. 
The range of stability for the vertical-liftoff vehicle is 
0.5361 < K < 0.9326 . 


Therefore, for K = 1, the system is unstable. 
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P6.19 The state transition matrix is 


1 (kp — pie? — (ko - p2)e Pt e Pit _ e—pat 


oii) = 
Pes hye OF hie —pye Pi + poe P2 


where pip2 = ky, and p; + po = kg. We assume that p; 4 p2. In the case 
when p = po, the state transition matrix will change, but the factors e~?1¢ 
and e~?2' will remain. The eigenvalues of A are given by the solution to 


det |AI— A] = 27 + koA +k, =0. 





Therefore, the eigenvalues are \1,2 = —k2/2 + \/k2 — 4ky. If ko > 0 and 
k, > 0, then the eigenvalues are in the left half-plane, and the system is 
stable. The transfer function is given by 


s—l 


G(s) = C(sI—A)'B = ia ares - 


Therefore the characteristic equation is s? + kos + ky = 0 and the poles 
are 81.9 = —kg/2+ \/k3 — 4k,. If kp > 0 and k; > 0, then the poles are in 
the left half-plane, and the system is stable. Notice that the values of A1,9 
and s;,2 are the same. Also, the eigenvalues are the same as the values of 
—p, and —po. So, if the eigenvalues are negative, then the elements of the 
state transition matrix will decay exponentially. 
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Advanced Problems 


AP6.1 The Routh array is 


st 1 Kk, Ko 
s° 20 4 

82 a Ko 

st b 0 

5° Ko 


where 
_ 20K, —4—-— 100K2 


: 5k, —1 


For stability, we require Kg > 0, K, > 0.2, and b > 0. Therefore, using 
the condition that b > 0, we obtain 


Ky < 0.2K, — 0.04 . 


The stability region is shown in Figure AP6.1. 





0.4 T T T T 


0.35 F : ° =| 


0.3 - sa 


0.25: 7 


0.2; 4 


K2 


0.15 - | 


0.05 | 4 


STABLE REGION 











FIGURE AP6.1 
Stability region. 
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AP6.2 The Routh array is 


s4 il 31 0.5K 
3? 9 K-41 
2 320—Kk 
s a 0.5K 
si b 0 
s° | 05K 


where 


(320 — K)(K — 41) — 40.5K 
320 — K 


b= 


Therefore, using the condition that b > 0, we obtain the stability range 
for K: 


48.178 < K < 272.32. 
AP6.3 (a) The steady-state tracking error to a step input is 
—— lim s(1 — T(s))R(s) =1-T(0)=1-a. 
We want 
|1 —a| < 0.05. 
This yields the bounds for a 


0.95<a< 1.05. 
(b) The Routh array is 


st b 0 
8° 1 
where 
pee ten} 
l+a 


Therefore, using the condition that b > 0, we obtain the stability 
range for a: 


a> 0.618 . 
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(c) Choosing a = 1 satisfies both the steady-state tracking requirement 
and the stability requirement. 


AP6.4 The closed-loop transfer function is 


Kk 


T(s) = =>. 
2) s+(p+l1)s?*+ps+k 


The Routh array is 


3° 1 p 
s? l+p Kk 
si b 0 
8° K 
where 
pee 
1+ p 


Therefore, using the condition that b > 0, we obtain the the relationship 
K <p*+p. 


The plot of K as a function of p is shown in Figure AP6.4. 


120 





100; 4 


40/ ca | 
ea STABLE REGION 


20+ AO 4 











FIGURE AP6.4 
Stability region. 
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AP6.5 The closed-loop transfer function is 


30K, Ke 


Pi le 
-) (s+1+ Kk, K3)(s — 10)(2s + KoK3 — 4) + 30K) Kok4 


The Routh array is 


Co 2 a 
eh: 2 
st | d 0 
seo | c¢ 


where a = —9KoK3+ 16+ Kk, Kok? — 24K, K3, b= 2K, K3+4+ KoK3 — 22, 
and c = —10K2K3 + 40 — 10K, KK? + 40K,Ks3 and d = (ab — 2c)/b. 
The conditions for stability are 


2K, K3 + KoK3 —22>0 
—10K2K3 + 40 — 10K, K2K3 + 40K) K3 > 0 
—2(-10K2K3 + 40 — 10K, K2K3 + 40K, K3) + (9K2K3 
+16 + K,K2K? — 24K, K3)(2K,K3 + KoK3 — 22) > 0 





Valid values for the various gains are: Ky = 50, Ko = 30, K3 = 1, and 
K,4 = 0.3. The step response is shown in Figure AP6.5. 


Step Response 
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FIGURE AP6.5 
Stability region. 
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Design Problems 


CDP6.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 
0(s) 26.035 


Vals)  s(s+33.142) ° 





In the above transfer function we have neglected the motor inductance 
Lm. The closed-loop transfer function from the input to the output is 


O(s) 26.035Kq 
R(s)  s2 +. 33.1425 + 26.035K, | 





The Routh array is 


s2 1 26.035 Ka 
sl 33.142 0 
s° | 26.035Kq 


Stability is achieved for any 0 < Kg < ~. 


DP6.1 The closed-loop characteristic polynomial is 
3 2 1 1 1 
s+s(5+pt+ 2K) +s(gkp+ 2K + 5p)+K =0. 
(i) When p = 2, we have 


The Routh array is 


a 1 10+ 2K 
s? | 7+ ~ K 

st b 

8° K 


where 
b = (7+ K/5)(10 + 3K /5) —K 
> 7+2K 


When —32.98 < K < —17.69, we find that b > 0. Examining the 
other terms in the first column of the array, we find that the system 
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is stable for any K > 0. 
(ii) When p = 0, we have 


1 il 
s?+s*(5+ 5K) +s(sK)+K=0. 


The Routh array is 


a 1 +K 
s*? | 54+:K K 
si b 
g K 


where 
_(5+3K)3K-K — K?/25 


(5+ K/5) (5+ K/5) © 


Again, examination of the first column reveals that any K > 0 results 
in a stable system. So, we just need to select any K > 0; e.g. K = 10. 


DP6.2 (a) The closed-loop characteristic equation is 


10(Ks +1) 


=i, 
s*(s +10) 


or 
s°+10s?+10Ks+10=0. 


The Routh array is 


s* | 10 10 
si b 
8° 1 
where 
a 10k —1 
1 


For stability, we require K > 0.1. 


(b) The desired characteristic polynomial is 
(s? + as + b)(s +5) = 8? + 5*(a +5) +s(5a+6)+5b=0. 


Equating coefficients with the actual characteristic equation we can 
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solve for a,b and K, yielding b = 2, a= 5, and 


_ bath 27 


Kk =—. 
10 10 





(c) The remaining two poles are s; = —4.56 and sg = —0.438. 


(d) The step response is shown in Figure DP6.2. 

















0 L rt L L nt L L L nt 
0 2 4 6 8 10 12 14 16 18 20 


time (sec) 





FIGURE DP6.2 
Mars guided vehicle step response. 


DP6.3 (a) The closed-loop characteristic equation is 





2rs° + (7 +2)s7 + (K+1)s+2K =0. 


The Routh array is 


where 


(7+2)(K +1) —4Kr 


= (7 +2) 
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Examining the first column of the Routh array, we determine that for 
stability 7 > 0, K > 0 and setting b > 0 yields the relationships: 


2 2 2 
Kc when T > 3 (2) kK >0 when O< 7S 3 < 


The plot of 7 versus K is shown in Figure DP6.3a. 

















| 
| 
45 | J 
| 
4 | | 
3.5 | | 
"25 \ | 
\ 
iNcomenc 
15 N | 
ee 
STABLE REGION ies | 
0.5 : 
0 1 2 3 4 5 6 7 
K 
FIGURE DP6.3 
(a) The plot of 7 versus K. 
(b) The steady-state error is 
- h K 2k 
55 = — where = . 
Ss K, bi Vv 
So, 
Css dL 
A 2K" 


We require that e,, < 0.25A, therefore 

K>2. 
One solution is to select 7 = 0.5, then we remain within the stable 
region. 


(c) The step response is shown in Figure DP6.3b. The percent overshoot 
ig... = 51: 
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FIGURE DP6.3 


CONTINUED: (b) Closed-loop system step response. 


DP6.4 (a) The closed-loop characteristic polynomial is 
s+ Ks? +|[(2+m)K —1)s+2mK =0. 


The Routh array is 


s° i 2k +mK -1 
s? K 2nk 

si b 

8° | Ink 


Examining the first column of the Routh array, we see that for sta- 
bility we require m > 0, K > 0, and b > 0, where 


(2K +mK —1)K —2mK 
K 


b= = (24+m)K — (142m) >0, 


or 


1+ 2m 


K> 
2+m 


The plot of K vs m is shown in Figure DP6.4a. 
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FIGURE DP6.4 
(a) The plot of K versus m. 
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FIGURE DP6.4 
CONTINUED: (b) Shuttle attitude control step response. 


(b) The steady-state error is 
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or mK > 5. For example, we can select m = 0.5 and K = 2. 
(c) See Figure DP6.4b for the step response where P.O. = 64.3%. 
DP6.5 The closed-loop transfer function is 


K 


(2. —_—__. 
(3) = S370 pd0e 


The range of K for stability is 0 < K < 200. If we let kK = K,,/N where 
Km = 200, then N = 6.25 results in a step response with P.O. = 15.7% 
and JT, = 1.96 seconds. 


DP6.6 The closed-loop system is given by 


2—K, -—2—-— Ko 1 


The characteristic polynomial is s?+(2+ K)s+K,—2 = 0. So the system 
is stable for Ky > 2 and Kg > —2. Selecting K = 10 2 results in 


closed-loop eigenvalues at s = —2+27. The closed-loop step response has 
a settling time of 2.11 s and a percent overshoot of 4.32%. 





\ 
x 


sin! € = sin"! 0.69=43.63° 


desired 
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for eigenvalues 





FIGURE DP6.6 
Performance region. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Design Problems 249 


DP6.7 (a) The inner loop closed-loop transfer function is 


Y(s) 20s 
U(s) s3+10s? + 20s + 20K, * 





3° if 20 
s? Ww 20K, 
gi 200-2044 

10 


s° 20.K4 


For stability 0 < Ay < 10. 

(b) The fastest response (that is, the quickest settling time) occurs when 
Ky = 2.2 

(c) With Ky = 2.2, the closed-loop transfer function is 


Y(s) 20K2s 


R(s) 3 + 10s? + (20+ 20K2)s + 44 ° 





The Routh array is 
a il 20(K2 + 1) 
s* 10 44 
1 200K2+156 
10 
s° 44 
For stability, we require 


200K2+156>0. 


Therefore, Ky > —0.78. 
DP6.8 The closed-loop characteristic equation is 


s?+4Kps+4(Kp+1) =0. 


So, it is possible to find Kp and Kp to stabilize the system. For example, 
any Kp >0 and Kp > 0 leads to stability. Choosing Kp > 9 results ina 
steady-state tracking error less than 0.1 due to a unit step input. Then, 
the damping ratio ¢ = /2/2 is achieved by selecting 


V2/Kp +1 


kee 
2 9 
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Computer Problems 


CP6.1 The m-file script is shown in Figure CP6.1. 


ans = 

-2.1795 

-0.4102 + 1.7445i 
-0.4102 - 1.7445i 


ans = 





-1.8868 + 1.1412i 
-1.8868 - 1.1412i 
0.3868 + 1.3810i 
0.3868 - 1.3810i 


Epa=[1 3 5 7]; roots(pa) 
Epb=[1 3 4 4 10]; roots(pb) -————» 
Epc=[1 0 2 1]; roots(pc) 











ans = 
0.2267 + 1.4677i 


0.2267 - 1.4677i 
-0.4534 


FIGURE CP6.1 
Computing the polynomial roots with the rootsfunction. 


CP6.2 The m-file script is shown in Figure CP6.2. 








K1=1;K2=2;K3=5; den=[1 2 1]; 

num1=K1*[1 -1 2];num2=K2*[1 -1 2];num3=K3*[1 -1 2]; 

sys1 = tf(num1,den); sys2 = tf(num2,den); sys3 = tf(num3,den); 
sys1_cl=feedback(sys1,[1]); 

sys2_cl=feedback(sys2,[1]); 

sys3_cl=feedback(sys3,[1]); 

p1 = pole(sys1_cl), p2 = pole(sys2_cl), p3 = pole(sys3_cl) 














\ 


‘ 
\ 


ans = «4 
| 2.5000e-01 + 1.3307e+00i 
- Y 2.5000e-01 - 1.3307e+00i 
a ans = a | 


-2.5000e-01 + 1.1990e+00i 


0 + 1.2910e+00i 
-2.5000e-01 - 1.1990e+00i 


0 - 1.2910e+00i 


FIGURE CP6.2 
K =1 is stable;K = 2 is marginally stable; and kK = 5 is unstable. 
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CP6.3 The closed-loop transfer function and the roots of the characteristic equa- 
tion are shown in Figure CP6.3. 





Transfer function: 





numg=[1 1]; deng=[1 4 6 10]; s+1 
sysg=tf(numg,deng); = |__| ---------------------- 

sys = feedback(sysg,[1]) ——__|_ wef sA3 +45A24+75+4+11 
r=pole(sys) 











ae Si: 
-2.8946 


-0.5527 + 1.8694i 
-0.5527 - 1.8694i 








FIGURE CP6.3 


Closed-loop transfer function and roots. 


CP6.4 There are no poles in the right half-plane, but the system is unstable 
since there are multiple poles on the jw-axis at s = +j and s = +7 (see 
Figure CP6.4). 








Step Response 
From: U(1) 
T 





25 


20 












































num=[1]; den=[1 2 2 4 1 2]; as a 
sys = tf(num,den); 
pole(sys) Se toh 4 
t=0:0.1:100; \ 
step(sys,t) a ° 5p 4 
NR E E 
ans = Ss 2° 4 
\ <= 
-2.0000 4 dl 1 
0.0000 + 1.0000: sul I 
0.0000 - 1.0000i 
-0.0000 + 1.0000i el | 
-0.0000 - 1.0000 

















Time (sec.) 


FIGURE CP6.4 
Unstable system step response. 
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CP6.5 The closed-loop system poles for the slow/fast pilots are shown in Fig- 
ure CP6.5. The maximum allowable time delay is 0.4776 seconds. At the 
maximum allowable time delay, the system has roots on the jw-axis at 





s = +2.1j. The slow pilot destabilizes the aircraft. 





nume=[-10]; dene=[1 10]; syse = tf(nume,dene); 
numg=l[-1 -5]; deng=[1 3.5 6 0]; sysg = tf(numg,deng); 
% 

% Fast pilot 

% 

tau=0.25; taul=2; K=1; tau2=0.5; 
nump=-K*[tau1*tau tau-2*tau1 -2]; 
denp=[tau2*tau tau+2*tau2 2]; 

sysp = tf(nump,denp); 

sysa = series(sysp,syse); 

sysb = series(sysa, sysg); 

sys = feedback(sysb,[1]); 

fast_pilot=pole(sys) 


closed-loop 
system poles 





E 
fast_pilot = 
-9.3293 + 2.3290i 


-9.3293 - 2.3290i 
p -4.0580 





% 

% Slow pilot 

% 

tau=0.50; taul=2; K=1; tau2=0.5; 
nump=-K*[tau1*tau tau-2*tau1 -2]; 
denp=[tau2*tau tau+2*tau2 2]; 
sysp = tf(nump,denp); 

sysa = series(sysp,syse); 

sysb = series(sysa, sysg); 

sys = feedback(sysb,[1]); 
slow_pilot = pole(sys) 


-0.2102 + 2.4146i 
-0.2102 - 2.4146: 
-0.3629 


slow_pilot = 


-8.9844 

-5.0848 + 1.3632i 
-5.0848 - 1.3632i 
0.0138 + 2.0742i 





% 

% Maximum pilot time delay, tau = 0.4776 sec 
% 

tau=0.4776; taul=2; K=1; tau2=0.5; 
nump=-K*[tau1*tau tau-2*tau1 -2]; 
denp=[tau2*tau tau+2*tau2 2]; 
sysp = tf(nump,denp); 

sysa = series(sysp,syse); 

sysb = series(sysa, sysg); 

sys = feedback(sysb,[1]); 
max_pilot_delay=pole(sys) 











FIGURE CP6.5 


Closed-loop system poles for an aircraft with a pilot in-the-loop. 


CP6.6 The closed-loop transfer function is 


T(s) : 





0.0138 - 2.0742i 
-0.3734 


max_pilot_delay = 


-8.9054 

-5.2049 + 1.2269i 
-5.2049 - 1.2269i 
0.0000 + 2.1012i 
0.0000 - 2.1012i 


oo SC-0.3725 





~ 38 4+582+(K—3)s+K+1- 
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Utilizing the Routh-Hurwitz approach, for stability we determine that 
K>A4. 


When K = 4, the roots of the characteristic equation are 





sy = —5 and 32:3. by . 


The m-file script which generates a plot of the roots of the characteristic 
equation as a function of K is shown in Figure CP6.6. 





K=[0:0.1:5]; 

n=length(K); 

for i=1:n 

numg=[1]; deng=[1 5 K(i)-3 K(i)]; 

sys_o = tf(numg,deng); 

sys_cl = feedback(sys_o,[1]); 

p(:,i)=pole(sys_cl); 

end 

plot(real(p),imag(p)/x’), grid 

text(-0.9,0.95/K=4 -->'); text(-0.2,1.3/K=5'); text(0,0.2;K=0') 
% From a Routh-Hurwitz analysis we find that 

% minimum K for stability is K=4 

Kmax=4; 

numg=I[1]; deng=[1 5 Kmax-3 Kmax]; sysg = tf(numg,deng); 
sys_cl = feedback(sysg,[1]); pole(sys_cl) 





0.5 


=0:5° |= 


K=5 
s K=4 \ 
K=0 
OF aes. 4 











FIGURE CP6.6 
Roots of the characteristic equation as a function of K, where0 < K <5. 
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CP6.7 The characteristic equation is 


p(s) = s? + 10s? +15s+10. 





A=[0 1 0;0 0 1;-10 -15 -10]; b=[0;0;10];c=[1 1 0]; d=[0]; 
sys = ss(A,b,c,d); 

% 

% Part (a) 

% E — 

p=poly(A) a 

% 1.0000 10.0000 15.0000 10.0000 
% Part (b) 
% 
roots(p) 
% -8.3464 


% Part (c) -0.8268 + 0.7173i 
% -0.8268 - 0.7173i 


step(sys) 








SSE yp = 














Step Response 
From: U(1) 








Amplitude 
To: Y(1) 








i i 1 
0 14 28 42 5.6 7 








Time (sec.) 


FIGURE CP6.7 
Characteristic equation from the state-space representation using the poly function. 


The roots of the characteristic equation are 





8; = —8.3464 and s23 = —0.8268 + 0.7173) . 
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The system is stable since all roots of the characteristic equation are in 
the left half-plane. The unit step response and associated m-file script are 
shown in Figure CP6.7. 


CP6.8 The characteristic equation is 
s°+10s*+10s+5K, =0. 


(a) The Routh array is 


3° 1 10 

8? 10 5Ky 
1 100—5k 

8 0 

5° 5Ky 


From the Routh-Hurwitz criterion, we obtain the limits 0 < Ky < 20 
for stability. 


(b) The plot of the pole locations is 0 < Ky, < 30 is shown in Fig- 
ure CP6.8. As seen in Figure CP6.8, when K, > 20, the pole locations 
move into the right half-plane. 


Root Locus 
4 T T T T T 





k=20 


Imaginary Axi s 
oO 








7-4 L L 1 L L 
2-12 2-10 2-8 2-6 2-4 2-2 


Real Axi s 








FIGURE CP6.8 
Pole locations for 0 < Ky < 30. 


CP6.9 (a) The characteristic equation is 


s+2s7+s+k—-4=0. 
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256 CHAPTER 6 The Stability of Linear Feedback Systems 


The Routh array is 


3° 1 1 

s? 2 k—A 
1 6—k 

5 2 

5° k—4 


For stability, we obtain 4<k < 6. 


(b) The pole locations for 0 < k < 10 are shown in Figure CP6.9. We see 
that for 0 < k < 4 the system is unstable. Similarly, for 6 < k < 10, 
the system is unstable. 


Root Locus 
2 T T 1 
pole locations when k=0 





k=10 







pole location when k=0 





increasing k | 


Imaginary Axi s 
Oo 











23 2-2 2-1 0 
Real Axi s 


FIGURE CP6.9 
Pole locations for 0 < k < 10. 
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The Root Locus Method 


Exercises 


E7.1 (a) For the characteristic equation 


s(s +4) 


ifthe Ts 
” s2+2s+2 


? 


the root locus is shown in Figure E7.1. 








Imag Axis 
oO = 
T if 
O° 
ee |) 
fo} 
i i 











“2 L a 
-3 L | 
4b 4 
4 8 Lt f © + @ & «4 
Real Axis 
FIGURE E7.1 
s(s+4) 


Root locus for 1 + Katost3 = 0: 


257 
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258 CHAPTER 7 The Root Locus Method 


(b) The system characteristic equation can be written as 
(1+ K)s?+(2+4K)s+2=0. 
Solving for s yields 
(1+2K) J(@+4K)—80+K) 





*"G+K) 21+ K) 

When 

(Q+4Kk) S04 K\=0, 
then we have two roots at 512 = oe Solving for K yields K = 
0.31. 

(c) When K = 0.31, the roots are 
—(1 + 0.62) 
= ——_—_ = - 1.24. 
ue (1.31) 


(d) When Kk = 0.31, the characterisitc equation is 
gO A764 1.598 = 14)? =0. 


Thus, w, = 1.24 and ¢ = 1, the system is critically damped. The 
settling time is T, + 4 sec. 

E7.2 (a) The root locus is shown in Figure E7.2. When K = 6.5, the roots of 
the characteristic equation are 


$1,2 = —2.65 + 1.23 and 53,4 = —0.35 + j0.8 : 








The real part of the dominant root is 8 times smaller than the other 
two roots. 


(b) The dominant roots are 
(s + 0.35 + j0.8)(s + 0.35 — j0.8) = s? + 0.75 + 0.7625 . 


From this we determine that 








0.7 
= 0.873 d ¢=—— =040. 
on and $= 97.873) 
Thus, the settling time is 
4 4 
T — = — = 11.48 : 
Fi, O38 ie 


The percent overshoot is P.O. = e~7$/V 1? — 95.4%, 
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4 
3b Pa 4 
x af * K=6.5 
2 L 
ae a 
TE be | 
mi 
< 
D OF —__—_*« a 
E ‘ 
it — 4 
ee 
-2 = . P| 
ty 
3} he | 
4 os 
4 3 2 1 0 1 2 3 4 
Real Axis 


FIGURE E7.2 
Root locus for 1 + K apa Taste) —(0. 


E7.3 The root locus is shown in Figure E7.3. The roots are s; = —8.7, 82.3 = 
—1.38+4 92.2 when K = 7.35 and ¢ = 0.5. 























4 
3b zeta=0.5 | 
2 be = 
1 Li. 4 
g 
> 0 x = 
£ 
| 
-1b | 4 
} 
/ 
2- Re 4 
-3b 4 
-4 1 1 1 1 1 
-10 8 6 4 -2 0 2 4 
Real Axis 
FIGURE E7.3 
Root locus for 1 + koe =0. 
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260 CHAPTER 7 The Root Locus Method 


E7.4 The root locus is shown in Figure E7.4. 








Imag Axis 
oO 
fo} 
fl 











-4 35 3 25 2 45 a 05 0 05 
Real Axis 
FIGURE E7.4 


Root locus for 1 + Kotte =0. 


The departure angles and entry points are 
O4= 225" , —225° 
and 
op =—24. 
E7.5 (a) The root locus is in Figure E7.5. The breakaway points are 
op. = —18.0, op2 = —5.89 . 
(b) The asymptote centroid is 
Ocent = —18, 


and 





Pasym = +90° ; 


(c) The gains are Ky = 1.57 and K2 = 2.14 at the breakaway points. 
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40 1 
| 
| 
307 4 
| 
| 
20- 1 sa 
| 
| 
i 
10+ | 4] 
if 
4 | 3} 
< OF + *« * «x = 
g : © 
| 
710. - < asymptote =] 
| 
| 
-20 + | | 
I 
t 
I 
30+ | 4 
| 
| 
-40 ! ! ! ! ! 
15 -10 25: 0 5 
Real Axis 
FIGURE E7.5 


, s?4+2s+10 _ 
Root locus for 1 + A (st 73853451582 +2950s0000) — 9: 








E7.6 The system is unstable for K > 100. 

















Root Locus 
30 
20+ 4 
10; 4 
_ 
x 
< 
> 
g 
S 0 | 
£ 
-10- 4 
-~20b 
-30 1 1 L f 1 ! 
-50 -40 -30 -20 -10 0 10 20 
Real Axis 
FIGURE E7.6 


4 20K = 
Root locus for dl: + K 5(s2-+208+100) => 0. 
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262 CHAPTER 7 The Root Locus Method 


E7.7 The root locus is shown in Figure E7.7. The characteristic equation has 


Root Locus 


20 





10h asymptote ---> 4 


System: sys 
5b Gain: 25.2 4 
Pole: -1.59 + 1.191 
Damping: 0.8 
Overshoot (%): 1.53 
{1 Frequency (rad/sec): 1.98 
a 


a 





Imaginary Axis 














Real Axis 


FIGURE E7.7 


; +10 _ 
Root locus for 1+ K G45) (+6) (78) = 0. 


4 poles and 1 zero. The asymptote angles are ¢ = +60°, —60°, —180° 
centered at Ocent = —3. When K = 25.2 then ¢ = 0.8 for the complex 
roots. 


E7.8 The characteristic equation is 


(s+ 1) 


14+ kK>———~ 
7 s?(s +9) 


=0, 
or 
s°+9s?+Ks+K=0. 
For all the roots to be equal and real, we require 
(s+r)? = 5° +4 3rs* 4 3r2s+r°=0. 


Equating terms and solving for K yields K = 27. All three roots are equal 
at s = —3, when K = 27. The root locus is shown in Figure E7.8. 
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\ 


| eC | 
3 roots at s=-3 _ 
Or x a 














x 
< =, 
Dn 
E a 
—2- | 4 
| 
al | d 
6 | ] 
-8 1 1 ! 1 
“15 -10 5 0 5 
Real Axis 
FIGURE E7.8 
Root locus for 1 + Kota =0 
E7.9 The characteristic equation is 
1 
1+ kK—~———_- = 0 


s(s? + 2s + 5) 


or 


s+2s7+5s+K=0. 





(a) The system has three poles at s = 0 and —1 +42. The number of 
asymptotes is n, — nz = 3 centered at Ocent = —2/3, and the angles 
are @asymp at 60°, 180°. 

(b) The angle of departure, 6g, is 90°+0¢g+116.6° = 180° , so 0g = —26.6°. 

(c) The Routh array is 





s3 1 5 
s* 2 K 
si b 
so | Kk 


where b = 5 — K/2. So, when K = 10 the roots lie on the imaginary 
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264 CHAPTER 7 The Root Locus Method 


axis. The auxilary equation is 





2s7+10=0 which implies $12 = +jV/5. 


(d) The root locus is shown in Figure E7.9. 

















4 
3 J 
2 — J 
1+ : J 
» asymptote ---> 
x it 
a So ‘ | 
oO 
£ 
+1 ke | 
“2 — | 
3 L zs 
-4 L 1 1 L Ll L L 
-4 3 2 -1 0 1 2 3 4 
Real Axis 
FIGURE E7.9 
Root locus for 1 + K arp aatsy —0. 
E7.10 (a) The characteristic equation is 
K(s+2) _ 0 
s(s+1) 
Therefore, 
_ (s? +s) 
(s+2) ’ 
and 


dk | si+4s+2_ 5 
ds = (s+2)2. 0° 


Solving s?-+4s+2 = 0 yields s = —0.586 and —3.414. Thus, the system 
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breakaway and entry points are at s = —0.586 and s = —3.414. 


(b) The desired characteristic polynomial is 


(S424 e7\(@ +207) =e +4e44407=0, 





where a is not specified. The actual characteristic polynomial is 
ep Kh \sbok =. 


Equating coefficients and solving for K yields K = 3 anda = v2. 
Thus, when K = 3, the roots are $1.2 = —2+ J2). 


(c) The root locus is shown in Figure E7.10. 








15/ K=3, =-2+1.414j : 


ae 
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|e 
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Real Axis 


FIGURE E7.10 


Root locus for 1+ KD = 0. 





E7.11 The root locus is shown in Figure E7.11 for the characteristic equation 


n K(s + 2.5) 
(s? + 2s + 2)(s? + 4s + 5) 


From the root locus we see that we can only achieve ¢ = 0.707 when 
K=0. 
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dF <---- zeta=0.707 & K=0 7 


Imag Axis 
Oo 
i 











Real Axis 


FIGURE E7.11 
Root locus for 1 + ae 


E7.12 (a) The root locus is shown in Figure E7.12 for the characteristic equation 


K(s+1) 
Le. or 
s(s? + 6s + 18) 
(b) The roots of the characteristic equation are 
(i) K = 10: 51,2 = —2.8064 + 4.23687 and s3 = —0.3872 
(ii) K = 20: s1,2 = —2.7134 + 5.24667 and s3 = —0.5732 


(c) The step response performance of the system is summarized in Ta- 
ble E7.12. 








TABLE E7.12 System performance when K = 10 and K = 20. 
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Root Locus 
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FIGURE E7.12 
K(s+1) 


Root locus for 1 + = 0. 


s(s*+6s+18) 


E7.13 (a) The characteristic equation is 
s(s+1)(s+3)+4s+4z2=0. 


Rewriting with z as the parameter of interest yields 


4 


Com Cee ee am 


1l+z 
The root locus is shown in Figure E7.13a. 
(b) The root locations for 
z=0.6, 2.0, and 4.0 


are shown in Figure E7.13a. When z = 0.6, we have ¢ = 0.76 and 
Wy, = 2.33. Therefore, the predicted step response is 


P.O.=2A% and T,=2.3sec (C =0.6). 


When z = 2.0, we have ¢ = 0.42 and w, = 1.79. Therefore, the 
predicted step response is 


P.O.=23% and 7T,=—5.3 see (¢ =2.0) . 
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4 
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FIGURE E7.13 


(a) Root locus for 1 + 235TGTTE —0. 


Finally, when z = 4.0, we have ¢ = 0.15 and w, = 2.19. Therefore, 
the predicted step response is P.O. = 62% and T, = 12 sec. 


(c) The actual step responses are shown in Figure E7.13b. 




















8 10 12 14 16 
time (sec) 


FIGURE E7.13 
CONTINUED: (b) Step Responses for z = 0.6, 2.0, and 4.0. 
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E7.14 (a) The root locus is shown in Figure E7.14 for the characteristic equation 


K(s +10) 


s(s+5) — 


The breakaway point is sy» = —2.93; the entry point is s, = —17.1. 


6 K=5, s=-5+5j 7 
4L | 
Die 4 


[s=-17.1 ___|s-298 , 93 


PK 


Real Axis 








Imag Axis 
° 
i] 











FIGURE E7.14 
Root locus for 1 + —— —0. 





(b) We desire ¢ = 1/2 = 0.707. So, the desired characteristic polyno- 
mial is 


2 1 2 
s°+2 Va Wns+tw,=O0. 


Comparing the desired characteristic polynomial to the actual we find 
the relationships 


we=10K and V2Qu,=54+K. 


Solving for K and w, yields K = 5 and w, = 7.07. The roots are 
S12 = —5+ 95 when kK =5. 
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E7.15 (a) The characteristic equation 


(s+ 10)(s + 2) 


1l+K 
+ 3 


=0 


has the root locus in Figure E7.15. 


Root Locus 
15 : : : : : 
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FIGURE E7.15 
Root locus for 1 + Kiet i(o2) —0. 


(b) The Routh array is 


5° 201K 


when 6 = 12K — 20. For stability, we require all elements in the first 
column to be positive. Therefore, 


K > 1.67. 


(c) When K > 3/4, we have 


2 


€ss = lim sE(s) = lims 
s—0 


eee Sl ee 
s>0 14+ GH(s) s? s20 53 + K(s+1)(s+3) 
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E7.16 The expansion for e~7* is 
Ts _ _ (Ts)? 
e€ =1-Ts4 ry 
If (T's) << 1, then 
e'8’ 31-Ts= ae 
c+ds 
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FIGURE E7.16 


Root locus for 1 + a —0. 


we expand (a+6s)/(c+ds) and match as many coefficients as possible. In 
this case, we determine that a = c = (2/T) and also that b = —d = -1. 
In this case, with T = 0.1, we have 


gy 208 (3-90) 


 20+s (s+20) 
So, the characteristic equation is 


—K(s — 20) 


1+ TH ay(s +20) , 


and the root locus is shown in Figure E7.16. Using a Routh-Hurwitz 
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analysis with the characteristic polynomial 
s*+(21— K)s+20+20K =0, 
we determine that the system is stable for —1 < K < 21. 
E7.17 (a) The root locus is in Figure E7.17a. 
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(a) Root locus for 1 + wen —0. 


The root locus is always in the right half-plane; the system is unstable 


for kK > 0. 
(b) The characteristic equation is 

K(s + 2) =4 
s(s—1)(s+20) ’ 


and the root locus is shown in Figure E7.17b. The system is stable 
for kK > 22.3 and when K = 22.3, the roots are 





$12=471.53 and s3=—19. 
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FIGURE E7.17 


CONTINUED: (b) Root locus for 1+ a =i 


E7.18 The root locus is shown in Figure E7.18. 
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FIGURE E7.18 
Root locus for 1 + TTD —0. 





When Kk = 8.15, the roots are $1.2 = +71.095 and s34 = —2.5 + 70.74. 
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E7.19 The characteristic equation is 
a K 
s(s + 3)(s? + 6s + 64) 
and the root locus is shown in Figure E7.19. When K = 1292.5, the roots 


=0, 




















are 
$1,2 = +74.62 and 53,4 = —4.49 + 36.36 : 
15 
1 4 
hy 
5p K=1292.5 ; 
” / 
z [ 
fon} OF es 4 
i \ 
5 _ *. J 
e aa 
ee | 
-15 1 i 1 
“15 10 5 0 5 10 15 
Real Axis 
FIGURE E7.19 
Root locus for 1 + TEED = 0. 
E7.20 The characteristic equation is 
K(s+1) 


s(s —1)(s +4) ne 


and the root locus is shown in Figure E7.20. The system is stable for 
Kk>6. 
The maximum damping ratio of the stable complex roots is 


¢=0.2. 
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max zeta=0.2 
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FIGURE E7.20 


Root locus for 1+ —— —0. 


E7.21 The gain is K = 10.8 when the complex roots have ¢ = 0.66. 
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Ks -_ 
Root locus for 1 + 334582410 = 0. 
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E7.22 The root locus is shown in Figure E7.22. The characteristic equation is 


K(s? + 20)(s + 1) 
(s? — 2)(s + 10) 
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K(s?+20)(s+1) _ 


Root locus for 1+ Ts?—2)(s+10) = 0. 


E7.23 The characteristic equation is 
5s? +as+4=0, 


which can rewritten as 
as 


1+ —— =0. 
Voy 


The roots locus (with a as the parameter) is shown in Figure E7.23. 
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Root locus for 1 + Betta =0. 


E7.24 The transfer function is 





Gis) =CI-Ay"B+D 
=a 
s -—l 0 
=[1 0] 
2 stk 1 
_ 1 
~ gt tke +2 


Therefore, the characteristic equation is 


s?+ks+2=0, 
or 
8 
1+ k>~— =0. 
7 s2+2 


The root locus for 0 < k < co is shown in Figure E7.24. The closed-loop 
system is stable for all 0 < k < oo. 
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Root Locus 
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FIGURE E7.24 
Root locus for 1 + kaa =0. 
E7.25 The characteristic equation is 
10 
1+ kK —— =0. 
s(s + 25) 


The root locus shown in Figure E7.25 is stable for all 0 < K < co. 
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Root locus for 1 + K sts-+05) = 0. 
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E7.26 The characteristic polynomial is 


s —1 
det —0 
s+K-3 s+kK+2 
or 
stl 
1+ kK——— =0 
= s*+25—3 


The root locus shown in Figure E7.26 is stable for all0 < K <3. 


Root Locus 
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FIGURE E7.26 
Root locus for 1 + Kot =0. 


E7.27 The characteristic equation is 


s 
rn | 
TEL Ae AG 


The root locus shown in Figure E7.25 is stable for all 0 < p < on. 
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Root Locus 
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Root locus for 1 + Paaasan = 0. 
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P7.1 
Root Locus 
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FIGURE P7.1 


K _ K = 
(a) Root locus for 1 + 3(s-+10)(5-+8) = 0, and (b) ‘l + (s?--28+2)(S+1) = 0. 
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Root Locus 
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CONTINUED: (c) Root locus for 1+ Sis = 0, and (d)1+ AC =0. 


P7.2 The root locus is shown in Figure P7.2 for the characteristic equation 


10K,(s + 10) 


ato e-4100) 


The damping ratio is ¢ = 0.6 when K, = 0.8, 135 and 648. The roots of 
the characteristic equation are: 


(a) Ky =0.8: 5; = —99.9, 523 = —0.54+ 0.71 
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(b) Ky = 135: s; = —85.9, 23 = —7.5+j10 
(c) Ky = 648 : sy; = —11.7, 593 = —44.6 + 759.5 
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FIGURE P7.2 
10 Ky (s+10) 


Root locus for 1 + 





s(s+1)(s+100) 


P7.3 (a) The breakaway point is s = —0.88 at K = 4.06. 


(b) The characteristic equation can be written as 
s(s+2)(s+5)+K=0. 


The Routh array is 


| a 10 

s* 7 K 

si b 0 

so | K 
where 

b= 70—- Kk 
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When K = 70, the system has roots on jw-axis at s = +7/10. 
(c) When K = 6, the roots are 51,2 = —0.83 + 70.66, s3 = —5.34. 


(d) The characteristic equation 





ee =0 
= s(s+2)(s+5) 


has the root locus shown in Figure P7.3. 
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FIGURE P7.3 
Root locus for 1 + SETHGTS —@ 


P7.4 The characteristic equation for the large antenna is 


100k 





1+ G,G(s) =1+ ——__,—_*_____ =0 
Gt) * @is+1)\(24+144s+100) 
or 
1000k 
iy ej 


(s + 10)(s? + 14.4s + 100) 


The root locus is shown in Figure P7.4. Using Routh’s criteria, we find 
that the system is stable for 


—l<kg < 4.83. 
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20 
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FIGURE P7.4 
1000ka = 
Root locus for 1 + Ts?-+14.14s+100)(s+10) = 0. 


When k, = 4.83, we have 51.2 = £715.53. 





P7.5 (a) The characteristic equation for hands-off control is 


ie 25Ko(s + 0.03)(s + 1) = 
(s + 0.4)(s? — 0.365 + 0.16)(s +9) 


The root locus is shown in Figure P7.5a. The damping ratio is ¢ = 
0.707 when Ky = 1.6 or Ko = 0.74. 


(b) The transfer function from Ty(s) to Y(s) is 


_ _ Go(s)Ta(s) 
VT eGaae a 
where 
G(s) = mest ; 


Using the final value theorem, we determine that 


1 Ti: 
Yss = lim s Gals) i = 3.8 ; 
8 


01+ Ga(s)Gs(s) 8 1411.7 (2) 
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25 K2(s+0.03)(s+1) 


(a) Root locus for 1 + TsP9)(s?—0.36s+0.16)(st0.4) — 0. 
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. 25 K1(s+0.03)(s+9) = 
CONTINUED: (b) Root locus for 1 + (s+0.045)(s74 Tastij(s F1.33)(s?--7.668420.78) — 9: 








where we have selected Ko = 1.6. For Ko = 0.74, we find that y,, = 
5.96. 
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(c) The closed-loop characteristic equation with the pilot loop added is 


ia 25K1(s + 0.03)(s + 9) 0 
(s + 0.045)(s + 1.33)(s2 + 7.665 + 29.78)(s? + 12841) 


The root locus is shown in Figure P7.5b. 
(d) Using Kk, = 2, we determine that 


€s5 = 0.44. 


P7.6 (a) The characteristic equation is 


K(s +0.20)(s? + 4s + 6.25) 
(s +0.9)(s — 0.6)(s — 0.1)(s +4) 


The root locus is shown in Figure P7.6. 

















4 1 
zeta=0.5 
4 zeta*wn=-1/3 
3b ' 4 
2 he. 4 
o~ K=4-- 
1 L 4 
a 0-——_x 4 
oO 
£ 
-1 be | 
=2 Lo H | 
3b i 4 
-4 1 i 1 1 i L L 
-6 5 -4 -3 -2 -1 0 1 2 
Real Axis 
FIGURE P7.6 
K(s+0.2)(s?+4s+6.25) 0 


Root locus for 1 + 7375 '9)(s—0-6)(s—0.1)(sF4) = 





(b) For T; < 12 sec, we require Cw, > 1/3. Also, we want ¢ > 0.5. So, 
we seek roots for a stable system with Cw, > 1/3 and ¢ > 0.5. This 
occurs when K > 4. 
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P7.7 (a) The characteristic equation for the speed control system is 


1+ =U, 
(s+ 42546) 
where 
0.004 0.75 
= d 6 = — =0.0001875 . 
a. 4000 


The root locus is shown in Figure P7.7. At ¢ = 0.6, we have K = 19.1, 
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FIGURE P7.7 
Root locus for 1 + GELS) — (0. 
therefore 
R= 0.00021 . 


When K = 19.1 the roots are 





812 =—11+4 71.43 and s3=-—5.80. 


(b) The steady-state error is 


.25s +1)? 
lim sAw(s) = lim s cee 


i —_ AL 
s—0 s>0 (0.258 + 1)?(Js+6)+1/R (s) 
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1 


= ———AL xz AIR 
b+1/R 
when R < 0.1. 


P7.8 (a) The characteristic equation for the speed control system with the 
hydroturbine is 


iene _ Kes+) =0, 
(s + 4)(s + 2)(s +0) 
where 
.002 . 
k= oe and §6= Dae = 0.0001875 . 
R 4000 


The root locus is shown in Figure P7.8. At ¢ = 0.6, we have K = 2.85, 
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FIGURE P7.8 


Root locus for 1 + ( sid) 


3+4)(s+2)(s+o) 0. 


therefore 


R = 0.0007 . 


When K = 2.85 the roots are —0.45 + 70.60, and -5.1. 
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(b) The steady-state error is 
(0.25s + 1)(0.5s + 1) 




















lim sA = li ao —_ AL 
pe eee) = So (as Ose ate 
1 
= ———_ALF AIR, 
f+1/R 
when R < 0.1. 
P7.9 The characteristic equation is 
(s + 0.5)(s + 0.1)(s? + 2s + 289) 
1+ & tS ——. a SJ ——- = 0 
s(s + 30)?(s — 0.4)(s + 0.8)(s? + 1.45s + 361) 
where K = K, Ko. The root locus is shown in Figure P7.9. When 
kK = 4000 , 
the roots are 
81,2 = —0.82 + 719.4 
50 T T T I T e 
40+ oe 7 
30+ ee a 7 4 
20+ sf ve | 
10 + ue a 4 
E "5. 
10 + He 4 
-20 + ee J 
30" P ~S ae 7 
-40 + Fa J 
50 L | L ! L | L l | ae 
-35 -30 -25 -20 “15 -10 5 0 5 
Real Axis 
FIGURE P7.9 


K (s+0.5)(s+0.1)(s?+2s5+289) 


Root locus for 1 + =3730)27s—0.4)(st0.8)(s2F1.45s F561 
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53 = —39.8 
s4 = —14.9 
S5 = —5.0 
56 = —0.38 
$7 = —0.14. 


P7.10 (a) The characteristic equation is 


Kk, Ko(s + 2)7 
aa ee 
(s + 10)(s + 100)(s? + 1.55 + 6.25) 


The root locus is shown in Figure P7.10. 








Imag Axis 














-120 -100 -80 -60 -40 -20 0 


Real Axis 


FIGURE P7.10 


Root locus for 1 + ( 


Ki Ko(s+2)? _ 
1 rT = = 0. 


s+10)(s+100)(s -58+6.25) 





(b) The gain 
Ky, K2 = 1620 
when ¢ = 0.707. Therefore, 


Ky = 81000 , 
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292 CHAPTER 7 The Root Locus Method 
since Ky, = 0.02 at medium weight cruise condition. 
(c) At lightweight cruise condition 
ky =0.2. 
Using kK» = 81000, we find the roots are 


$12. > —54+ jil9g 
§3,4 = —2+ 50.6 . 








The roots s3,4 become negligible and the roots at s;,2 become highly 
oscillatory. Hence, in this case 


¢=0.41. 
P7.11 (a) The closed-loop characteristic equation is 


20K,(s? + s + 0.02) 

















14+ — >> = 0, 
me s(s + 1)?(s? + 2s + 0.8) 
where 
K2=10. 
Then, the root locus is shown in Figure P7.11a. 

3 

E 
1 2 3 
Real Axis 
FIGURE P7.11 


2 
(a) Root locus for 1+ Kaytee) = 0, where Ko = 10. 
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(b) When 
Ka < 0.035 , 


all the roots have a damping greater than or equal to 0.60. 
(c) Select 


Ka = 0.035 . 
Then, the characteristic equation with K2 as the parameter is 


0.07(s? + s) 
i 
+ $2757 aet 4 5.859 + 3.652 4+0.88+0.014 





The root locus is shown in Figure P7.11b. 








Ka=0.035 J 
L J a 

‘ Z 

1h 4 
aa) 
x x 
2 0 x °. x »” 4 
£ x— 











Xi 
2 \ J 
-3 1 
3 2 1 0 1 2 3 
Real Axis 
FIGURE P7.11 
CONTINUED: (b) Root locus for 1-+ Ky ———, 2788+) __ 9, where Ka = 0.035. 


s(s+1)(s?+2s+0.8)+0.014 


P7.12 (a) The closed-loop transfer function is 


KaKm(s + 25)(s +15) 


a= 1.852(s + 2) + KaKm(s + 25)(s + 15) +1.6Kms(s +2) | 
So, with E(s) = R(s) — Y(s), we have E(s) = (1 — T(s))R(s) and 


Crs = lim sE(s) =1-T(0)=0. 
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294 CHAPTER 7 The Root Locus Method 


Therefore, when the system is stable, it has zero steady-state error. 


(b) The characteristic equation is 
s? + (3.6 + K,)s? + (3.2 + 40K,)s +375Kg . 


The Routh array is 


3° 1 3.2+ 40K, 
| Se Ke 375K, 
st b 

s° 375K 


Solving for b > 0 leads to 0 < Kg < 0.05 or K, > 5.64 for stability. 


(c) The characteristic equation can be written as 


Ka(s + 25)(s +15) _ 
Pt aoediey 


The root locus is shown in Figure P7.12. 

















(d) When 
K> 40, 
40 
30b ee es 4 
, a aoe 
a NS 
20; 4 
/ \ 
10} / | | 
E 
-10b | 4 
/ 
20; ay J. 4 
Oe 
30/ a a 1 
-40 1 1 i 1 1 1 1 
-70 -60 -50 -40 -30 -20 -10 0 10 
Real Axis 
FIGURE P7.12 


Root locus for 1 + a = 0, where Km = 1.8. 
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the roots are 


8, = —123 and 893 = —15.624 931.2. 





From the step response we find 


P.O. =5% 
T, = 0.67 sec 
Ti = 0.25 sec . 


P7.13 (a) The characteristic equation is 


K 
1 ey 
- s(s + 3)(s? + 4s + 7.84) 


The root locus is shown in Figure P7.13. The breakaway point is 
s=-—1.09 at K = 9.72. 


(b) When Kk = 13.5, the roots are 


$1.2. > —0.84 + 40.84 
$3.4 = —2.66 + gi.55 : 








Imag Axis 














Real Axis 


FIGURE P7.13 
K = 
Root locus for al + 3(S+3)(82-+45-+7.84) = 0. 
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296 CHAPTER 7 The Root Locus Method 


(c) The roots 


s=—0.84+ 70.84 





are dominant roots. 
(d) For the dominant roots, we determine that ¢ = 0.7 and w, = 1.19. 
Therefore, the settling time is 


4 
Ts; = —— =4.8 sec. 
CWn, 


P7.14 The characteristic equation is 


K(s+2)(s +3) _ 
ss s*(s + 1)(s+10)(s +50) — ’ 


The root locus is shown in Figure P7.14. When Kk = 15609, the roots are 





8, = —55.7 $2 = —3.39 $3 = —1.92 Seg 7160 3 
When K = 370, the roots are 


5, = —50.17 sg = —9.42 63 =—1.41 $45 = £71.82. 





100 T 





Imag Axis 
oO 
| 











-1 00 | | | 1 | i 1 i! 
-100 -80 -60 -40 -20 0 20 40 60 80 100 


Real Axis 


FIGURE P7.14 


Root locus for 1+ K (s+2)(s+3) 


8*(s+1)(s+10)(s+50) 
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The crossover points are 


s=+j16.07 and s=+71.82. 








Therefore, the system is stable for 
370 < kK < 15609 . 
P7.15 The characteristic equation is 


K(s? + 30s + 625) 
s(s + 20)(s? + 20s + 200)(s? + 60s + 3400) © 


The root locus is shown in Figure P7.15. When K = 30000, the roots are 
sj, = —18.5, 52> —1.69, §3,4 = —9.8+ 78.9, and 55,6 = —30.1 + 749.9. The 
real root near the origin dominates, and the step response is overdamped. 


1+ 








100 





Imag Axis 
o 
T 
f 











Real Axis 


FIGURE P7.15 


s2430s+625 = 
Root locus for 1 + AT y59)(sF20s+-200)(s?- 60543400) ~ 9: 
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P7.16 (a) Let + = 0. Then, first reduce the motor and rolls to an equivalent 
G(s) as follows: 


0.25 


Cie a(stI) 0.25 Z 0.25 
1+ ay s(s+1)+0.25  (s+0.5)? 


The loop transfer function is then 
2(s + 0.5) Kq(0.25) 0.5K, 


Ms) = Se+ 26408)? ~ (e+ 16408) | 





The characteristic equation is 


0.5 
1+ Kg ———— = 0. 
= “s(s +1)2(s + 0.5) 


The root locus is shown in Figure P7.16. 





Imag Axis 














Real Axis 


FIGURE P7.16 
Root locus for 1 + CESS EL CELED) — 0. 


(b) When Kk = 0.123, the roots of the characteristic equation are 





31,2 — —11i+ 0.27 
$3.4 = —0.15 4 70.15 . 
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The roots at s = —0.15 + 70.15 have a damping ratio of ¢ = 0.707. 


(c) When 7 becomes nonnegligible, the root locus will have an additional 
pole, and the root locus will change accordingly. 


P7.17 The characteristic equation is 
(Ms? + bs +ky + k2)(Mp8? + ky2) _ k2, =0. 


If we let M, = kj = b= 1, and assume ky < 1 so that ae is negligible 
and ky + ki2 & ky, then the characteristic equation is 


k; 
(s? +5 + 1)(Mos? + ky2) = 0 or to Os 


where 


kyo 
pase, 
Mp2 


The root locus is shown in Figure P7.17. All the roots lie on the jw axis. 
If we select 

















kyo o 
a oO 
Mo ‘ 
then we cancel the vibration. 
3 
2b 4 
iL root locus --> | 
= 
gz oF 7 
£ 
-1 = 4 
By 4 
3 1 1 1 1 1 1 
3 25 3 15 A -0.5 0 05 1 
Real Axis 
FIGURE P7.17 


Root locus for 1 + — = 0. 
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P7.18 The characteristic equation is 
@s° + (1+ 28)s? + (24+ 40)s+4=0. 


When ( = 0 we have 


i das _0 
s24+2s+4 — 


The root locus for 6 = 0 is shown in Figure P7.18. 





_ <-- zeta=0.6 beta=0 














E: | 
D 0 © J 
8 | 
£ 
-1 L ; 4 
Scop 
= 
Eo All 4 
3 co fl fl \ \ 
-3 -2 -1 0 1 2 3 
Real Axis 
FIGURE P7.18 


Root locus for 1 + om = 0, where @ = 0. 


For a = 0.3, the poles are 





s=—-16+4+ 71.2. 
Then, we have 


B(st+2)s?7 
s?+(2+4a)s+4 — 


When 3 = 0.121 





819 = —1.514+ 1.51 
83 = 7.24. 
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Thus, 
¢=0.707 and Cw,=1.5. 


So, the performance specs are met. Also, 


0.3s+1 — 2.48(s + 3.33) 


Gels) = Tapis 41 ~  (s +8.26) 


P7.19 The characteristic equation is 


K,(s? + 3.6s + 81) 





1 =0. 
s(s +1)(s +5) 
The root locus is shown in Figure P7.19. 
10- 
sb ~ ™ | 
a \ | 





Imag Axis 
° 
1 











-4b \ eu 
\ 
8b «4 4 
-10 ¥ 1 
-10 8 6 -4 2 0 2 4 
Real Axis 
FIGURE P7.19 
Root locus for 1+ Kq2+3-6s+8! — 9 


s(st+1)(s+5) ~~" 


When Ky = 0.0265, the roots are 


$4.2 = —0.45 + j0.45 
ga =—5.11. 





Thus, the complex roots have a damping ratio of ¢ = 0.707. 
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P7.20 The characteristic equation is 


1 2 4 
S++ a) +(GtK)s+G=0, 


B B 
where 
4 
K=~= a=03 6=0.121. 
B 
The root sensitivity to changes in K is found to be 
. Ari 
Sit SS ———— = 1.18/-149.75° . 
RO AIG 
The root sensitivity to changes in the pole at s = —2 is found to be 
’ Ar, o . 
ae = BP = 1.654—187° ,_ where the pole is s+2+4A. 


P7.21 (a) Let the pole be (s +4+A) and neglect A? terms. Then, the charac- 
teristic equation is 


2s? + (8 + 26)s + 86 




















14+ A= —_ = 0 
% s8+(8+6)s2 + (16+ 86)s +165 +K 
where 6 = 0.000788 and K = 19.1. 
3 
2 4 
1h / 4 
B+} | 
2 0 x ° 7 5 | 
E | 
\ 
1h \ J 
\ 
-2- eI 
3 if 1 1 1 1 
-10 8 6 4 -2 0 2 
Real Axis 
FIGURE P7.21 


2s? +(8426)s+86 = _ = 
Root locus for 1+ A ST (e toys + (16 TSS) sp 10ST K = 0, (6 = 0.000788 and K = 19.1). 





This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 303 


The root sensitivity is determined to be 








Ar} 
= = 9.314/—132° , 
SK A/4 3.314/—13 
(b) Let R= Ro + AR, where R = 0.00021. Then, 
Ary 
oo = =1231 2=107" » 
Rk AR/R 


P7.22 The characteristic equation is 
gs? 490s" tae Kk ; 


where K = 0.24 for ¢ = 0.707. The root sensitivity to changes in the pole 
at s = —1 is found to be 


A 
Se = = 0.952—126° , 


where the pole is s+1+A. 
P7.23 The characteristic equation is 
s°+5s?+(6+K)s+K, 


where K = 6.3 for ¢ = 0.707. The root sensitivity to changes in the pole 


at s = —2 is found to be 
Ari 
Si) & —— = 1.25/—-169.4° 
a ef 
where the pole is s+ 2+ A. The root sensitivity to changes in the zero at 
s = —1 is found to be 
A 
sus =< = 0.55/34.4° , 


where the zero iss +1+A. 


P7.24 ‘The root locus for each of the four cases shown is shown in Figure P7.24. 
The four open-loop transfer functions are 


5s? +75 + 8.25 
== 
(a) (s) 53 + 652 +58 
s+8 
i Re = ___s, 
(6) (8) = 3730s 20683 + 117082 | 1BTBs 
il s+ 6546.75 
Ep = Kh) = 
(c) (s) g§ + 259 + 54 (4) (s) 68 +552 +45 
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5 (a) i6 _(b) 
5 laze = 
< 0 a a, x 4 Z Or xx 4 
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25iL a 
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1 L 
oO OT i 0 x ° 4 
© o 
E E : 

-1 C 

-2 L 5 L L 

-2 0 2 -10 5 0 

Real Axis Real Axis 
FIGURE P7.24 


Root locus for the four cases. 


P7.25 The characteristic equation is 
1+ KG.(s)G(s) =0, 
therefore, 
KG_(s)G(s) =-1. 
Squaring both sides yields K?G2(s)G?(s) = 1 and 
1 — K?G?(s)G?(s) =0. 


The root locus with 0 < K? < oo is shown in Figure P7.25. The value of 
K? for which the locus crosses the imaginary axis is 


Ko 93 


therefore K = \/2/3 = 0.8165 corresponds to the jw-axis crossing (at 
s = 0). You can check that 1+ KG,(s)G(s) = 0 for K = 0.8165 and 
s=0. 
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oO 











=2 L a 
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4 id i | i 1 id 
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Real Axis 
FIGURE P7.25 


Root locus for the equation 1 — K*G2(s)G?(s) = 0. 


P7.26 (a) The characteristic equation is 


K(s +2)? 
s(s?+1)(s +8) 


The root locus is shown in Figure P7.26. 
(b) Using Routh’s criteria, we determine that 
Kk > 14 


for stability. 


(c) From the Routh array, we determine that for K = 14, we have two 
purely imaginary poles at 


s=+tjvB8. 





(d) When K > 50, the real part of the complex roots is approximately 
equal to the real part of the two real roots and therefore the complex 
roots are not dominant roots. 
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FIGURE P7.26 ‘ 
Root locus for 1 + 6 =0 


P7.27 The characteristic equation is 


K(s? + 0.105625) 


=0. 
s(s? + 1) 


The root locus is shown in Figure P7.27a. The locus enters the axis at 


s = —0.67 
and leaves the axis at 
s=—0.48 . 
Define 
3 
—(s°+s 
p(s) = K = +9) 


s* + 0.105625 © 


Then, a plot of p(s) vs s is shown in Figure P7.27b, where it can be seen 
that p(s) has two inflection points at 


s=—0.67 and s=—0.48. 
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FIGURE P7.27 5 : 
~ 8°+0.105625 __ ares s-+s 
(a) Root locus for 1+ K aoe Co | la 0. (b) Plot of p(s) = —s-Fagseas Versus 5. 


P7.28 The characteristic equation is 


K(s? + 12s + 20) 
1.0) =14.—_ + =. 
eae | Fae 
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The root locus is shown in Figure P7.28. The breakaway point is s = —5.0 
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oO 
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FIGURE P7.28 P 
Root locus for 1 + kane —0. 





and the entry point is s = —15.6. When K = 2, the roots are 


sj = —1.07 
32.30>= —5.46 + j2.75 : 





When K = 2, the roots are 


sj, = —1.07 
32.3 = —4.36 + g1.68 : 





The predicted step response when K = 2 is T, = 9 sec and PO = 0%. 
P7.29 The characteristic equation is 


s*4+854+25 _ 


1+kK =0. 
= s?(s +4) 


The root locus is shown in Figure P7.29. When ¢ = 0.707, the necessary 
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gain is kK = 18.285. The corresponding roots are s; = —14.285 and s23 = 























—4+ j4, 
System: sys 
Ro Gain: 18.2 
Pole: -4 + 4i 
5 _ Damping: 0.707 |_-—__, —____,________ 
Overshoot (%): 4.34 : 
Frequency (rad/sec): 5.66 
4- | 4 
3h | 4 
2 L 4 
@ 
a fy 7 
ra 
Sy 
= 0 | 
© 
a= 
=A 4 
aot 4 
=3- 4 
4b 4 
5 1 1 1 it 1 1 1 Nt 
-8 -7 -6 -5 -4 -3 -2 -1 0 
Real Axis 
FIGURE P7.29 


Root locus for 1 + Kes —0¢. 


P7.30 The transfer function is 


Z(s) = LCRs* + Ls a Rs* +8 
~ £Cs?+CRs+1 s?+Rs+1— 
So, 
R R?2 2 
=- > —-l1 
eae 
Thus, the nominal r1, = —5. Simultaneously, 
R R? 2 
rg=-~—-|—-l 
2 4 
Thus, the nominal rz, = —2. We see that there is a difference by a factor 
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of 4. Also, 
a 
gn — OM Rate Ro (Bo 0) 
Rk OR\p, ° 2 4\4 6’ 
where R, = 2.5. And 
i 
gm — 9) po Ro Ro (Ro_,\ *_ 710 
ROR |p” 2 4\4 3 
So, the magnitude of |S7?| = 4|S7|. 
P7.31 The characteristic equation is 
4 
—— 


s(s + 0.16)(s? + 14.65 + 148.999) 


The root locus is shown in Figure P7.31. When K = 1350, the roots are 





S12 = 479.6 
$3.4 = —74+ gl.9 . 





20 








10; <-- K=1350 (*) =] 


(+) K=326 --> 





Imag Axis 
oO 
fo} 











-10+ 4 
-154+ 4 
-20 1 1 : 1 1 Ll 1 
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Real Axis 
FIGURE P7.31 


ia s+4 = 
Root locus for 1 + K [y7qeysz4itestiis.990) ~ 9: 
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When K = 326, the roots are 





s12= —6.5+ J8.7 $3.4 = —0.9 + 3.2 A 





P7.32 The characteristic equation is 


K(s+1)(s+5) _ 
s(s+1.5)(s +2) — 








Imag Axis 
o 
° 
1 











Real Axis 


FIGURE P7.32 
Root locus for 1 + Kee = 0 


0.707 0.98 


0.707 el 
0.69 1.3 





TABLE P7.32 Step Response Results for K = 1.57, K = 3.48, and K = 2.35. 


(a) The breakaway point is s = —1.73; the entry point is s = —8.62. 
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312 CHAPTER 7 The Root Locus Method 


(b) The damping ratio ¢ = 0.707 when K = 1.57 and again when K = 
3.46. 


(c) The minimum damping ratio ¢ = 0.69 is achieved when K = 2.35. 


(d) The results are summarized in Table P7.32.The best choice of gain is 
K = 1.57. 


P7.33 (a) The root locus for the V-22 is shown in Figure P7.33a. The system is 





Imag Axis 
ee ee 











Real Axis 


FIGURE P7.33 


241.5s+0.5 — 
(a) Root locus for 1+ K Zo0st DiGsti)(0Bst1) =0. 


stable when 0 < K < 0.48 and K > 136.5. 


(b) The unit step input response (for AK = 280) is shown in Figure P7.33b. 
The step response has a P.O. = 90% and T, ~ 50 sec. 


(c) The plot of y(t) for a unit step disturbance is shown in Figure P7.33b. 
The response to the disturbance is oscillatory, but the maximum value 
of oscillation is about 0.003; so it is negligible. 


(d) The effect of adding a prefilter can be seen in Figure P7.33b. With 
the prefilter we find PO = 7% and T, ~ 40 sec. 
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(i) Unit step input response 



































2 T iF i T q 
y(t) w/o prefilter .... (dotted line) 
15 yt ) with prefilter___ (solid line) J 
ak ] 
0.57 4 
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Time (sec) 
x10° (ii) Unit step disturbance response 
4 T T T T T 
3 es, pa 
2 ka a 
= 
1 = 4 
0 4 
-1 1 1 | 1 L 1 if 
0 10 20 30 40 50 60 70 80 
Time (sec) 


FIGURE P7.33 
CONTINUED: (b) (i) Unit step input response with and without prefilter; (ii) Unit step disturbance response. 


P7.34 The characteristic equation is 


Fa K(s +2) _ 
(s+1)(s+2.5)(s+4)(s+10) — 


The root locus is shown in Figure P7.34a. The roots, predicted and ac- 
tual percent overshoot for AK = 400,500, and 600 are summarized in 


Table P7.34. The actual unit step input responses are shown in Fig- 
ure P7.34b. 


-13.5,-1.00 + 5.71j,-1.98 


-14.0,-0.75 + 6.24j,-1.98 
-14.4,-0.53 + 6.71j,-1.98 








TABLE P7.34 Summary for AK = 400, 500, 600. 
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Root Locus 
20 T 
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FIGURE P7.34 


(a) Root locus for 1+ K 
kk = 400, 500, 600. 


Ca CES Sa sriny = 9: (b) Unit step input responses for 


P7.35 (a) The characteristic equation is 
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The root locus is shown in Figure P7.35. 
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2r | 
Tr J 
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=2—- | 
a3 n we f f i 
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Real Axis 
FIGURE P7.35 7 
Root locus for 1 + ke, —0. 
(b) When Kk = 4.52, the roots are 
$1 = —0.58 


893 = —1.964 71.96. 





The complex roots have ¢ = 0.707. 
(c) The entry point is s = —3.38 when K = 7.41. 
(d) The predicted P.O. = 4.5% (¢ = 0.707) and the actual P.O. = 17%. 


P7.36 The characteristic equation is 


K(s+1)(s + 2)(s +3) 


1 
s3(s — 1) 


='0). 


(a) The root locus is shown in Figure P7.36. 
(b) When Kk = 2.96, the roots are 





31,.2.— + 74.08 
83.4 = —0.98 + j0.33 . 
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8 
6+ J 
al i 
2E pa 
a 9 es if | 
: TY 
=2 fe 4 
-4b ay J 
-6 L pa 
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-10 -8 -6 -4 7) 0 2 
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FIGURE P7.36 
Root locus for 1+ kK —— 0. 
(c) When K = 20, the roots are 
3, = —1.46 
6s2 = —1.07 





83.4 = —8.23 + 72.99 . 


When Kk = 100, the roots are 


8, = —92.65 
89 = —3.51 
53 = —1.82 
s4=-1.01. 


(d) When Kk = 20, the damping ratio is ¢ = 0.94. Therefore, the predicted 
P.O. = 0.02%. The actual overshoot is P.O. = 23%. 


P7.37 Since we know that e,, = 0 for a step input, we know that a = 0 or b= 0. 
Select a = 0. Also, w, = 27/T = 20 rad/sec. The desired characteristic 
polynomial is 


(s + 1r1)(s + j20)(s — 20) = s3 + rys? + 400s + 400r; = 0. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 317 


The actual characteristic polynomial is 
2h 

+ SSE 

s(s + b)(s + 40) 


Comparing the coefficients in the desired and actual characteristic poly- 
nomials, we determine that b = 10, r; = 50, and K = 10000. 


=0, or s°+(40+5)s?+40bs+2K =0. 


P7.38 (a) The characteristic equation is 


K(s+1) 


s(s-3) 





The system is stable for K > 3. When K = 3, the roots are s = +j/3. 
(b) The root locus is shown in Figure P7.38a. 
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FIGURE P7.38 
- stl _ 
(a) Root locus for 1+ Ky = 0. 
(c) When K = 10, the roots are 
sy, = —2 
6s2 = —5. 


Since both roots are real and stable, we expect that there will be 
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318 
zero overshoot. The actual response has a 40% overshoot, as seen in 


Figure P7.38b. 


TNO | | 





1.2 











S 08+ 
= 
= ost Hu 
0.44 J 
0.2; 4 
0 1 
0 0.5 1 1.5 2 25 3 
Time (secs) 
FIGURE P7.38 
CONTINUED: (b) Unit step response. 
P7.39 The loop transfer function is 
22k 
G-(s)G(s) = ; 
(8)G(8) = aye 4 Bs 420) 
t 1.837 and 





When K = 0.529, the closed-loop poles are s;,2 = —3.34 4 
$3 = —2.32 and have the maximum damping ¢ = 0.877. The root locus is 


shown in Figure P7.39a. The step respose is shown in Figure P7.39b. 
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Root Locus 
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FIGURE P7.39 
(a) Root locus for CT AEE = 0. (b) Unit step response. 
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Advanced Problems 


AP7.1 The characteristic equation is 


s+6 
14+ kK——— = 0 
" s(s + 4)(s? + 4s + 8) 


The root locus is shown in Figure AP7.1. The gain at maximum ¢ is 
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oO 
a 
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5 L aa 
-10F+ = 
40 5 0 5 10 
Real Axis 
FIGURE AP7.1 


> s(st4) 
Root locus for 1 + Kas 5 = 0. 


The roots at K = 3.7 are 


8, = —3.6424 s93 = —1.3395 + +1.35537 s4 = —1.6786 . 





Using Figure 5.13 in Dorf & Bishop, the predicted percent overshoot and 
settling time are 


PO-=37) aud. T,=—2 sec. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Advanced Problems 


321 


since ¢ = 0.7 and 


6 


1.9(0.7) 


a 


— 45. 
WnG 


The actual percent overshoot and settling time are 


AP7.2 


The root locus 


P.O.=1% and T,=2.8 sec. 


The characteristic equation is 


(s + 1)(s +3) 
s(s —1)(s + 4)(s + 8) 


is shown in Figure AP7.2a. The selected gain is K = 48. 


ee oe <% =0. 
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FIGURE AP7.2 
(a) Root locus for 1+ K Co a |) 


s(s—1)(s+4)(s+8) 


Using Figure 5.13 in Dorf & Bishop, the predicted percent overshoot is 


PO.=30%. 


The actual percent overshoot (see Figure AP7.2b) is 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
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FIGURE AP7.2 
CONTINUED: (b) Step response for K = 48. 


AP7.3 The characteristic equation (with p as the parameter) is 


s(s+1) 


ee ee a 
TP Ba gt 10 


The root locus is shown in Figure AP7.3. 
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FIGURE AP7.3 
Root locus for 1+ petits = (0). 
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When 
p=21 
the dominant roots have a damping ratio of ¢ = 0.707. 
AP7.4 The characteristic equation (with a as the parameter) is 


s(s+1) 


Ag ae 
ae apa al 


The root locus is shown in Figure AP7.4a. 
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FIGURE AP7.4 hes 
S(S 
(a) Root locus for 1+ Pao = 0. 
The steady-state error is 
imei) lin 1 
€s5 — lim sE(s) = lim ———~ = 1-a. 
Ss s—0 sO 1+ G(s) 


To meet the steady-state error specification, we require 
09<a<1l.l. 


The step responses for a = 0.9,1 and 1.1 are shown in Figure AP7.4b. 
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alpha=0.9 (solid); alpha=1.0 (dashed); alpha=1.1 (dotted) 
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FIGURE AP7.4 
CONTINUED: (b) Step responses for a = 0.9, 1 and 1.1. 


AP7.5 The root locus is shown in Figure AP7.5. When K = 20.45, ¢ = 0.707. The 
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FIGURE AP7.5 
Root locus for 1 + Soe — 0. 


root sensitivity is Si? = Ar; /(AK/20.45) = 3.15287.76°. When K = 88, 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Advanced Problems 325 


the complex roots lie on the jw-axis—a 330% increase in the gain. 


AP7.6 A gain of kK = 10 provides an acceptable response (see the root locus in 
Figure AP7.6). 


Root Locus 
25 T r ' 
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FIGURE AP7.6 : 
Root locus for 1 + Kota = 0): 


AP7.7 The root locus for the positive feedback system is shown in Figure AP7.7. 
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FIGURE AP7.7 


Root locus for 1 + Noa — 0. 
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AP7.8 The closed-loop characteristic equation is 


120s =i 
s3 +1952 +348 +120 — 
The root locus is shown in Figure AP7.8a. When k = 0.448, all the roots 


of the characteristic equation are real—the step response is shown in 


Figure AP7.8b. 
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FIGURE AP7.8 
(a) Root locus for 1+ hee = 0. (b) Step response with k = 0.448. 
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AP7.9 The root locus for each controller is shown in Figure AP7.9. 
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FIGURE AP7.9 


Root locus for the various controllers. 


AP7.10 The characteristic equation (with K as the parameter) is 


2 
s* + 7s + 20 
1+ kK—~———__ = 0 
a s(s? + 7s + 10) 
The root locus is shown in Figure AP7.10. The steady-state value of the 
step response for any K is 0.5. With K = 15 the closed-loop transfer 
function is 


10s + 150 


Ss eae 
(8) = Sy ops? 4 115s 2300 





The step response has the following characteristics: 


P.O. =4.8% and T; =2 seconds. 
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FIGURE AP7.10 P 
Root locus for 1 + KD —0. 


AP7.11 The root locus is shown in Figure AP7.1la. A suitable gain is kK = 1525. 
The step response is shown in Figure AP7.11b. 
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FIGURE AP7.11 
CONTINUED: (b) Step response with K = 1525. 


AP7.12 The root locus is shown in Figure AP7.12a. 
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FIGURE AP7.12 ~ 
(a) Root locus for 1+ woe =i() 
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FIGURE AP7.12 
CONTINUED: (b) Step response with Kp = 5.54. 


The PI controller can be written as 
K, K 
Cos 
Ss 


and setting K; = 0.2K), the characteristic equation can be weitten as 


(s + 0.2) 


ee i 
s(s? + 7s + 10) 


ik, 


A suitable gain is K, = 5.55. The step response is shown in Figure AP7.12b. 
AP7.13 The characteristic equation is 


1 
1+ K, Kx» —————- = 0. 
er Gee 1 


The root locus is shown in Figure AP7.12a. The fastest expected settling 
time is T; = 4/w,¢ = 2 seconds since maximum |w,¢| = 2. 
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FIGURE AP7.13 
Root locus for 1 + Ki Karpyeaay = 0. 
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Design Problems 
CDP7.1 The closed-loop transfer function from the input to the output is 
6(s) 26.035 Ka 


R(s) 82 + (33.1415 + 26.035K, K1)s + 26.035K, ’ 


where we consider for the first time the tachometer feedback (see Figure 
CDP4.1 in Dorf and Bishop). The characteristic equation is 


26.035K qs 


(7 eG. 
+ S124 33.1415s 4 26.035K, 


The root locus is shown below. In accordance with the discussion in Chap- 
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c=} 
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ter 5, we continue to use K, = 22. This allows us to meet the overshoot 
specification (P.O. < 5%) without the tachometer feedback and to pro- 
vides good steady-state tracking errors to a step input. To meet the design 
specifications of both P.O. and T, we want the closed-loop poles to the 
left of —Cw = —4/0.3 = —13.33 and ¢ > 0.69. A reasonable selection is 
Ky, = 0.012. This places the closed-loop poles at s = —20 + 713. 





DP7.1 (a) The characteristic equation is 


rae 18K (s + 0.015)(s + 0.45) = 
(s2 + 1.25 + 12)(s? + 0.01s + 0.0025) 
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Since we want a negative feedback system, we have G.(s) = —K. 
When w, > 2 and ¢ = 0.15, the gain kK = 0.12. The root locus is 
shown in Figure DP7.1a. 
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FIGURE DP7.1 
18(s-+0.015)(s+0.45) _¢ 


(a) Root locus for 1 + K pay 35¢195(6-+0.01s+0.0035) = 


(b) The unit step response is shown in Figure DP7.1b. The percent over- 
shoot is 


P.O. = 100% . 


(c) The characteristic equation with the anticipatory controller is 


iid. 18K (s +2)(s+0.015)(s+0.45) ‘ 
(s? + 1.28 + 12)(s2 +0.01s +0.002s) 


The root locus is shown in Figure DP7.1c. If we select 
A= 92/1s'; 
then the complex roots have a damping ¢ = 0.90. The roots are at 


$1 = —0.253 
s2 = —0.019 
$3.4 = —5.07 + 92.50 : 
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FIGURE DP7.1 
CONTINUED: (b) Unit step response for gain controller. 











ef OS 
rl ee _ a | 
ee ae ey 
2 0 ° | 
E \ 











bce x 
-4-e ead 4 
-6F 4 
6 4 2 0 2 4 6 
Real Axis 
FIGURE DP7.1 
18(s+2)(s+0.015)(s+0.45) -0 


CONTINUED: (c) Root locus for 1 + I rF13st12)(s2+0.01s-+0.0025) 


(d) The unit step response for the system with the anticipatory controller 
is shown in Figure DP7.1d. 
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FIGURE DP7.1 
CONTINUED: (d) Unit step response for anticipatory controller. 


DP7.2 The characteristic equation is 


10K(s +1) 


SS Ee 
s(s? + 4.55 +9) 


1+ 


(a) The root locus is shown in Figure DP7.2a. When K = 0.435, we have 
¢ = 0.6 and the roots are 


8, = —0.368 
$2:3-> =2. 1 92.75 . 





(b) The response to a step input is shown in Figure DP7.2b. The per- 
formance results are 


P.O. =0% 
Ts = 10 sec 
Css =O. 


(c) We have ¢ = 0.41 when K = 1.51. The step response is shown in 
Figure DP7.2b. The performance results to the step input are 


P.O. = 0% 
T; = 4 sec 
és =0. 
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FIGURE DP7.2 


CONTINUED: (b) Unit step responses for K = 0.425, 1.51. 


DP7.3 The characteristic equation is 


K(s? + 6.58 + 12) 


s(s + 1)(s +2) — 


1+ 
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(a) The root locus is shown in Figure DP7.3. 
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FIGURE DP7.3 : 
Root locus for 1 + Kady —0. 


When Kk = 41, the roots are s; = —37.12 and so 3 = —3.4424 71.19. 
(b) The percent overshoot is P.O. ~ 1% when ¢ = 0.82 at K = 0.062. 
(c) Select AK > 300. 





DP7.4 ‘The characteristic equation is 


14K 10(0.01s + 1) 0 
s(s? + 10s + 10K1) 
If we choose Ky = 2.5, then the root locus will start at s = 0,—5 and 
-5. This is shown in Figure DP7.4. The root locus then has a nice shape 
so that we can select K to place the complex poles where desired and 
the one real root will be farther in the left half-plane; thus the notion 
of dominant poles will be valid. So, if we desire a P.O. < 5%, we want 
¢ > 0.69. This occurs when K * 3. Thus, our design is 


Ay, =2.5 and K=3. 


The unit step response is shown in Figure DP7.4. The settling time is less 

than 3.5 sec and the PO < 4%. The response to a unit step disturbance 
is also shown in Figure DP7.4. The steady-state error magnitude to the 
disturbance is 0.33. 
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(a) Root locus for 1+ K= wee = 0. (b) System response to step input and distur- 





bance. 


DP7.5 The characteristic equation is 


s+1 
s(s—1)(s?+10s+ 41) — 





The root locus is shown in Figure DP7.5a. 
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FIGURE DP7.5 
+1 


(a) Root locus for 1+ K 5G sls) = 0. (b) Step response with K = 140. 


The system is stable for 
58.6 < K < 222.1. 


The step response with K = 140 is shown in Figure DP7.5b. The percent 
overshoot and settling time are P.O. = 131% and T, = 9.9 seconds; the 
aircraft response is highly oscillatory. 
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DP7.6 The characteristic equation is 


s+2 
1+ kK——————_ = 0 
Ee 1p a) 
The maximum damping is ¢ = 0.46 at K = 55. The root locus is shown in 
Figure DP7.6a; the step response is shown in Figure DP7.6b. The percent 
overshoot and settling time are P.O. = 61.3% and T, = 2 seconds. 
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FIGURE DP7.6 
(a) Root locus for 1+ Kasibecy = 0. (b) Step response with K = 55. 
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DP7.7 The closed-loop transfer function is 


Vols) __ G(s) 
V(s) 14+ KG(s) ° 





T(s) = 


The de gain is 


— G(0) ‘5,0 
= TE KG® ~K° 


The root locus is shown in Figure DP7.7. The maximum value of K for 
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FIGURE DP7.7 
Root locus for 1+ K 7 S3#2huxto = 0. 
stability is 
K = 0.062 . 
Therefore, the minimum dc gain is about 1/0.062=16. Selecting 
K=0.05 and R,=10K 
yields 
R2=19R, =190 Kk. 
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DP7.8 The closed-loop transfer function (with G,(s) = 1 and K = 1) is 


_ 283 + 6s? + 148 + 10 
~ s44+6s3 + 1352 + 265 +6 ° 


T(s) 


So, if we select Gp(s) = 1/T(0) = 0.6, the step response (with K = 1) 
will have a zero steady-state tracking error. The root locus is shown in 
Figure DP7.8a. The step responses for K = 1,1.5 and 2.85 are shown in 
Figure DP7.8b. For K = 1, we have P.O. = 0%, T, = 7.8 and T, = 13.9; 
for K = 1.5, we have P.O. = 0%, T, = 5.4 and T, = 9.6; and for K = 2.85, 
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FIGURE DP7.8 
(a) Root locus for 1 + oo = 0. (b) Step responses with AK = 1, 1.5, 2.85. 
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we have P.O. = 5.2%, T, = 0.5 and T, = 7.3. The best gain selection is 
K = 2.85. 


DP7.9_ A suitable selection of the various parameters is 
C=05 and g=3/5. 


With gq = 3/5, the open-loop zeros are real and equal. Then, it follows 
that 


The root locus is shown in Figure DP7.9. A reasonable choice of gain is 
Kk =30. 


The resulting step response is extremely fast with no overshoot. The 
closed-loop transfer function is approximately given by 

















1923 
T(s) & ———_. 
s+ 1923 
al. 7 
it : 
2} ye | 
. . oct | 
E \ 
2t Be 1 
oO 
-4b 7 
265 4 
6 4 2 0 2 4 6 
Real Axis 
FIGURE DP7.9 7 
Root locus for 1 + Nope =0 
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DP7.10 The characteristic equation (with K as the parameter) is 


10(s? + 10) 
1+K——— = 
" s° + 20s : 


The root locus is shown in Figure DP7.10a. To maximize the closed-loop 
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FIGURE DP7.10 ; 
(a) Root locus for 1+ KG HO) = 0. (b) Step response with K = 0.513. 
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system damping we choose K = 0.513. The step response is shown in 
Figure DP7.10b. 


DP7.11 The characteristic equation is 


s+1.5 
TS GEDEFIETHE HI" 


The root locus is shown in Figure DP7.11a. 
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FIGURE DP7.11 


ie) oe for 1 + K ya eGHO) = 0. (b) Step response with K = 
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The closed-loop system roots are: 


k=100: 8; =—11.38 893 =—2.0943.107 s4=—1.45 
kK =300: 8; =—12.94 so3=—-1.2945.107 84 = —1.48 
k=600: s3=—14.44 so93 =—0.5346.727 s4 = —1.49 





The step responses are shown in Figure DP7.11b. 
DP7.12 The closed-loop transfer function is 


Ka 


T = .. 
(s) s8+s52+ K,Kos+ Ky 


A suitable choice of gains is 


K, =0.52 and Ko=3. 


The step response is shown in Figure DP7.12. 
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FIGURE DP7.12 
Step response with Kq = 0.52 and Kg =3. 


DP7.13 The characteristic equation is 


s?+10Kps+10(Kp —1)=0. 
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In the Evans form we have 


The root locus is shown in Figure DP7.13 for 7 = 6. When 0 <7 < V/10, 
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FIGURE DP7.13 
Root locus when 7 = 6. 


the closed-loop poles are both real numbers. The “loop” in Figure DP7.13 
disappears. A viable controller is Kp = 36 and Kp = 6. 
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Computer Problems 


CP7.1 The root locus for parts (a)-(d) are shown in Figures CP7.la - CP7.1d. 


num=[10]; den=[1 14 43 30]; rlocus(sys) 



































20 5 
TSF 
10 fF 
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os 0 Be ata Datars 
= 
& 
EB 5) 
-10 L 
=13: fF 
-20 : ; 
-30 -20 -10 0 0 
Real Axis 
num=[1 20]; den=[1 5 20]; sys=tf(num,den); rlocus(sys) 
20 T if T T T T 
15P 7 
10 7] 
st 4 
E 
“5b x 
-10 | 
#15 | 7] 
20 1 1 1 1 n 1 1 1 1 L 1 
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FIGURE CP7.1 


(a) Root locus for 1 + kona = 0. (b) Root locus for 1 + k= S5555 eer =0. 
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num=[1 1 1]; den=[1 5 10 0]; rlocus(sys) 
2 1 1 1 1 








Imaginary Axi s 
Oo 
* 











Real Axis 
num=[1 4 6 8 6 4]; den=[1 22 1 1 10 1]; sys=tf(num,den); rlocus(sys) 


‘| ( my | 
° LO | 
aie: Zs J 

















7 6 5 4 3 2 4 0 1 2 
Real Axis 
FIGURE CP7.1 : 
CONTINUED: (c) Root locus for 1 + oat = 0. (d) Root locus for 1 + 
3° +45446534+857+65+4 =0. 


30 +25>+25?+53+52+10s+1 
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CP7.2 The maximum value of the gain for stability is k = 0.791. The m-file 
script and root locus is shown in Figure CP7.2. 





Select a point in the graphics window 





num=[1 -2 2]; den=[1 3 2 0]; sys = tf(num,den); selected_point = 











rlocus(sys) -0.0025 + 0.6550i 
rlocind(sys)—§<§ —A$A i 
ans = 
0.8008 











0.8 - 


04- 


0.27 


Imag Axis 
oO 














-3 —2.5 —2 =15 -1 -0.5 0 0.5 1 15 2 
Real Axis 


FIGURE CP7.2 
Using the rlocfind function. 


The value of k = 0.8008 selected by the rlocfind function is not exact 
since you cannot select the jw-axis crossing precisely. The actual value is 
determined using Routh-Hurwitz analysis. 


CP7.3 The partial fraction expansion of Y(s) is 


¥(s) s+2 0.15 0.25 4 0.4 
3) = — Ss — 
s(s? + 6s + 6) s+5 s+1l 58 








The m-file script and output is shown in Figure CP7.3. 
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num=[1 2]; den=[1 6 5 0]; 5 
[r,p,k]=residue(num,den) —— | e—=e 











FIGURE CP7.3 
Using the residue function. 


CP7.4 The characteristic equation is 

















14 s—1 _ 
Pot dst+6 
The root locus is shown in Figure CP7.4. The closed-loop system is stable 
for 
O<p<6. 
num=(1 1]; den=[1 4 6]; sys=tf(num,den); rlocus(sys) 
1,5) T T T T 
1p fa 
0557 4 
= EB | 
E 
-0.5 - + 
Tb 4 
1.5 L Ll Ll Ll Ll 
-4 3 -2 -1 0 1 2 
Real Axis 
FIGURE CP7.4 


Root locus for 1 + fora =0. 
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352 CHAPTER 7 The Root Locus Method 
CP7.5 The characteristic equation is 


1+k =0. 





stl 
= 


The root locus is shown in Figure CP7.5. For k = 2 we obtain s12 = 
—1+ j, that is, we have ¢ = 0.707. 








num=[1 1]; den=[1 0 0]; sys = tf(num,den); 
hold off, clf 

rlocus(sys); 

hold on 

plot([0 -2],[0 2*tan(acos(0.707))]/--’) 
plot([0 -2],[0 -2*tan(acos(0.707))];--’) 
plot([-1 -1],[1 -1],/*’) 











2.5 T 





Imag Axis 
Oo 
T 


S 
un 
T 














35 Ll Ll if Ll i L Ll 


Real Axis 


FIGURE CP7.5 
Root locus for 1 + kt =0; 


CP7.6 The m-file script to generate the root locus for each controller in parts 
(a)-(c) is shown in Figure CP7.6. The performance region is indicated on 
each root locus in Figures CP7.6b - CP7.6d. For part (a), the controller 
gain is found to be G.(s) = 11.3920. The integral controller in part (b) 
is determined to be 

Ga= 4.093 


Ss 
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numg=I1]; deng=[1 5 6]; sysg = tf(numg,deng); 
t=[0:0.1:15]; 

% 

% Part (a) 

% 

sys1 = sysg; 

rlocus(sys1), grid 

hold on 

plot([-0.4 -0.4],[-6 6]/--'... 

[0 -6*tan(36.2*pi/180)],[0 6]/--\... 
[0 -6*tan(36.2*pi/180)], [0 -6];--') 
hold off 








[kp,poles] = rlocfind(sys1) 
% 

% Part (b) 

% 

numc=[1]; denc=[1 0]; sysc = tf(numc,denc); 
sys2 = series(sysc,sysg); 

figure 

rlocus(sys2), grid 

hold on 

plot([-0.4 -0.4],[-6 6];-~.... 

[0 -6*tan(36.2*pi/180)],[0 6]/--!... 
[0 -6*tan(36.2*pi/180)],[0 -6];--') 
hold off 

[ki,poles] = rlocfind(sys2) 





ESelect a point in the graphics window 
selected_point = 

-2.5030 + 3.3380i 
ans = 


11.3920 











% 
% Part (c) 


| al 








Select a point in the graphics window 
selected_point = 

-0.6690 + 0.8210 
ans = 


4.0930 











% 


Plot performan 
figure 





ice region boundaries on graph. 








numc=[1 1]; denc=[1 0]; sysc = tf(numc,denc); 
sys3 = series(sysc,sysg); 

rlocus(sys3), grid 

hold on 

plot([-0.4 -0.4],[-6 6];--.... 

[0 -6*tan(36.2*pi/180)],[0 6]/--!... 

[0 -6*tan(36.2*pi/180)],[0 -6]/--') 

hold off 


% 

% Part (d) 

% 

figure 

sys1_o = kp*sys1; sys1_cl = feedback(sys1_o,[1]); 
sys2_0 = ki*sys2; sys2_cl = feedback(sys2_0,[1]); 
sys3_0 = kpi*sys3; sys3_cl = feedback(sys3_o,[1]); 
[y1,t]=step(sys1_cl,t); 

[y2,t]=step(sys2_cl,t); 

[y3,t]=step(sys3_cl,t); 

plot(t,y1,t,y2/--\t,y3/"'),grid 

xlabel(‘time [sec]'),ylabel(‘y(t)') 

title('Gc(s): proportional (solid), integral (dashed) & PI (dotted)') 





[kpi,poles] = rlocfind(sys3) a 








FIGURE CP7.6 
(a) Script to generate the root locus for each controller. 





selected_point = 
-2.0695+ 2.7387i 
ans = 


9.2516 





Select a point in the graphics window 





The proportional integral (PI) controller in part (c) is 


G(s) 
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FIGURE CP7.6 


CONTINUED: (b) Root locus for proportional controller with selected AK = 11.3920. 








Imag Axis 
Oo 














Real Axis 


FIGURE CP7.6 
CONTINUED: (c) Root locus for integral controller with selected K = 4.0930. 


The proportional controller is stable for all K > 0 but has a significant 
steady-state error. The integral controller has no steady-state error, 
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FIGURE CP7.6 
CONTINUED: (d) Root locus for PI controller with selected K = 9.2516. 


but is stable only for K < 30. The PI controller has zero steady-state 
error and is stable for all kK > 0. Additionally, the PI controller has a 
fast transient response. The step responses for each controller is shown in 
Figure CP7.6e. 


Gc(s): proportional (solid), integral (dashed) & PI (dotted) 
T T 




















time [sec] 


FIGURE CP7.6 
CONTINUED: (e) Step responses for each controller. 
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CP7.7 The loop transfer function can be written as 


ky, 4+ Kos ~ s+5 
a eee 
Js? 252 





G-(s)G(s) 
where 
Ko = Ko/J . 


The parameter of interest for the root locus is Ky. The root locus is shown 
in Figure CP7.7. The selected value of 





Ko = 7.1075 . 
Therefore, 
Ko ky 
— = 7.1075 d — = 35.5375 . 
J — “a 
num=[1 5]; den=[1 0 0]; sys=tf(num,den); rlocus(sys); rlocfind(sys) 
10 —— — 
8b | 
6 L a 
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FIGURE CP7.7 


Root locus to determine Ko. 
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CP7.8 The value of K that results in a damping ratio of ¢ = 0.707 is K = 5.2. 
The root locus is shown in Figure CP7.8. 


Root Locus 
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FIGURE CP7.8 
Root locus for 1+ K aa =0. 


+8s84+10s+1 


CP7.9 (a) The characteristic equation is 
s°4+(2+k)s?+5s+1=0. 
(b) The Routh array is 





3° 1 5 

| oie ff 
I 5k+9 

7 Dk 

s° 1 


For stability we require 
2k SU sor -kS—2 
and 


Bk+9>0 or k> —9/5. 
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Therefore, the stability region is defined by 
ko =LS. 


(c) Rearranging the characteristic equation yields 


62 


1+ kk 
gs? +257 +58+1=0. 


The root locus is shown in Figure CP7.9. We see that the system is 
stable for all k > 0. 


Root Locus 
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FIGURE CP7.9 : 


; s = 
Root locus for 1 + k3ypst yp Bet = 0. 
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Frequency Response Methods 


Exercises 


E8.1 Given the loop transfer function 


we determine that 


|L(jw)| = and ¢(w) =—2tan-!w. 


4 
(1 + w?) 
The polar plot is shown in Figure E8.1. 
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FIGURE E8.1 
Polar plot for L(s) = wo 
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The magnitude and phase angle for w = 0,0.5,1,2, 4,00 are summarized 
in Table E8.1. 





TABLE E8.1 1 WantitedesndpnécetenC. cares and phase for G(s 


4 
st+l1 


| 


E8.2 The transfer function is 


G(s) = 2072 


s2 + 386s + 15, 434 © 


The frequency response plot is shown in Figure E8.2. The phase angle is 
computed from 


WwW t _ 
53 Bay” 


The phase angles for w = 10,45,100,341 and 1000 are summarized in 
Table E8.2. 


mf of [of 


TABLE E8.2 Phase angle for G(s) = srpyg@e isa 
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E8.3 


Exercises 


361 


0 4444 








Gain dB 








-100 poi 
10° 10! 102 103 104 


Frequency (rad/sec) 
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Phase deg 
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oO 
1] 








10° 10! 102 103 104 


Frequency (rad/sec) 





FIGURE E8.2 
Frequency response for G(s) = aoe ae 


The loop transfer function is 


300(s + 100) 


G.(s)G(s) = a(e+10)(¢+40) ° 


The phase angle is computed via 


o(w) = —90° — tan™? @ ~tan-1 2 + tan7! 


10 40 100 ¢ 


At w = 28.3, we determine that 
o = —90° — 70.5° — 35.3° + 15.8° = 180° . 
Computing the magnitude yields 


1G.(ju)| = 2000 + Gow? _ Lars, 
wlO(L + (%)?)240(1 + (HP2)2 


when w = 28.3. We can also rewrite G.(s)G(s) as 


(Cameo: 
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Then, the magnitude in dB is 


w w 
20 log 19 |G-eG| = 20 logj9(75) + 10 log;9(1 + Tre. — 10log; (1 + Ca 
~ 10 logio(1 + ()?) — 20 logy) w = —2.5 dB , 





40 
at w = 28.3. 
E8.4 The transfer function is 


Ga= Ks 


Note that ¢ = 0° at w = 3, and that 
@ = +90? — tan"? = — 2tan“? = 
Substituting w = 3 and solving for a yields 
G2. 
Similarly, from the magnitude relationship we determine that 
K =400. 


E8.5 The lower portion for w < 2 is 
K 
20 log — =O dB, 
Ww 
at w = 8. Therefore, 
K 
20 log — = 0 dB 
8 
which occurs when 
K=8. 


We have a zero at w = 2 and another zero at w = 4. The zero at w = 4 
yields 


a= 0,25. 


We also have a pole at w = 8, and a second pole at w = 24. The pole at 
w = 24 yields 


b= 1/24. 
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Therefore, 


8(1 + s/2)(14+ 5/4) 
s(1 + s/8)(1 + s/24)(1 + 8/36) © 


E8.6 The loop transfer function is 


G(s) = 























10 
L(s) = ————__—_—_. . 
s(s/6 + 1)(s/100 + 1) 
The Bode diagram is shown in Figure E8.6. When 20 log;, |L| = 0 dB, we 
have 
w = 6.7 rad/sec . 
Bode Diagram 
z 
-200 
-90 T T T T 
1355 4 
a pty eer | 
225+ 4 
-270 & l ; l 4 i : os 
10" 10° 10! 10° 10° 10° 
Frequency (rad/sec) 
FIGURE E8.6 


Bode Diagram for L(s) = a TH TES 


E8.7 The transfer function is 
4 


oe) =e ee 


(a) The frequency response magnitude is shown in Figure E8.7. 
The frequency response has two resonant peaks at 


Wp, =0.8 rad/sec and w,, = 1.9 rad/sec . 
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FIGURE E8.7 


(a) Bode Diagram for T(s) = GSTS: (b) Unit step response. 


(b) The percent overshoot is 
P.O.= 2570 5 
and the settling time is 
Ti © 16 sec . 


(c) The step response is shown in Figure E8.7. 
E8.8 (a) The break frequencies are 


w, = 1 rad/sec, w2 =5 rad/sec, and w3 = 20 rad/sec . 


(b) The slope of the asymptotic plot at low frequencies is 0 dB/decade. 
And at high frequencies the slope of the asymptotic plot is -20 dB/decade. 


(c) The Bode plot is shown in Figure E8.8. 
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Bode Diagram 





Magnitude (dB) 











Phase (deg) 
eS 
oa 
T 








~90 i i i i 
10° 10” 10° 10" 10 10 
Frequency (rad/sec) 





FIGURE E8.8 
Bode Diagram for Gc(s)G(s) = see: 


E8.9 The Bode diagram for G(s) is shown in Figure E8.9. 


























40 
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507 4 
> mde 
eo Mons sah oesinae 
oe ve 
a Te oo Beets — 
-50+ a 
107 10° 10! 102 103 
Frequency (rad/sec]) 
FIGURE E8.9 
Bode Diagram for G(s) = eee, 


(s+1)(s/80+1) 
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366 CHAPTER 8 Frequency Response Methods 


E8.10 The frequency response has two peaks; the first peak at f + 1.8 and the 
second peak at f ~ 3.1. One possible G(jw) is 


eye) $$ oe : 
(jwr +1) (1+ (22) jw + (#) ) (1+ (22) ju + (22) ) 
where 
a 
7 On(0.2) 


6, = 0.15; wa, = 2n(1.8 x 109) C2 =0.15; wp, = 2m (3.1 x 10°) . 


The damping ratios are estimated using Figure 8.10 in Dorf & Bishop. 


E8.11 The Bode plot is shown in Figure E8.11. The frequency when 20 log;g |GcoG(yw)| = 
0 is w = 9.9 rad/sec. 




















Bode Diagram 
20 T 
oF | 
we ~20f : aoe 4 
2 
o@ -40- 2 Soot | 
nol 
2 
‘ -60- hee i : Pace. 4 | 
DoD 
ivi 
S sol: ae i : eeat : d| 
-100- + 
-120 t 
OF T T = 
-45 4 | 
om -90- ae : uns 4 4 
oO 
2 
o -135- 4 
a 
= 
a@ -180- | 
-225- 4 
-2970b i i T 
10° 10° 10" 10° 10° 


Frequency (rad/sec) 


FIGURE E8.11 
Bode Diagram for G-(s)G(s) = GEFIOS HOOT 


E8.12 (a) The transfer function is 


—5(s — 1) 


_ k=) = 
G(s) = C(sI— A) “B+D Parra 


(b) The Bode plot is shown in Figure E8.12. 
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Bode Diagram 
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a 

-2 = 0 1 2 

10 10 10 10 10 

Frequency (rad/sec) 

FIGURE E8.12 


Bode Diagram for G(s) = ee. 


E8.13 The closed-loop transfer function is 


100 


Ae 
(8) = 3541s 4 204110 


The Bode plot of T(s) is shown in Figure E8.13, where wg = 4.9 rad/sec. 


Bode Diagram 


























a 
ae) 
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me} 
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‘cS 
Dn 
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vo 
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FIGURE E8.13 


; 100 
Bode Diagram for T(s) = BoP 1ls2 42054110 ° 
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E8.14 The loop transfer function is 


oe 20 


(s? + 1.48 + 1)(s +10) © 


The Bode plot of L(s) is shown in Figure E8.14. The frequency when 
20 logyg |L(jw)| = 0 is w = 1.32 rad/sec. 


Bode Diagram 
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Magnitude (dB) 
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ook ue ie : : a 
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FIGURE E8.14 
Bode Diagram for L(s) = GEIST: 


E8.15 The closed-loop transfer function is 
38 
s?+2s+K+5— 
The bandwidth as a function of K is shown in Figure E8.15. The band- 
width as a function of K is: 
(a) K =1 and wy, = 2.77 rad/sec. 
(b) AK = 2 and uy» = 3.63 rad/sec. 
(c) K = 10 and wy = 9.66 rad/sec. 


The bandwidth increases as K increases. 


T(s)= 
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o, (rad/s) 














10 12 14 16 18 20 


FIGURE E8.15 
Bandwith of T(s) = apy22$eqs. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage ina 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


370 CHAPTER 8 Frequency Response Methods 


Problems 


P8.1 (a) The transfer function is 


1 
G()G(8) = GE EHA Ts) 
and 
G.G(jw) = 


(1 — w2) + 72.5w * 


The polar plot is shown in Figure P8.la. A summary of the magni- 
tude and phase angles for w = 0,0.5,1,2,5 and oo can be found in 





Table P8.1a. 
08 
0.6- ee eee 4 
0.4b 4 
0.24 J 
Es 
S AT “ ] 
£ / 











Se eee 
0.6+ eae aaa - 4 
-0.8 1 1 1 1 1 
-0.2 0 0.2 0.4 0.6 0.8 
Real Axis 
FIGURE P8.1 


(a) Polar plot for Gce(s)G(s) = CERUETD CES E 


rs 





0.686 0.40 0.172 0.037 
—59° —121° —152.6° —180° 


TABLE P8.1 (a) Magnitudes and phase angles for G(s 


(1+0. I CESOGT)IOES)] 142s) 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 371 


(b) The transfer function is 


10(s? + 1.4s +1) 


G-(s)G(s) = (s _ 1)2 


and 


The polar plot is shown in Figure P8.1b. A summary of the magnitude 
and phase angles for w = 0, 0.25, 0.5, 1, 2,8,16 and oo can be found in 
Table P8.1b. 


Nyquist Diagram 


10 T T 





Imaginary Axis 














Real Axis 


FIGURE P8.1 


CONTINUED: (b) Polar plot for Gc(s)G(s) = 10th 


= zi = 2 8.2 = 8 = 96 
48.5° 96.2° 180° —96.2° —24.3° —12.2° 


TABLE P8.1 CONTINUED: (b) Magnitudes and phase angles for Gc(s = = 
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(c) The transfer function is 


(s — 10) 


G.(s)G(s) = (2 +6s+ 10)” 


We have complex poles at w, = V10 and ¢ = Ta The polar plot 
is shown in Figure P8.1c. A summary of the magnitude and phase 
angles for 


w=0, 1, 2, 3, 4, 5, 6, co 


can be found in Table P8.1c. 


Nyquist Diagrams 


From: U(1) 
0.8 T T T 





0.6 F- 4 


0.2 -- = 


Imaginary Axis 
To: Y(1) 
° 
T 
L 


0.2 F 4 


04 4 











og Li i i i i i i 
a] -0.8 -0.6 -0.4 -0.2 0 0.2 04 


Real Axis 


FIGURE P8.1 
CONTINUED: (c) Polar plot for Ge(s)G(s) = 332%. 





0.93 ; 0.58 0.44 0.33 0.26 
180° 140.6° : 76.5° 54.2° 36.9° 23.2° 


TABLE P8.1 CONTINUED: (c) Magnitudes and phase angles for G(s = tn 
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(d) The transfer function is 


_ :30(s +8) 
G.(s)G(s) = Gave 


The polar plot is shown in Figure P8.1d. A summary of the magnitude 
and phase angles for 


w=1, 0.1, 0.8, 1.6, 3.2, 12.8, 00 


can be found in Table P8.1d. 














20 
15+ J 
10+ J 
5k 4 
2 oF ee 
= oe 
a Ya | 
a 
10+ ff J 
/ 
/ 
“15/4 4 
0 15 10 5 0 5 
Real Axis 
FIGURE P8.1 
: _ 30(s+8) 
CONTINUED: (d) Polar plot for Ge(s)G(s) = Sst 2)t4) 


ST 





|GH (jw) | 00 299.6 , 0.20 0 
(deg) —90° | —93.6° —185.8° | —180° 
TABLE P8.1 CONTINUED: (d) Magnitudes and phase angles for Gc(s)G(s) = eh 
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P8.2 (a) The Bode plot is shown in Figure P8.2a. A summary of the magnitude 
and phase angles for 


w = 0.25, 0.5, 1, 2, 4, 8, 16 


can be found in Table P8.2a. 
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FIGURE P8.2 


(a) Bode plot for Gc(s)G(s) = CEROETDI OES E 


[—. [om [os [10 [0 | | a0 | too 





IGH(jw)| dB -8.0 -15.3 -25.1 
(deg) —90° | —121° | —146° 2 


TABLE P8.2 (a) Magnitudes and phase angles for G-(s)G(s) = 


(i+0.5s)(1+2s) a 142s 
(b) The transfer function is 
1+ 0.5s 
G.(s)G(s) = ~~ , 


The Bode plot is shown in Figure P8.2b. A summary of the magnitude 
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and phase angles for 
w = 0.25, 0.5, 1, 2, 4, 8, 16 


can be found in Table P8.2b. 


40 — 
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-1805 _ eee eas 1 14 
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FIGURE P8.2 
CONTINUED: (b) Bode plot for Gc(s)G(s) = 449,58. 


s 


| 0.25 | | 16.0 | 





— dB | 24.1 12, = = 98 = 02 = 1 = 9 | -30.2 
(deg) —173° | —166° | —153° | —135° | —117° | —104° | —97° 


TABLE P8.2 CONTINUED: (b) Magnitudes and phase angles for G-(s = Hits, 


(c) The transfer function is 


(s — 10) 


G.(s)G(s) = (2465+ 10)” 


The Bode plot is shown in Figure P8.2c. A summary of the magnitude 
and phase angles for w = 0.6, 1, 2, 3, 4, 5, 6, co can be found in 
Table P8.2c. 
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Bode Diagrams 


From: U(1) 


























Frequency (rad/sec) 
FIGURE P8.2 
CONTINUED: (c) Bode plot for Ge(s)G(s) = 3=12 


s*+6s+10 


poe foe | te Ts | | we 





IGH(jw)| dB | -0.23 | -0.64 ; -7.22 | -9.54 | -11.61 | —120 
o(deg) 156.1° | 140.6? 54.2° | 36.9° | 23.2° | —90° 


TABLE P8.2 CONTINUED: (c) Magnitudes and phase angles for Gc(s = wt: 


(d) A summary of the magnitude and phase angles for 
w= 0.2, 0.8, 3.2, 6.4, 12.8, 25.6, 51.2 


can be found in Table P8.2d. The Bode plot is shown in Figure P8.2d. 


a 


5.6 
|GH(jw)| dB 26.5 
(deg) 
TABLE P8.2 CONTINUED: (d) Magnitudes and phase angles for G-(s)G(s) = ae 
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FIGURE P8.2 


CONTINUED: (d) Bode plot for Ge(s)G(s) = a 


P8.3 (a) The bridged-T network we found has zeros at 





$= +jwn 


and poles at 





7 wa} Lf QO? —1. 


The frequency response is shown in Figure P8.3 for Q = 10. 


(b) For the twin-T network, we evaluate the magnitude at 
w= 1.lw, 


or 10% from the center frequency (see Example 8.4 in Dorf & Bishop). 
This yields 


0.1 
G| = 2.1 — 1.1 = 0.05 . 
| (55) 7 
Similarly, for the bridged-T network 
0.1 


The bridged-T network possesses a narrower band than the twin-T 
network. 
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FIGURE P8.3 


Bode plot for G(s) = aS where € = 1/Q = 0.1. 


P8.4 The transfer function is 


eh=Cene =| 


s 
30000(2s + 1) 
s(s + 10)(s + 20)(s? + 15s +150) © 


A summary of the magnitude and phase angles can be found in Table P8.4. 
The Bode plot is shown in Figure P8.4. 





—_ dB = 95 5. — 5.08 3.38 ie i -5.01 -17.56 
(deg) —40.89° | —52.39° | —77.28° | —118.41° | —145.99° | —203.52° | —258.57° 


TABLE P8.4 Magnitudes and phase angles for GH(s) = ee 


8(s+10)(s+20)(s2+15s+150) * 
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Bode Diagram 
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FIGURE P8.4 
Bode plot for GH(s) = 30000(2s+1) 
OIE PICU TOF (s) = 3(S+10)(s+20) (5241584150) * 


P8.5 The Bode plot is shown in Figure P8.5. 
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FIGURE P8.5 
= 10 
Bode plot for G(s) = Tsp eFis/IStIG/ TEED 
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P8.6 (a) The transfer function is 


_ 3.98(1 + s/1) 
a aa GISOrTT ) 


We have a zero at w = 1 and two poles at w = 10.0. The low frequency 
approximation is K/s and at w = 1 we have 


K 
20 log (=) = 12dB. 
WwW 


Therefore, 


K = 3.98 


at w = 1 (an approximation). The phase plot is shown in Figure P8.6a. 





Phase deg 














Phase deg 











10" 10 10" 
Frequency (rad/sec) 





FIGURE P8.6 arenes 
Phase plots for (a) G(s) = S059. (b) G(s) = mage 


(b) The transfer function is 
S 


EOS TE SPIO TE 1D) 


+20 dB/dec. The 





The poles are located by noting that the slope is 4 
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low frequency approximation is Ks, so 
20 log Kw = 0dB . 
At w = 1 we determine that 
ail 
The phase plot is shown in Figure P8.6b. 
P8.7 The loop transfer function is 


Ky 
MO) Spree 


(a) Set Ky = 27. The Bode plot is shown in Figure P8.7a. 
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FIGURE P8.7 
a ode plot for Ss) = v , Where Ky = 27. 
Bode plot for L satay where K 


(b) The logarithmic magnitude versus the phase angle is shown in Fig- 
ure P8.7b. 
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40 


so / 
Fl J | 





Gain dB 
3S 
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Phase deg 


FIGURE P8.7 
CONTINUED: (b) Log-magnitude-phase curve for L(jw). 


P8.8 The transfer function is 


Kk 


On 
(s) sttist Kk 


(a) When P.O. = 10%, we determine that ¢ = 0.59 by solving 
0.10 = e-™4/VI-? | 
So, 2¢w, = 7 implies that wy, = 5.93, hence K = w? = 35.12. Also, 
Mye= (20/1 -—C) += 1,05. 
(b) For second-order systems we have 


(= tay ay P= 204 = bey = 3.27 


when ¢ = 0.59 and wy, = 5.93. 


(c) We estimate wg to be 
wp (—1.19¢ + 1.85)w, = 1.14W, = 6.8 rad/s . 


P8.9 The log-magnitude phase curves are shown in Figure P8.9. 
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Problems 383 
(a) (b) 
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Phase deg Phase deg 
FIGURE P8.9 
Log-magnitude-phase curve for (a) Gc(s)G(s) = CESOGT)ICES)] and (b) G-(s)G(s) = 
140.53 


P8.10 The governing equations of motion are 


F(s)=Kyiy(s) and 1I;(4)= on : 
Without loss of generality we can let Ky = 1.0. Also, we have 
F(s) = (Ms? +bs + K)Y(s) . 
Therefore, the transfer function is 


KKy 50K 
Cis) = $< — = = I 
(Ry + Lys)(Ms?+bs+K)  (s+0.5)(s? + 2s + 4) 


This is a type 0 system, therefore K, = 25K. 
(a) If we allow a 1% error , we have es, = |R|/(1+ K,) = 0.01|R|. Thus 
Ky, = 25K = 99. Select 
kK=4. 


(b) The Bode plot is shown in Figure P8.10a. 
(c) The log-magnitude phase curve is shown in Figure P8.10b. 
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_ 200 
(a) Bode plot for GH(s) = (s2-+25+4)(S+0.5)* 
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/ 
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~300 -250 -200 -150 -100 -50 0 
Phase deg 
FIGURE P8.10 
CONTINUED: (b) Log-magnitude-phase curve for GH(s) = zit 


(d) The closed-loop transfer function Bode plot is shown in Figure P8.10c. 
We determine from the plot that M,, = 1.6,w, = 4.4 and wg = 6.8. 
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FIGURE P8.10 
CONTINUED: (c) Bode plot for closed-loop T'(s) = Y(s)/R(s). 


P8.11 The Bode plot is shown in Figure P8.11. 
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.164 : _ : 
Bode plot for G(s) = (oe en 
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P8.12 


P8.13 


P8.14 


CHAPTER 8 Frequency Response Methods 


The three transfer functions are 
1 


Gi(s)=10 Gas) = e/0.6 21) 


G3(s) =3s. 


(a) When G(s) is out of the loop, the characteristic equation is 
10 
Tay) - s(s/0.6 + 1) 
or s* + 0.6s +6 = 0. Thus, ¢ = 0.6/(2V6) = 0.12. 
(b) With G3(s), the characteristic equation is 


6 1.85 


he 
EGiGals) PG2Gs@) = lt ng) ae £06) 


= (ry 
or 

s?°+248+6=0. 
Thus, ¢ = 2.4/(2\/6) = 0.49. 


By inspection of the frequency response, we determine 


K 
~ s(s/100 + 1)(s/1000 + 1)? ° 
For small w, we have 20 log K/w = 40 dB at w = 10. So, kK = 1000. 
The data we have are Ry = Ry = 10000, c; = 10~" farad and cy = 10~® 


farad. The governing equations are 


Va(s)_ an 
Vils) Rita; 


L(s) = G.(s)G(s)H(s) 





p) 


and 
Vi(s) _ KR, 
Vo(s) Rot a 





So 
V.(s) K RoCos 10s 


Vi(s)  (RiCis+1)(RoCos+1) (s+107)(s+ 1000) 
(a) The Bode plot is shown in Figure P8.14. 
(b) The mid-band gain is = 40 dB. 
(c) The -3 dB points are (rad/sec): wipy & 7 and Whpign © 1.5 x ie, 
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FIGURE P8.14 5 
Bode plot for G(s) = CHOCO: 


P8.15 The data are plotted in Figure P8.15, denoted by an asterisk (*). 
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Bode plot for G(s) = CELE SEE tabular data is indicated by an asterick (*). 


The low frequency slope is -20 dB/dec and the initial low frequency ¢ is 
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—90°, so we have an integrator of the form K’/s. The initial phase is —90° 
and the final phase —270°, so we have a minimum phase G(s). Now, |G| 
is 0.97 at w = 8 and w = 10 indicating two complex poles. We postulate 
a transfer function of the form 


en 
s( +241) 


The phase angle ¢ = —180° at w = w,. Then, sae Figure 8.10 in Dorf & 
Bishop, we determine that w, = 12.7. At w = 8, = 0.63 and @, due to 
the complex poles is —30° (subtract —90° due to ins integrator). Again, 
from Figure 8.10 in Dorf & Bishop, we estimate ¢ = 0.25. To determine 
K, note that when = < 0.1, the effect of the complex poles on magnitude 
is negligible, so at ue = 1 we have 


G(is)= 


K 
|G] = 5.02 2 = 
So K = 5.02. Therefore, 
C= 5.02 _ 809.7 
g — ae Os 1) s(s? + 6.358 + 161.3) 


P8.16 (a) The unit step input response is shown in Figure P8.16. The closed- 


Step Response 
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FIGURE P8.16 
Unit step input response for T'(s) = Sere. 
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loop transfer function is 


Y(s) 53.5 


(b) The system bandwidth is wg = 4.95 rad/sec. 
P8.17 The transfer function is 


4(0.5s + 1) 


Gel8)G(8) = Say iy s2/644 5/2041) * 


(a) The Bode plot is shown in Figure P8.17. 
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FIGURE P8.17 


4(0.5s+1 
Bode plot for Gs(s)G(s) = wn 


(b) When the magnitude is 0 dB, we have 
w, = 1.6 rad/sec 
and when @ = —180°, we have 


wo = 7.7 rad/sec . 


P8.18 The transfer function is 


— 12%(s+05) —  — 0.2(28 +1) 
Gel8)G(S) = Gy ae+10)  /S+ (6/1041) ” 
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The Bode plot is shown in Figure P8.18. Near 0 dB, the frequency is 
w = 5.4 rad/sec. 
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FIGURE P8.18 . 
Bode plot for Ge(s)G(s) = woe 


P8.19 Examining the frequency response, we postulate a second-order transfer 
function 


0(s) w 


n 


I(s) 8? + 2€wys +w2 ” 


From the data we see that ¢ = —90° at w = 2. Using Figure 8.10 in Dorf 
& Bishop, we determine that w, = w = 2. We also estimate ¢ = 0.4 from 
Figure 8.10. Thus, 

0(s) 4 


I(s) s2+1.6s+4~ 
P8.20 The transfer function is 


781(s + 10) 


Gels)G(s) = S555 4 480 


The Bode plot is shown in Figure P8.20. The maximum value of 20 log;g |G-G| = 
31.85 dB occurs at w = 21.08 rad/sec and the corresponding phase is 
@ = —20.5°. 
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Bode Diagrams 





From: U(1) 
35. T T 





20 ae oe A ‘o : | 








50 1 


Phase (deg); Magnitude (dB) 





To: Y(1) 


-50 b 4 











Frequency (rad/sec) 


FIGURE P8.20 ; 
Bode plot for Ge(s)G(s) = et. 


P8.21 The Bode plot is shown in Figure P8.21. The gain is 24 dB when ¢ = 
—180° 
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FIGURE P8.21 ; 
Bode plot for Gce(s)G(s) = py, 
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P8.22 The transfer function is 
10000 1 80 
G(s) — 1000O(s + (s+ 80) 
s(s + 300)(s + 9000) 
P8.23 The transfer function is 


100(s + 20)(s + 8000) 


G(s) = Gy ays + 80)(s +500) 





The system is type 0 and the steady-state error to a unit step input is 





= 0.0025 


Ess = 


1+K, 
since 
Kp = lim G(s) = 400 . 
P8.24 (a) From the Bode plot we see that 
20 log 19 Mpw = 12 


or M, = 3.981. For a second-order system we know that 


Myy = (26,/1- C2)! . 


Solving for ¢ (with M,,, = 3.981) yields ¢ = 0.12. Also, from the Bode 
plot, 


w, = 0.9rad/sec . 


So, 


een ee, £0 


Jl — Oe 


Therefore, the second-order approximate transfer function is 


w 0.83 


nm = 


~ 24+ 2Cwnstue 82+0.225+0.83 | 


T(s) 
(b) The predicted overshoot and settling time are P.O. = 68% and T, = 
37 sec. 
P8.25 The transfer function is 


_ 100(s + 10) 
G(s) = (54 100) * 
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P8.26 The transfer function is 


Vi(s) 1+ Ri/Re 


= Vis) 14+RCs 





Substituting R = 10k0, C = 1luF, Ry = 9k, and Ro = 1k0 yields 


10 


T(s) = ———_.. 
1+ 0.01s 


The frequency response is shown in Figure P8.26. 


Bode Diagrams 
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FIGURE P8.26 
Bode plot for T(s) = Hine 


P8.27 The frequency response is shown in Figure P8.27. 


IL(jw)|ju=0, IB 


wp, rad/s 


We, rad/s 





TABLE P8.27 System performance as K varies. 
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Bode Diagram 
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Bode plot for K = 1 
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Advanced Problems 


AP8.1 The spring-mass-damper system is described by 
méi+bs+kx =p. 
Taking the Laplace transform (with zero initial conditions) yields 


X(s) 1 
P(s)  ms2+bs+k ’ 





From Figure AP8.1(b) in Dorf & Bishop, we determine that 





20 log peer | = 20 log | = —26dB . 
Solving for k yields 
k=19.96 N/m. 
Also, w2 = k/m implies m = k/w?2, where wy, = corner frequency = 3.2 


rad/sec. So, 
m = 1.949 ke . 


Comparing Figure AP8.1(b) in Dorf & Bishop to the known standard 
Bode plot of a second-order system, we estimate ¢ + 0.32. Therefore, 


b = 2mCwy, = 2(1.949)(0.32)(3.2) = 3.992 N-—s/m. 
AP8.2 The closed-loop transfer function is 


Y(s) _ Kb 


T(s) = ee, 
(8) = Re) ~ SFI +08KS 





With K = 2, we have 


The sensitivity is 








With the nominal value of b = 4, we have 


s+1_ 0.2(s+1) 


of = = 
ob 6+5))600.28+1 
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The sensitivity plot is shown in Figure AP8.2. 


0 — oe ——— 





20*log(mag) (dB) 








10°! 10° 10! 102 





Frequency (rad/sec) 


FIGURE AP8.2 


Bode plot for SF (s) a Oats), 





AP8.3 The equation of motion is 
m+ be+ Ka =br+Kr. 
Taking Laplace transforms yields 


X(s) bs + K 
R(s)  ms?+b6s+ K ° 





Then, given the various system parameters m = 1 kg, b = 4 Ns/m, K = 18 
N/m, we obtain the transfer function: 


X(s) 48 + 18 
R(s) s*+4s+18° 


Also, w, = corner frequency = \/K/m = V/18 = 4.243 rad/s and 


b/m 4 


= —____ = 0.471 
Qum _2(4.243) 


¢ = damping ratio = 
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The Bode plot is shown in Figure AP8.3. 
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FIGURE AP8.3 
Bode plot for G(s) = we 


AP8.4 The Bode plot is shown in Figure AP8.4. 
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FIGURE AP8.4 
= .0625 
Bode plot for GH(s) = —Esp1yV0.6625s7F0DST I) 
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AP8.5 The closed-loop transfer function with unity feedback is given by 


G.(s)G(s) —  10(s +1) 


OT EC @Ge) ees 10" 


(a) Solving for G.(s)G(s) yields 


10(s + 1) 

s(s—1) 

(b) A summary of the plot data (see Figure AP8.5) is presented in Ta- 
ble AP8.5. 


(c) The open-loop system is unstable; the closed-loop system is stable. 


G.(s)G(s) = 
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= 
e 
S 
5. al 
© 
o 
& 
& J 
4 1 1 i 1 1 1 ie 1 
100 120 140 160 180 200 220 240 260 280 
Phase, degrees 
FIGURE AP8.5 


Log-magnitude-phase curve for GeG(jw). 





20 log |G-G| 4.85 
phase (deg) 101.42 | 250.17 


TABLE AP8.5 Summary of magnitude and phase for w = 1, 10,50, 110, 500. 
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AP8.6 The transfer function is given by 


_ 1/m 
oe s? + (b/m)s + (k/m) © 


Selecting k = 1 and b = 2 results in the Bode plot magnitude always 
less than 0 dB. Choosing b = 2/2 leads to a peak response with a sinu- 
soidal input at w = 0.66 rad/s. Figure AP8.6a shows the Bode plot and 
Figure AP8.6b shows the response to a sinusiodal input with frequency 
w = 1 rad/s is less than 1 in the steady-state, as desired. 


Bode Diagram 





System: sys 
Peak gain (dB): 6.3 
0}—__YY— At frequency (rad/sec): 0.661 
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Bode plot for b/m = 1 and k/m = 1. 
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Design Problems 


CDP8.1 With the PI controller in the loop, the closed-loop transfer function from 
the input to the output is 


0(s) 26.035.K (s + 2) 


R(s) 52 + (33.1415 + 26.035K)s +52.07K ”’ 


where we switch off the tachometer feedback (see Figure CDP4.1 in Dorf 
and Bishop). The Bode plot is shown below for K = 40. From the step 
response we determine that P.O. = 0 and 7, = 0.19. With K = 40, the 
closed-loop poles are both real roots with values of s; = —1072.6 and 


$2 = —1.9. 

















Frequency (rad/sec) 





w 
o 


an 
oO 


Phase deg 














Frequency (rad/sec) 


DP8.1 The loop transfer function is 


i) =G.\G6)= pane 


(a,b) Let AK = 1. The Bode plot of the loop transfer function and the 
closed-loop transfer functions are shown in Figure DP8.1la and Fig- 
ure DP8.1b, respectively. 

(c) Let K = 50. The Bode plot of the loop transfer function and the 
closed-loop transfer functions are shown in Figure DP8.1c and Fig- 
ure DP8.1d, respectively. 
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‘ — _(s+2) 
(a) Bode plot for the loop transfer function Gc(s)G(s) = z (sh 13)" 
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FIGURE DP8.1 


CONTINUED: (b) Bode plot for the closed-loop T(s) = = -S47_. 
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FIGURE DP8.1 
CONTINUED: (c) Bode plot for the loop transfer function Gc(s)G(s) = ee 
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50(s+2) 


CONTINUED: (d) Bode plot for the closed-loop T(s) = =43,2359sp100° 
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403 


Design Problems 


(d) The peak value of M, < 2 occurs for 14 < K < 350. The maximum 
bandwidth is achieved for the largest gain kK. Thus, we select K = 350 
and the corresponding bandwidth is wg = 29 rad/sec. 


(e) The system is type 2—the steady-state error is zero for a ramp input. 
The open-loop transfer function is 


20(s + 1) 


Gols\G(8) = He + 25410) | 


(a) The phase angle is ¢ = —180° when w = 4 rad/sec. The magnitude 
is 0 dB when w = 0.4 rad/sec. 


(b) The closed-loop transfer function is 


20(s + 1) 


Fe a es 
(8) = 277535 208 4 TOs 4 D0 


The closed-loop Bode plot is shown in Figure DP8.2. 
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FIGURE DP8.2 
Bode plot for closed-loop T(s) = ane ye 


(c) When K = 20, we have 


Mp, =none, w,=n/a, and wg =3.96 rad/sec . 
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When K = 40, we have 
Mp, =9.4dB, w,=3.72 rad/sec, and wg = 4.69 rad/sec . 
(d) Select kK = 40. 


DP8.3 The closed-loop transfer function is 


T(s) K(s +5) 
3) = —.. 
s8+ 752 +1254+10+5K 


When K = 4.2, we have 10log;g M,,, = 3 dB. The system bandwidth is 
wp = 3.7178 rad/sec. The steady-state tracking error to a unit step input 


is 
€ss = lim sE(s) = lim 1 —T(s) . 
s—0 s—0 
So, 
=<) 0.322 
eS on 


when K = 4.2. Since the system is unstable when K > 14.8, the steady- 
state error does not exist after K = 14.8. The Bode plot is shown in 
Figure DP8.3. 
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FIGURE DP8.3 
Bode plot for closed-loop T(s) = aoe Sor: where K = 4.2. 
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DP8.4 We have a second-order loop transfer function 


K 


GeAS)G(8) = ass ayobs tI) 


With M,,, = 1.5, we determine that 


Myw = (26,/1-—¢2)~" or ¢ = 0.3568 . 
Now the characteristic equation is 
s?+7s+10(1+K)=0. 


So, solving 2¢w,, = 7 yields w, = 9.81. Therefore, 


The closed-loop transfer function is 


K 10(K +1) 


iS SS, 
(9) = G12 47s 41K 4D) 


So, the overall gain of the standard second-order system will be attenuated 
by the factor K/(k +1). To compensate, we amplify the gain by a small 
factor. Thus we choose Kk = 10.8. The bandwidth is w, = 15.6 rad/sec. 


DP8.5 From the Bode plot of G(s) we find that there exists two poles, at ap- 
proximately w = 1 rad/sec and w = 10 rad/sec. Then, by examining the 
Bode plot we estimate 


10 


oo) Gael) 


We use a scale factor of 10 because at low frequency the Bode plot has 
magnitude 0 dB (or a DC gain of 1). With G(s) as above, we can utilize 
the controller 





500 
Gels) = 99 


yielding a crossover 
We = 12.9 rad/sec 


and a magnitude of at least 25 dB for w < 0.1 rad/sec. Figure DP8.5 
shows the compensator Bode plot of G.(s)G(s). 
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Bode Diagram 
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Bode Diagram for G(s)Ge(s) = CSIEESINIEE IE 


DP8.6 Let K = —1 to meet the steady-state tracking error requirement and 
p = 2¢, where ¢ = 0.69 to obtain a 5% overshoot. The system is given by 
x= Ax+ Bu 
where 
0 1 —1 
A= , B= ,and C=(0 1) 
—1 —-1.38 0 


The characteristic polynomial is 
s°+1.38s+1=0. 


The associated damping ratio is ¢ = 0.69 and the natural frequency is 
w, = 1 rad/s. Using the approximation 


wy = (—1.19¢ + 1.85)wp 


we obtain uw, © 1.028 rad/s. The Bode plot is shown in Figure DP8.6. 
The bandwidth is w, = 1.023 rad/s. 
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Bode Diagram 
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FIGURE DP8.6 
Bode diagram for K = —1 and p= 1.38. 
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Computer Problems 


CP8.1 The m-file script and Bode plot are shown in Figure CP8.1. The script 
automatically computes M,,, and w,. 





num=[25]; den=[1 1 25]; 
sys = tf(num,den); 
w=logspace(0,1,400); 
[mag,phase]=bode(sys,w); 
[y,]=max(mag); 
mp=20*log10(y), wr=w(I) 


bode(sys,w); 
we mp = 
14.0228 


wr= 
4.9458 























Bode Diagrams 
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FIGURE CP8.1 
Generating a Bode plot with the bode function. 


CP8.2 The m-file script to generate the Bode plots is shown in Figure CP8.2a. 
The Bode plots are presented in Figures CP8.2b-CP8.2e. The transfer 
functions are 


1 s+10 


ee) = ai aendo) (0): GE) Gao 4 a0) 
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1 s—7 


(On Os) posa en | (s+2)(s?+125+50) 





% Part (a) 

num=[1]; den=conv([1 1],[1 10]); sys1=tf(num,den); 
sys = tf(num,den); 

figure(1), bode(sys1), grid 

% Part (b) 

num=[1 10]; den=conv([1 2],[1 40]); sys2=tf(num,den); 
sys = tf(num,den); 

figure(2), bode(sys2), grid 

% Part (c) 

num=[1]; den=[1 2 50]; sys3=tf(num,den); 

sys = tf(num,den); 

figure(3), bode(sys3), grid 

% Part (d) 

num=[1 -7]; den=conv([1 2],[1 12 50]); sys4=tf(num,den); 
sys = tf(sys); 

figure(4), bode(sys4), grid 





FIGURE CP8.2 
(a) Script to generate the four Bode plots. 


Bode Diagram 
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FIGURE CP8.2 
CONTINUED: (b) Bode plot for G(s) = CSSVIEESINE 
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Bode Diagram 
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FIGURE CP8.2 
CONTINUED: (c) Bode plot for G(s) = GSE Tay: 


Bode Diagram 
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FIGURE CP8.2 
CONTINUED: (d) Bode plot for G(s) = Saree 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


411 


Computer Problems 


Bode Diagram 
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FIGURE CP8.2 
CONTINUED: (e) Bode plot for G(s) = Cera GEEerEsO 


CP8.3 The Bode plots are shown in Figure CP8.3(a-d) with the transfer functions 
listed in the caption. The crossover frequency for (a) is 24 rad/sec. 


Bode Diagram 
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FIGURE CP8.3 
(a) Bode plot for G(s) = CESIDICEEOE 
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The crossover frequency for (b) is 5.97 rad/sec. 


Bode Diagram 
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FIGURE CP8.3 
CONTINUED: (b) Bode plot for G(s) = rapa pspa0y: 


The crossover frequency for (c) is 70.7 rad/sec. 


Bode Diagram 
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FIGURE CP8.3 
CONTINUED: (c) Bode plot for G(s) = es 


The crossover frequency for (d) is 3.1 rad/sec. 
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Bode Diagram 
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FIGURE CP8.3 , : 
CONTINUED: (d) Bode plot for G(s) = re 


CP8.4 The m-file script and Bode plot are shown in Figure CP8.4a and b. The 
bandwidth is wy = 10 rad/sec. 


Bode Diagrams 
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FIGURE CP8.4 
= 50 
(a) Bode plot for T(s) = =p 455- 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


414 CHAPTER 8 Frequency Response Methods 





numg=[50]; deng=[1 5 0]; 
sys_o = tf(numg,deng); 
sys_cl = feedback(sys_o,[1]) 
bode(sys_cl) 


FIGURE CP8.4 
CONTINUED: (b) M-file script to obtain the closed-loop Bode plot. 


CP8.5 The Bode plot of the closed-loop system is shown in Figure CP8.5. The 
closed-loop transfer function is 


100 
s2+6s +100 © 


T(s)= 
(a) From the Bode plot we determine that 
M,,, ¥5dB and w, 9 rad/sec . 
(b) From Equations (8.36) and (8.37) in Dorf & Bishop, we find that 


¢ 0.28 and w,/w, ¥ 0.92 


Bode Diagrams 


From: U(1) 
20 r a 1 a 
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FIGURE CP8.5 


Closed-loop system Bode plot. 
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which implies that 
Wy = w,/0.92 = 9.8 rad/sec . 
(c) From T(s) we find that 
Wn =10rad/sec and ¢=0.3. 


The actual values and the estimated values compare very well. 


CP8.6 The open-loop and closed-loop Bode plots are shown in Figure CP8.6a 
and b. The open-loop and closed-loop transfers functions are 
50 


GA)G) = eG? + ae n0) 


and 


G.(s)G(s) 50 
1+G.(s)G(s)  (s + 1)(s? +s +50) +50 © 


Loop transfer function; bode(sys,) 
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FIGURE CP8.6 
(a) Open-loop system Bode plot for GoGo 
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Closed-loop system; bode(sys_|) 
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FIGURE CP8.6 


CONTINUED: (b) Closed-loop system Bode plot Cane comer yenay 


CP8.7 The m-file script and plot of wy, versus p are shown in Figure CP8.7a and 
b. 





p=[0:0.001:1]; 
w=logspace(-1,1,1000); 
n=length(p); 
for i=1:n 
num=[1]; den=[1 2*p(i) 0]; 
sys = tf(num,den); 
sys_cl = feedback(sys,[1]); 
[mag,phase,w]=bode(sys_cl,w); 
a=find(mag<0.707); wb(i)=w(a(1)); 
end 
plot(p,wb) 
xlabel('p’), ylabel('Bandwidth (rad/sec)') 








FIGURE CP8.7 
(a) M-file script to generate plot of wy versus p. 
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Bandwidth (rad/sec) 














FIGURE CP8.7 
CONTINUED: (b) Plot of wy versus p. 


CP8.8 The transfer function from Ty(s) to 0(s) is 


—0.01(s + 10) 


ee ee 
(s)/Ta(s) = 370s? + (001K — 10.791)s 107.91 +0.08K 


Using the final value theorem and Ty(s) = 1/s, we determine that 


iil 
ee ee 
lim (8) = 9791 4005K 


The design specifications require that 
less| < 0.1° . 
So, solving for Kk yields 
EK > 3300 . 
We can select 
kK = 3300 


as the initial value of kK for the design. The m-file script is shown in 
Figure CP8.8a. For the design shown, the final selection for the gain is 
K = 6000. The disturbance response is shown in Figure CP8.8b. 
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Mb=100; Ms=10; L=1; g=9.81; a=5; b=10; 

% 

K=6000; % Final design value of K 

% 

numg=[-1/Mb/L]; deng=[1 0 -(Mb+Ms)*g/Mb/L]; 
sysg = tf(numg,deng); 

numc=-K*[1 a]; denc=[1 b]; 

sysc = tf(numc,denc); 

% 

% Part (a) 

% 

sys = feedback(sysg,sysc); 

w=logspace(0,1,400); 

bode(sys,w) MpDb = 
[mag,phase]=bode(sys,w); 4.0003 
[M,]=max(mag); 
MpDb=20*log10(M)-20*log10(mag(1)) % Mpw in decibels wr= 
wr=wiI) % Mpw and peak frequency 7228 
% 

% Part (b) 

% 

% From Eqs. (8.35) and (8.37) 
Mpw=104(MpDb/20);zeta=sqrt((1-sqrt(1-(1/Mpw2)))/2); 
wn=wr/sqrt(1-2*zeta/2); 

ts=4/zeta/wn _——____—*=E 
po=100*exp(-zeta*pi/sqrt(1-zeta’2)) ts= 
% 2.23 


% Part (c) po= 

% 32.75 
t=[0:0.1:10]; 
ly,x]=step(sys,t); 
plot(t,y*180/pi) 
xlabel(‘time [sec]') 
ylabel(‘theta [deg]') 
grid 














meets specs 

















theta [deg] 


| 
-0.025|. | 


| \ 

















time [sec] 


FIGURE CP8.8 
(a) Design script. (b) Disturbance response - meets all specs! 
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CP8.9_ A viable filter is 


(8 + 1000)(s +1) 
G(s) = 0.775 + 100)(s + 10) : 


The Bode plot is shown in Figure CP8.9 





Bode Diagram 
20 : : d 
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FIGURE CP8.9 


Bode plot for G(s) = ne 
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Stability in the Frequency Domain 


Exercises 


E9.1 The Bode plot for the transfer function G.(s)G(s) is shown in Figure E9.1, 
where 
2.5(1 + 8/5) 


Cels)O(8) = Sa yaad 4 3/7 + 52/40) © 


The gain and phase margins are 


G.M.=20.6dBand PM. = 28°. 


Bode Diagram 
Gm = 20.6 dB (at 4.57 rad/sec) , Pm = 28 deg (at 1.08 rad/sec) 
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FIGURE E9.1 satecales 
Bode Diagram for G-(s)G(s) = s(st is Ties) TL: 
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E9.2 The loop transfer function is 


8.1(1 + s/6) 

G.(s)G(s) = —————_————_. . 
ls)G(8) = a 5/3) + 5/19) 

The Bode plot is shown in Figure E9.2. The phase margin is 

P.M. =48.1° 


at we = 5 rad/sec. 


Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 48.1 deg (at 5 rad/sec) 


40 T 
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FIGURE E9.2 
Bode Diagram for G-(s)G(s) = a 


E9.3 The phase margin P.M. % 75° at 200 kHz. We estimate the —180° phase 
angle at 2 MHz, so the gain margin is G.M. = 25 dB. 


E9.4 The loop transfer function is 


100 


G.(s)G(s) = e410)” 


The Nichols diagram is shown in Figure E9.4. When the gain is raised by 
4.6 dB, M,,, = 3 and the resonant frequency is wr = 11 rad/sec. 
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FIGURE E9.4 


Nichols Diagram for Gc(s)G(s) = where K = 100 and K = 171. 


K) 
s(s+10)' 


E9.5 (a) The G.M. = 5 dB and the P.M. = 10°. (b) Lower the gain by 10 dB 
to obtain P.M. = 60°. 


E9.6 The Bode plot of the closed-loop transfer function is shown in Figure E9.6. 
The value of M,,, = 3 dB. The phase margin is P.M. = 40° when Kk = 50. 
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FIGURE E9.6 ; 
Closed-loop Bode Diagram for T'(s) = a eee 
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E9.7 The Nyquist plot is shown in Figure E9.7 for kK = 2; the plot is a circle 
with diameter= K/2. For K > 2, we have P = 1 and N = —1 (ccw as 


Nyquist Diagram 

















: | 
-0.4 “02 0 02 0.4 
Real Axis 
FIGURE E9.7 
Nyquist Diagram for Ge(s)G(s) = Js. where K = 2. 


shown). So Z = N+ P=-—1+41=0 and the system is stable for K > 2. 
E9.8 (a) When K = 4, the G.M. = 3.5 dB. This is illustrated in Figure E9.8. 


Bode Diagram 
Gm = 3.52 dB (at 1.41 rad/sec) , Pm = 11.4 deg (at 1.14 rad/sec) 
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FIGURE E9.8 
Bode Diagram for G-(s)G(s) = SGD where K = 4. 
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(b) The new gain should be K = 1 for a gain margin G.M. = 16 dB. 
E9.9 For kK = 5, the phase margin P.M. = 5° as shown in Figure E9.9. 


Bode Diagram 
Gm = 1.58 dB (at 1.41 rad/sec) , Pm = 5.02 deg (at 1.29 rad/sec) 
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FIGURE E9.9 
Bode Diagram for G-(s)G(s) = THGD where K = 5. 


E9.10 The Bode plot is shown in Figure E9.10a. The closed-loop frequency 
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FIGURE E9.10 
(a) Bode Diagram for G-(s)G(s) = Sn pep 
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FIGURE E9.10 
CONTINUED: (b) Closed-loop frequency response: wp = 6 rad/sec. 


response is shown in Figure E9.10b. The bandwidth is wg = 6 rad/sec. 
E9.11 The Bode plot is shown in Figure E9.11. The system is stable. 


Bode Diagram 
Gm = 3.91 dB (at 3.74 rad/sec) , Pm = 14.4 deg (at 2.76 rad/sec) 
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FIGURE E9.11 ree 
Bode Diagram for Ge(s)G(s) = re 
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E9.12 We select the gain AK = 10 to meet the 10% steady-state tracking error 
specification for a ramp input. The Bode plot and Nichols chart are shown 
in Figures E9.12a and E9.12b, respectively. 
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FIGURE E9.12 
= = 10 ‘ = 
(a) Bode Diagram for Gc(s)G(s) = 50.02st1)(0.2shI) (b) Nichols chart for Gc(s)G(s) = 


10 
s(0.02s+1)(0.2s+1) * 


E9.13 (a) The Nichols diagram is shown in Figure E9.13a and M,,, = 7.97 dB. 


(b) The closed-loop Bode plot is shown in Figure E9.13b. The bandwidth 
wp = 18.65 rad/sec and the resonant frequency is w, = 11.69 rad/sec. 
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FIGURE E9.13 


(a) a Diagram for Ge(s)G(s) = Cee (b) Closed-loop Bode Diagram for T'(s) = 


s2-+5s8-+150 ° 





c) From M,,, = 8 dB, we estimate ¢ = 0.2, so the expected P.O. = 52%. 
) 


E9.14 (a) The peak resonance M,,, = 6 dB. 


c) The bandwidth is wg = w4 = 10 rad/sec. 


( 
( 
(b) The resonant frequency is w, = we = 3 rad/sec. 
( 
(d) The phase margin is P.M. = 30°. 
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E9.15 The loop transfer function is 


100 
e100.” 


and the closed-loop transfer function is 


100 
ig) 
\) = aa10 


The magnitude plot for the closed-loop system is shown in Figure E9.15. 
With bandwidth defined as frequency at which the magnitude is reduced 


Bode Diagram 
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FIGURE E9.15 
Magnitude plot for the closed-loop T'(s) = — 


by 0.707 from the dc value, we determine that wg = 109.7 rad/sec. 


E9.16 The transfer function of the approximation is 


; 1— jw 
G = ——_, 
Ge) = Ta 
and the magnitude is 
(Lge? 
G — 1, 
6Gw)| = 
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which is equivalent to the actual time delay magnitude. The phase ap- 
proximation is 


@= tan ws tan (0) = =D tan 
and the actual phase is 
g=—Qw. 


The phase plots are shown in Figure E9.16. The approximation is accurate 
for w < 0.5 rad/sec. 
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FIGURE E9.16 


Phase plots for time delay actual vs approximation. 


E9.17 (a,b) The phase angle for P.M. = 30 is 
_ _1W + Ww | 
o) = —90° + tan 2 — tan i228 = —150° 7 
Solving for w yields w = 4.7. Then, at w = 4.7, we have kK = 10.82 


when 


ie K(w? + 4)2 7 
IG-G(jw)| = Orewa it. 


The Bode plot is shown in Figure E9.17. 
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Bode Diagrams 


Gm=3.5545 dB (at 4.3301 rad/sec), Pm=40 deg. (at 3.5147 rad/sec) 


























50 T T 

a 

Ss 

ov 

Tv 

= 

= 

c 

D -100 : 

® 

= 

> -50 1 

3S 

vu 

% 

£ -100 + 4 
-150 | 4 
-200 | 4 
-250 = 1 1 

sant 10° 10! 10 
Frequency (rad/sec) 
FIGURE E9.17 


Bode Diagram for G-(s)G(s) = wettee, where K = 10.82. 


(c) The steady-state error for a ramp is 








A 
€ss K, TOK 0.60A , 


where R(s) = A/s?. 


E9.18 (a) The gain crossover is at w. = 486 Hz, and the phase margin P.O. = 
36.2°. So, ¢ = 0.36. Then, the expected percent overshoot to a step 
input is 


P.O. = 100e~$"/V1- — 30% | where ¢ = 0.36 . 
(b) The estimated bandwidth is wg + 27(600). 
(c) Approximate 
Wy, & Wr = 27 (480) . 
Then, 
4 4 


T; == = = Io .. 


~ Cw (0.36)27(480) 
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E9.19 The Bode plot is shown in Figure E9.19 for K = 16.75. The phase and 
gain margins are PM = 50.0° and GM = 2.72 dB. 


Gm=2.7233 dB (at 20.618d/sec), Pm=50 degat 13.434ad/sec) 
T 
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FIGURE E9.19 fai 
Bode Diagram for G-(s)G(s) = Koay. where K = 16.75. 


E9.20 The system response for both drivers is shown in Figure E9.20. 


T=1 sec (solid line) & T=1.5 sec (dashed line) 
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FIGURE E9.20 
Change in automobile velocity due to braking for two drivers. 
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E9.21 The Bode plot is shown in Figure E9.21. 
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FIGURE E9.21 
Bode Diagram for Ge(s)G(s) = 1300 


E9.22 When Kk = 8, the P.M. = 20°; the system is stable. Increasing the gain 
to kK = 11.1 results ina P.M. = 45°. 


E9.23 The Nichols chart is shown in Figure E9.23. 
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FIGURE E9.23 


Nichols chart for Gce(s)G(s) = CED CEEOE 
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The actual values are 
Mp,, = 1.6598 (4.4 dB) w, = 2.4228 rad/sec wg = 4.5834 rad/sec . 
E9.24 Using the Nyquist criterion, we have 
P=1 and N=0 
which implies 
Z=N+P=1. 


Therefore, the system has one root in the right half-plane. 
E9.25 The Bode plot is shown in Figure E9.25. 


50; > +++ v PM=27.73 deg at we=8.29 rad/sec 
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FIGURE E9.25 


Bode plot for Ge(s)G(s) = SOUS OTST 


E9.26 The Nichols chart for 


11.7 


ee  —_——— 
(8)G(8) = 00554 DO1s+1) 
is shown in Figure E9.26, where we find that 


M,,, = 6.76 dB w, = 8.96 rad/sec wg = 13.73 rad/sec . 
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FIGURE E9.26 


Nichols chart for Gce(s)G(s) = SOUESET IS: 


E9.27 The Bode plot for G(s) with kK = 122.62 is shown in Figure E9.27. 





K=122.63 Gm=10.938 dB (at 6 rad/sec), Pm=40 deg. (at 2.7978 rad/sec) 
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FIGURE E9.27 
Bode plot for Gc(s)G(s) = say with K = 122.62. 
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The phase margin is 
P.M.= 40.0? 
and the gain margin is 
G.M. = 10.94 dB . 


E9.28 The phase margin is P.M. = 28°. The estimated damping is 


The estimated percent overshoot is 
P.O. = 100e~¢/V1-? — 40% . 


The actual overshoot is P.O. = 44.43%. 
E9.29 The F(s)-plane contour is shown in Figure E9.29, where 
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FIGURE E9.29 





F'(s)-plane contour, where F'(s) = 1+ Ge(s)G(s) = =e 


s4 





E9.30 The Bode plot is shown in Figure E9.30. 
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Bode Diagram 
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FIGURE E9.30 
Bode pl = SAT =a 1000 
plot for G(s) = C [sI— A)" B+D = aringstin: 


E9.31 The Bode plot is shown in Figure E9.31. The phase margin is P.M. = 50.6 
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Bode plot for L(s) = G(s)H(s) = Tosti: 
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E9.32 The Bode plot is shown in Figure E9.32. The phase margin is P.M. = 45°. 


Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 45 deg (at 2.56 rad/sec) 
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FIGURE E9.32 
Bode plot for G(s) = C [sI — Al B+D=-; i 


E9.33 The Bode plot is shown in Figure E9.33. The phase margin is P.M. = 
17.7° and the gain margin is G.M. = 5.45 dB. 


Bode Diagram 
Gm = 5.45 dB (at 5.68 rad/sec) , Pm = 17.7 deg (at 4.24 rad/sec) 
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FIGURE E9.33 
_ 200 
Bode plot for L(s) = [s?-2.835+4)(@F10)* 
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Problems 


P9.1 (a) The loop transfer function is 


1 


Gels)G(S) = GO maya 2s) 


P=0,N =0; therefore Z = N+P = 0. The system is stable. (Note: 
See P8.1 for the polar plots.) 


(b) The loop transfer function is 


1+ 0.5s 


s2 


P=0,N =0, therefore Z = N + P =0. The system is stable. 


(c) The loop transfer function is 


s+A4 
sg? +55 +25 ° 





P=0,N =0,Z=N+P=0. Therefore, the system is stable. 


The loop transfer function is 





= 


30(s +8) 
s(s+2)(s+4) © 


P=0,N = 2 therefore Z = P+ N = 2. Therefore, the system has 
two roots in the right half-plane, and is unstable. 


P9.2 (a) The loop transfer function is 


K 
Clee) = s(s2+8+4)’ 
and 
a K __ K[-w? — jw(4—*)] 
GeG(jw) = jij  (2-ere eo 


To determine the real axis crossing, we let 
Im{G.G(jw)} = 0 = —Kw(4—w?) 


or 
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Then, 


—Kw? = 
Re{G.G(jw)}.2 = ——— 2, 


w=2 





So, —K/4 > —1 for stability. Thus K < 4 for a stable system. 


(b) The loop transfer function is 


K(s + 2) 


G.(s)G(s) = Fad” 


The polar plot never encircles the -1 point, so the system is stable for 


all gains K (See Figure 10 in Table 9.6 in Dorf & Bishop). 
P9.3 (a,b) The suitable contours are shown in Figure P9.3. 


jw 
q=Ccosz s = s 


r approaches “ rapproaches 


r 7 \ infinity Lee 
~ m5 <i mS 

















(a) y (b) y 


FIGURE P9.3 
Suitable contours I's for (a) and (b). 


(c) Rewrite the characteristic equation as 


1+ = =0 
s(s? +118 +56) — 


In this case, —o0, = —1. Therefore, we have one pole inside the contour 
at s =0,so P = 1. The polar plot yields N = —1,so Z7=N+P=0. 
Therefore, all three roots have real parts less than -1. In fact, the 
roots are s; = —3, and s93 = —4+ 74. 


P9.4 (a) P=0,N = 2, therefore Z = 2. The system has two roots in the right 
hand s-plane. 


(b) In this case, N = +1—1 = 0, so Z = 0. Therefore the system is 
stable. 
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440 CHAPTER 9 Stability in the Frequency Domain 


P9.5 (a) The loop transfer function is 


K 


L(s) = G-(s)G(s)H(s) = (e+ D(@s+1)(04s+1) ° 


The steady-state error is 
IR 
eo 1+ K" 
We require e,, = 0.1|R|, so K > 9. 


(b) Use K = 9. The Nyquist plot is shown in Figure P9.5. We determine 
that P = 0 and N = 0. Therefore, Z = 0 and the system is stable. 





OL 


> : 
-4b SL : 
a, 


Real Axis 


Imag Axis 











FIGURE P9.5 
Nyquist Diagram for L(s) = Gc(s)G(s)H(s) 


= GaGa 
(c) The phase and gain margins are P.M. = 18° and G.M. = 5 dB. 
P9.6 The rotational velocity transfer function is 
w(s) _ K 
Ris) (1+ stars) (sete) 
At low frequency, we have the magnitude near 35 dB, so 20 log kK = 35 dB 
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and K = 56. Since the frequency response plot is for rotational velocity 
w(s), and we are interested in position control, we add an integrator. The 
characteristic equation is 


56(23)(427) 


s(o+23)(84427) 


1 


The roots are 


s; = —480 and so3 = —104 735. 





Thus, w, = 36 and ¢ = 0.28. The time constant of the closed-loop system 
is 
1 
T= —— = 99.6 msec . 
Gwn 
P9.7 The loop transfer function is 


10K 1 5(s + 7) 


L(s) = G.(s)G(s)H(s) = (s + 3)(s? + 0.36) © 


(a) The Bode plot is shown in Figure P9.7 for Ky = 2. 
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FIGURE P9.7 
Bode Diagram for G-(s)G(s)H(s) = a where yy = 2. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


442 CHAPTER 9_ Stability in the Frequency Domain 


(b) The phase margin P.M. = 80° and the gain margin G.M. = oo, since 
@ never crosses = —180°. 


(c) The transfer function from Tj(s) to 0(s) is 


G(s) 


9) = TT E)C@H) 


Ts) 2 


Then, for a step disturbance 0(co) = lim, _.9 s0(s) = G(0) = 10/0.36 = 
27.8, since H(0) = 0. 


(d) The system is so highly damped, there is very little resonant peak. 
(e) The estimated ¢ = P.M./100 = 0.80. The actual ¢ = 0.97. 
P9.8 (a) The loop transfer function is 
7 4 208 
(+ St +) 


2 


Ge(s)G(s)H(s) = (0.028 + 1) (3 + 2841) 


where wy = 207 = 62.8, wo = 147 = 43.9, G = 0.05 and C2 = 0.05. 
The Bode plot is shown in Figure P9.8a. The phase margin is P.M. = 
—9°. Therefore, the system is unstable. 
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FIGURE P9.8 


. _ s* /w2+(0.1/wi)s+1 _ 
a al for Ge(s)G(s)H(s) = (0.025-F1) (52 /w2+(0.1/wa)e4I)' where wy = 207 
and Ww = Te 


(b) In this case ¢2 = 0.25, with all other parameters the same as before. 
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FIGURE P9. 

bees : . = s? /w?+(0.1/wi)s+1 
CONTINUED: (b) Bode Diagram for G-(s)G(s)H(s) = (0.025-F1) (52 /w2+(0.5/wa)41)’ 
where w1 = 207 and wg = 147. 





The Bode plot is shown in Figure P9.8b. The phase margin is P.M. = 
86°. Therefore, the system is now stable. 


P9.9 (a) The Bode plot is shown in Figure P9.9a 
The phase margin is P.M. = 83° and the gain margin is G.M. = oo. 


(b) With the compensator, the loop transfer function is 


___. 0.30(s + 0.05)(s? + 1600)(s + 0.5) 
Gels)G(s)H(s) = Kio oss 4 16)(s+ 70)” 


Ko/K, =0.5. 


Let K, = 1. The Bode plot is shown in Figure P9.9b. The phase 
margin is P.M. = 80° and the gain margin is G.M. = ov, essentially 
the same as in (a). But the system in (b) is a type one, so that e,, = 0 
to a step input or disturbance. We cannot achieve a G.M. = 10 dB 
by increasing or decreasing Kj. 
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(a) Bode Diagram for G-(s)G(s)H(s) = ee 
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FIGURE P9.9 


CONTINUED: (b) Bode Diagram for Gs(s)G(s)H(s) = SA G+0 0, F1600)(s 40.5) 
Kirst, 
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P9.10 The equations of motion are 
E,(s) E,(s) 
ee) ae D8) ig = OE Os 
So, 
30 
(2s + 1) 


The actuator without the spring (see Table 2.7, Number 9 in Dorf & 
Bishop) is modeled via 


F(s)= E,(s) . 


X(s) 1 _ Ka 
Y(s) Ms?+Bs tas?+s° 
With the spring, we have 


X(s) Le Gals) al 
= ———_- or SS 
Y(s) 7 s?+8+K, i 0.4s?+5+1.5 





Then, the loop transfer function is 


304K4 


Us) = Bey ijo4e? tet 15) © 


(a) The Bode plot for kK, = 0.2 in Fig. P9.10 shows the P.M. = 30°. 
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FIGURE P9.10 
Bode Diagram for L(s) = CEES URTEES ESE where Ky = 0.2. 
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(b) For Ky, = 0.2, we determine that M,,, = 7.8 dB, w, = 1.9 rad/sec, 
and wp = 2.8 rad/sec. 


(c) The estimated percent overshoot is P.O. = 51% and the estimated 
settling time is T, = 10 sec. This is based on ¢ = 0.21 and wy, & w, = 
1.9 rad/sec. 


P9.11 The loop transfer function is 


5(Kis + Ko)e"}°* 


GaGa s(5s + 1) 
(a) Let Ky = Ko =1. Then 


G.(s)G(s) = wet et 


The Bode plot is shown in Figure P9.11a. The phase margin is P.M. = 
—48°. The system is unstable. 


(b) Let Ay = 0.1 and K2 = 0.04. Then, the loop transfer function is 


5(0.1s + 0.04)e—1°s 
s(5s + 1) 


The Bode plot shown in Figure P9.11b shows P.M. = 45°. Thus, the 
system is stable. 


G.(s)G(s) = 
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FIGURE P9.11 ee 
(a) Bode Diagram for G-(s)G(s) = ed where T = 1.5. 
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FIGURE P9.11 on 
CONTINUED: (b) Bode Diagram for Gc(s)G(s) = a where T’ = 1.5. 


(c) When K2 = 0.1394, the phase margin is P.M. = 0° and G.M. = 0 
dB. So, for stability we require Ko < 0.1394 when Ky = 0. 


P9.12 (a) The Bode plot is shown in Figure P9.12. 


Bode Diagram 
Gm = 6.47 dB (at 2.89 rad/sec) , Pm = 29.6 deg (at 2 rad/sec) 
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FIGURE P9.12 
Bode Diagram for G-(s)G(s) = Weep: 
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448 CHAPTER 9 Stability in the Frequency Domain 


The loop transfer function (without the time delay) is 


3.8 


G.(s)G(s) = (06s +13 ° 


The phase margin is P.M. = 29.6°. 
(b) With the delay, the loop transfer function is 


Boe 


G.(s)G(s)H(s) = (0.6541) ° 


The phase margin is now P.M. = 12.4°. So the 0.15 sec time delay 
has reduced the phase margin by 50%. 


P9.13 The loop transfer function is 


Ka(Ks + 1) j-12 
s 


s 


G.(s)G(s) = 


(a) Let Ka = K = 1. Without the time delay, the system has infinite 
phase and gain margin. However, with the time delay, the system has 
a negative gain margin, hence it is unstable. 


(b) A plot of phase margin versus K, is shown in Figure P9.13. 
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FIGURE P9.13 


—1.2s 
Phase margin as a function of Ka for Ge(s)G(s) = aaa) ay 
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Let K = 1, and find K, for a stable system. Then, 


_ Ka(s + 1)e7*8 
, ; 


Ge(s)G(s) 


If Ka = 0.8, then the phase margin is P.M. = 50°. 
P9.14 The loop transfer function is 


Ke~°-28 


G.(s)G(s) = s(01s41) 


(a) The Nichols diagram is shown in Figure P9.14 for K = 2.5. 
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FIGURE P9.14 ae 
Nichols diagram for Gc(s)G(s) = At’ for K = 2.5. 


It can be seen that 
Me, = 20:08 


The phase and gain margins are P.M. = 48.5° and G.M. = 7.77 dB. 


(b) We determine that ¢ = 0.43 (based on M,,, = 2 dB) and ¢ = 0.48 
(based on the phase margin P.M. = 48.5°). 


(c) The bandwidth is 


wp = 5.4 rad/sec . 
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450 CHAPTER 9 Stability in the Frequency Domain 


P9.15 (a) The ship transfer function is 


_ -0.164(s + 0.2)(s — 0.32) 
Gls) = 206 + 0.25)(s — 0.009) 


The closed-loop system is unstable; the roots are 





5, = —0.5467 
89.3 = 0.2503 + 0.18937 
54 = —0.1949 


Therefore the ship will not track the straight track. 


(b) The system cannot be stabilized by lowering the gain; this is verified 
in the root locus in Figure P9.15, where it is seen that the locus has 
a branch in the right half-plane for all kK > 0. 

(c) Yes, the system can be stabilized. 


(d) When the switch is closed, we have a derivative feedback, which adds 
90° phase lead. This is not enough to stabilize the system. Additional 
lead networks are necessary. 
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FIGURE P9.15 
Root locus for 1+ GH(s) = 1+ (erence cata =, 
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P9.16 The loop transfer function is 


K 


Gel8)G(8) = Tg ast tet D) 


When K = 3.2, the phase margin is P.M. ~ 30°. The Bode plot is shown 
in Figure P9.16. 


Gm=10.88 dB, (w= 3.464) Pm=29.91 deg. (w=2.083) 
50 T T 
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FIGURE P9.16 . 
Bode plot for Gc(s)G(s) = ORUESNC erp) where A = 3.2. 


P9.17 (a) We require e,, < 0.05A, and we have 


A 
= —__. 05A 
Css me 


or Ky > 19. But 


2 
k= lim, G'1(s)G2(s)G3(s)G4(s) = lim ) = (0.2K). 


20K, ( 0.1 
s—0 (0.5s + 1) 


1+ 4s 


po, A, = 0.2K, > 19, or Ky > 95. 
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452 CHAPTER 9 Stability in the Frequency Domain 


(b) Given 





we require 1.05 < Mp, < 1.30, or 0.70 > ¢ > 0.36, or 70° > P.M. > 
36°. Then, 


BUICANGNGS = Fy Ne TE 


When Ky, = 0.8, the P.M. = 40°. The Bode plot is shown in Fig- 
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FIGURE P9.17 — ; 
(a) Bode plot for Gi(s)G2(s)G3(s)Ga(s) = aes where Ky = 0.8 and 
P.M. = 40°. 
(c) For part (a), we had 
2.375 


G1(s)G2(s)G3(s)G4(s) a (s+ 2)(s +0.25)2 e 


The characteristic equation is 
s? + 2.587 + 1.06s + 2.50 = (s + 2.48)(s? + 0.02s + 1.013) . 


The dominant complex roots are lightly damped since ¢ = 0.01 and 
Cw, = 0.01. 
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Thus, 





For part (b), we had 


G1 (s)G2(s)G3(s)Ga(s) = at. , 


The characteristic equation is 


854 + 20s* + 8.557 +1.165 +0.16 =0. 








The roots are s; = —2,s9 = —0.4 and s34 = —0.05 + j0.15. Thus 
¢€ =0.16 and Cw, = 0.05. So, 


CWn 05 








Ts 





(d) Let U(s) be a unit step disturbance and R(s) = 0. Then 





Y(s) _ G'3(s)Ga(s) _ (4) 
U(s) 1+ Gi(s)Go(s)G3(s)G4(s) 1h 20461 (s+1) 


8(0.58+1)(4s+1)2 


The disturbance response is shown in Figure P9.17b. 
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FIGURE P9.17 
CONTINUED: (b) System response to a unit disturbance U(s). 
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454 CHAPTER 9 Stability in the Frequency Domain 


P9.18 The transfer function is 
5.3(s? + 0.88 + 0.32)e"7° 



































G.(s)G(s)H(s) = 3 
The Bode plot is shown in Figure P9.18. 
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FIGURE P9.18 


2 —sT 
Bode diagram for Gc(s)G(s)H(s ee where IT’ = 0 (solid line), 


Le 3 
T = 0.1 (dashed line), and 7’ = 0.2674 (dotted line). 
The following results are verified in the figure. 
(a) The phase margin is P.M. = 81° at w = 5.3 when T = 0. 
(b) For T = 0.1, the added phase is ¢ = —Tw (in radians). The phase 
margin is P.M. = 51° at w = 5.3 when T = 0.1. 
(c) The system is borderline stable when T = 0.2674 sec. The phase 
margin is P.M. = 0° at w = 5.3. 
P9.19 The transfer function is 


0.25 


G.(s)G(s) = Gee” 


(a) The Nichols diagram is shown in Figure P9.19. The actual gain margin 
is G.M. = 31.8 dB. 


(b) The phase margin is P.M. = 70.9° and M,,, = 0 dB. The bandwidth 
is 0.11 rad/sec. 
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Nichols Chart 
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FIGURE P9.19 
Nichols diagram for Gc(s)G(s) = FI CEESIICEEOE 


P9.20 (a) Let AK = 100. The Bode plot is shown in Figure P9.20a. The loop 
transfer function is 


K(s? + 1.5s + 0.5) 
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FIGURE P9.20 


(a) Bode diagram for G-(s)G(s) = son aay. where K = 100. 
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456 CHAPTER 9 Stability in the Frequency Domain 
(b) The phase margin is P.M. = —3.5° and the gain margin is G.M. = 2.7 


dB. 
(c) You must decrease K below 100 to achieve a P.M. = 40°. For Kk = 0.1, 


the phase margin P.M. = 37.9°. 
(d) The step response is shown in Figure P9.20b for K = 0.1. 
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FIGURE P9.20 
CONTINUED: (b) Unit step response K = 0.1. 
K 


P9.21 The loop transfer function is 


G.(s)G(s) = Gea” 


(a) The Bode plot is shown in Figure P9.21 for K = 4. 


(b) The gain margin is 
G.M.=14dB. 


(c) When K = 5, the gain margin is 
G.M.=12dB. 


(d) We require K, > 3, but Ky, = f. So, we need K > 12. This gain can 
be utilized since kK < 20 is required for stability. 
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FIGURE P9.21 
Bode diagram for G-(s)G(s) = ETH where Kk = 4. 


P9.22 (a) The resonant frequency w, = 5.2 rad/sec is point 6 on the Nichol’s 
chart. 


(b) The bandwidth is between points 8 and 9. We estimate the bandwidth 
to be wg = 7.5 rad/sec. 


(c) The phase margin P.M. = 30°. 
(d) The gain margin G.M. = 8 dB. 


(e) Since we have P.M. = 30°, then we estimate ¢ = 0.3. We can also 








approximate 
Wn Wp = 9.2. 
Thus, 
4 4 
T; = —— = — =2.5sec . 
o— Fide > 156 ~ 


P9.23 The phase margin is P.M. = 60 deg when Kk = 97. The gain margin is 
G.M.=17.8 dB. 


The Bode plot is shown in Figure P9.23. 
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458 CHAPTER 9 Stability in the Frequency Domain 


Bode Diagram 
Gm = 17.8 dB (at 7.07 rad/sec) , Pm = 60 deg (at 1.8 rad/sec) 
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FIGURE P9.23 
Bode diagram for G-(s)G(s) = A EGSOE where A = 97. 


P9.24 When Kk = 14.1, then P.M. = 45 deg, G.M. = oo dB and wg = 29.3 
rad/sec. 


Gm=356.59 dB (at 0 rad/sec), Pm=60 deg. (at 17.321 rad/sec) 
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FIGURE P9.24 
Bode diagram for G(s) = Etsy?) where K = 14.1. 


P9.25 The phase margin is P.M. = 60 deg when K = 2.61 and T = 0.2 second. 
The Bode plot is shown in Figure P9.25. 
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K=2.61; PM=60.09 at wc=2.61 rad/sec 
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FIGURE P9.25 


Bode diagram for G-(s)G(s) = i where K = 2.61. 


s 


P9.26 The loop transfer function is 


Kk 


Gel8)G(s) = 5554 Ode +1) 


The Bode plot is shown in Figure P9.26a for K = 10. The Nichols chart 
is shown in Figure P9.26b. The phase and gain margins are 


PM.=9 and G.M.=3 dB. 


The system bandwidth is we = 8 rad/sec. From the P.M. = 9°, we 
estimate ¢ = 0.09. Therefore, the predicted overshoot is 


P.O. = 100e~76/V!-© = 75% , where ¢ = 0.09 . 


The resonant peak occurs at w, = 5.5 rad/sec. If we estimate wy, ¥ w, = 
5.5 rad/sec, then the settling time is 


fie = 8 sec. 


~ Gin 
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FIGURE P9.26 


(a) Bode diagram for Ge(s)G(s) = SUPETESNUSEE SE where KK = 10. (b) Nichols chart 


for Ge(s)G(s) = FORESTS where kK = 10. 


P9.27 ‘The loop transfer function is 


4k 


L(s) = G.(s)G(s)H(s) = (222 DGS 


The plot of the phase margin versus the gain K is shown in Figure P9.27. 
As the gain increases towards Kia, = 3.5, the phase margin decreases 
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towards zero. 





160 


fe.) °o iN) BR 
oO oO oO ba | 


Phase margin (deg) 


fo) 
f=) 


20 

















FIGURE P9.27 
Phase margin versus the gain K. 


P9.28 ‘The loop transfer function is 


Kp 
s(s+1) ~ 


Gz(s)G(s) = 


When Kp = 1.414, we have P.M. = 45°. Using the approximation that 
¢ = P.M./100 we estimate that ¢ = 0.45. Then using the design formula 


P.O. = 100e~*6/V1-°? — 90.5% . 


The actual overshoot is 23.4%. The step input response is shown in Fig- 
ure ??. The actual damping ratio is ¢ = 0.42. This shows that the ap- 
proximation ¢ ~ P.M./100 is quite applicable and useful in predicting 
the percent overshoot. 
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Step Response 





System: syscl 

Peak amplitude: 1.23 
Overshoot (%): 23.3 
At time (sec): 2.97 





Amplitude 














Time (sec) 


FIGURE P9.28 
Step response showing a 23.3% overshoot. 
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Advanced Problems 


AP9.1 The loop transfer function is 


236607.5(s + 10)(s +5) 


L(s) = G.(s)G(s)H(s) = s(s + 2)(s? + 100s + w2)(s +1) ° 





(a) The Bode plot for 
w” = 15267 


is shown in Figure AP9.1la. 
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FIGURE AP9.1 


(a) Bode Diagram for L(s) = ET where w2 = 15267. 


The phase and gain margins are 


P.M. =48.6° and G.M.=15.5 dB. 


(b) The Bode plot for w? = 9500 is shown in Figure AP9.1b. The gain 
and phase margins are 


P.M. = 48.5° and G.M.=10.9dB. 


Reducing the natural frequency by 38% has the effect of reducing the 
gain margin by 30%. 
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CONTINUED: (b) Bode Diagram for L(s) = po where w2 = 9500. 


AP9.2 (a) The Bode plot with T = 0.05 sec is shown in Figure AP9.2a. The 
phase margin is P.M. = 47.7° and the gain margin is G.M. = 11.2 
dB. 
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FIGURE AP9.2 


(a) Bode Diagram for G-(s)G(s)H(s) = gets) e*” where T’ = 0.05s. 
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(b) The Bode plot with T = 0.1 sec is shown in Figure AP9.2b. The 
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FIGURE AP9.2 


CONTINUED: (b) Bode Diagram for Gc¢(s)G(s)H(s) = sis e°” where T' = 0.1s. 


phase margin is P.M. = 22.1° and the gain margin is G.M. = 4.18 
dB. A 100% increase in time delay T leads to a 50% decrease in phase 
and gain margins. 


(c) The damping ratio ¢ + P.M./100 and 
P.O. = 100e776/V 1-6" 


So, for T = 0.05 sec, ¢ = 0.47 and P.O. = 18.7%. Also, for T = 0.1 
sec, ¢ © 0.22 and P.O. = 49.2%. 


AP9.3 The loop transfer function is 


L(s) = G-(s)G(s)H(s) = TCT SE 
(a) When K = 1, the gain and phase margins are 

GM. =I84.dB “and P= f5". 
(b) When K = 1.5, the gain and phase margins are 


G.M.=149dB and P.M. =47.8° . 
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(c,d) The bandwidth and settling time with K = 1 are wg = 233.6 
rad/sec and T,; = 0.4 second. When K = 1.5, we determine that 
wp = 294.20 rad/sec and T, = 0.33 second. 


AP9.4 The loop transfer function is 


K(s +50 
I 3 + = + = : 


The gain K = 22.5 satisfies the specifications. The actual gain and phase 
margins are 


G.M.=225 dB. oid PA. =—55,6" ; 


The system bandwidth is wg = 8.56 rad/sec. The step response is shown 
in Figure AP9.4. 
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Closed-loop system step response. 


AP9.5 The loop transfer function is 


s+0.4 
s4+9s3 + 18s? © 
The Bode plot for K = 1 is shown in Figure AP9.5. From the phase 


response, we determine that the maximum P.M. = 41°. From the mag- 
nitude response (for kK = 1), we find that the gain needs to be raised to 
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K = 14 to achieve maximum phase margin at w = 0.826 rad/sec. The 
gain and phase margin with K = 14 are 


G.M.=19.3dB and P.M. = 40.9°. 


Also, the overshoot is P.O. = 38.3%. 
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Bode plot for L(s) = Ka _3tP4 > with K = 1. 


AP9.6 With D > 2m, the gain can be increased up to K = 100, while still 
retaining stability. 


AP9.7 The loop transfer function is 


We select 
K =2V2 
for P.M. = 45°. The system bandwidth is 
wp = 5.88 rad/sec . 


The disturbance response is shown in Figure AP9.7. The maximum output 
due to a disturbance is y(t) = 0.11. 
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Closed-loop system disturbance response. 


AP9.8 A reasonable choice for the gain is K = 1450. The phase margin is P.M. = 
43.2° and the percent overshoot is P.O. = 17.4%. The Nichols chart is 
shown in Figure AP9.8. 
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Nichols chart. 
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AP9.9 The loop transfer function is 
K,(s + 0.2) 
s?(s2 + 75+ 10) © 


At the maximum phase margin, K, = 4.9 for P.M. = 48.6°. The Bode 
diagram is shown in Figure AP9.9. 


L(s) = G.(s)G(s) = 


Bode Diagrams 


Gm=21.788 dB (at 2.9326 rad/sec), Pm=48.457 deg. (at 0.50782 rad/sec) 
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Phase and gain margin. 


AP9.10 The closed-loop transfer function is 


T(s) = 


We require K = 1 a zero steady-state tracking error to a unit step. The 
step response is shown in Figure AP9.10. Computing T(jw) = 0.707 it 
follows that 


K 
s?4+354+1 0 


1 
| =0.707 or wt+7w?-1=0. 
(jw)? + 3jw +1 


Solving for w yields w = 0.37 rad/s. This is the bandwidth of the system. 
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Step Response 








Amplitude 














FIGURE AP9.10 
Unit step response. 
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Design Problems 


CDP9.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 


6(s) 26.035 
Vi(s)  s(s+33.142) ’ 





where we neglect the motor inductance L,, and where we switch off the 
tachometer feedback (see Figure CDP4.1 in Dorf and Bishop). The closed- 
loop system characteristic equation is 


26.035K 
s(s + 33.142) 


The phase margin is P.M. = 70.4° when K, = 16. The step response with 
K = 16 is shown below. 





Amplitude 


0.4/5 J 


0.27 J 








0 1 1 1 1 1 
0 0.05 0.1 0.15 0.2 0.25 0.3 


Time (secs) 





DP9.1 (a) The gain and phase margins are G.M. = 7 dB and P.M. = 60°. 
(b) The resonant peak and frequency are M,,, = 2 dB and w, = 5 rad/sec. 
(c) We have wg = 20 rad/sec. From M,,, = 2 dB we estimate ¢ = 0.45 
(Figure 8.11 in Dorf & Bishop). Also, w,/wpn = 0.8, so Wy, = 6.25. 
Thus, T, = 1.4. 
(d) We need P.O. = 30° or ¢ = 0.3 or P.M. = 30°. So, we need to raise 
the gain by 10 dB or K = 3.2. 
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DP9.2 The loop transfer function is 


K(s + 0.5) 


E{s) = G,(s)G(s) = St +7Be+5)” 


When K = 6.25, we have the maximum phase margin. The phase mar- 
gin maximum is P.M. = 23°. The plot of P.M. versus K is shown in 
Figure DP9.2a. 
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(a) Phase margin versus K for L(s) = SUS L7 Sato) 


The predicted damping is ¢ = 0.23. It then follows that the predicted 
percent overshoot is 


P.O. = 100e~76/V!-S? — 48% . 


The actual overshoot is 65%. The step input response is shown in Fig- 
ure DP9.2b. The resonant peak occurs at w, = 0.75 rad/sec. Approxi- 
mating w,, ¥ w, = 0.75 rad/sec, we can estimate the settling time as 

4 


L>——— = 23 : 
7 Cu, sec 


The actual settling time is 20 sec. 
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CONTINUE: (b) Closed-loop unit step response. 


DP9.3 We want to select the gain K as large as possible to reduce the steady-state 
error, but we want a minimum phase margin of P.M. = 45° to achieve 
good dynamic response. A suitable gain is K = 4.2, see Figure DP9.3. 


K=4.2; PM=45.34 at wc=0.102 rad/sec 
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Bode plot for G(s) = ie 
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DP9.4 We are given the loop transfer function 


K 


Hs) Cele) G\8) = Ga D) 


which can be written as 


Ky 


Gel8)G(8) = SOBs 41) 


The performance results are summarized in Table DP9.4. 


G.M. 
(dB) ae ates 


Ts 


(sec) 





64 19.3 0.54 0.54 0.71 10.5 
56 16.5 0.74 0.63 0.56 11.4 


TABLE DP9.4 Summary for Ky =0.325 and Ky=0452=~C~*=“‘CSOS*‘C:«;# Summary for Ky, = 0.325 and Ky = 0.45. 


When K, = 0.45, we have 


ess 1 


= = 2,22, 
“A 0.45 


or twice the magnitude of the ramp. This system would be acceptable for 
step inputs, but unacceptable for ramp inputs. 


DP9.5 (a) With a time delay of T = 0.8 second, we determine that the propor- 
tional controller 


Gs kh=7 
provides a suitable response with 
P.O.=83% €ss =12.5% T,; = 4.38 sec . 
(b) A suitable proportional, integral controller is 


G(s) = Ki + Ko/s =6+4+0.6/s . 
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The response to a unit step is 
P.O.=514% e€s,=0% Ts =6.37 sec . 


The Nichols chart is shown in Figure DP9.5. 
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Nichols chart for Ge(s)G(s) = Rate, where Ky = 6 and Ko = 0.6. 


DP9.6 With K = 170, at the two extreme values of b, we have 


b=80 P.M.=91.62° G.M. = 13.66 dB 
b=300 P.M.=7%5.23° G.M.= 25.67 dB . 


Since reducing the value of K only increases the P.M. and G.M., a value 
of 


K =170 
is suitable to meet P.M. = 40° and G.M. = 8 dB for the range of 6. 
DP9.7_ A suitable gain is 
K =0.22. 


This results in P.M. = 60.17° and G.M. = 13.39 dB. The step reponse is 
shown in Figure DP9.7. 
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FIGURE DP9.7 
Lunar vehicle step response. 


DP9.8 A gain of K = 315000 will satisfy the P.O. specification, while giving the 
fastest response. The step response is shown in Figure DP9.8. 
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Steel rolling mill step response. 
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Design Problems 


The closed-loop transfer function is 


tA) Fico) 1+ Ge(s)Ga(s) 
where 
1 
Cu(8) = Gps pI) G0e +1) 
and 


0.01 
Ga(s) = (10s + 1)(50s +1) ° 


The steady-state error (with G.(s) = 500) to a unit step 2A (and after 
the system has settled out subsequent to a step of magnitude A) is 


@z, = 210,167) = 0.38: 
The step response is shown in Figure DP9.9. 


Gc=500 (solid); Gc=1/s (dashed); Gc=600+6/s (dotted) 
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FIGURE DP9.9 
Two tank temperature control step response. 


A suitable integral controller is 
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In this case, the steady-state tracking error is zero , since the system is a 
type 1. The system response is shown in Figure DP9.9. With the integral 
controller, the settling time is about T, = 438 seconds and the P.O. = 7%. 
A suitable PI controller is 


G,(s) = 600 + - . 


With the PI controller, the settling time is about T, = 150 seconds and 
the P.O. = 10%. 


DP9.10 The system is given by 


The associated transfer function is 


T(s) = : 


s? + (Ko —3)s+ K, -2 : 
The characteristic polynomial is 
a? 4 (Ko —3)s +k) -2=0. 


If we select K, = 3, then we have a zero-steady error to a unit step 
response R(s) = 1/s, since 


s? + (Ko — 3)s 
lim s[ (s)] R(s) 50 (ha Se 2 
Let 
K=(3 as) 


The step response is shown in Figure DP9.10a. The bandwidth is w, = 
1.08 rad/s, as seen in Figure DP9.10b. 
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Step Response 
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FIGURE DP9.10 
Step response with K = [3 4.3] and closed-loop Bode plot. 
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480 CHAPTER 9 Stability in the Frequency Domain 


Computer Problems 


CP9.1 The m-file script to generate the Bode plot (from which the gain and 
phase margin can be determined) is shown in Figure CP9.1. The transfer 
function is 


100 
Oe) = are Ag 0 
The gain margin is 
G.M. = oc 
and the phase margin is 
P.M. = 24°. 





num=100; den=[1 4 10]; 
sys = tf(num,den); 
margin(sys); 


Gm=NaN dB, (w= NaN) Pm=23.91 deg. (w=10.08) 
50 T T 











Gain dB 
oO 
T 
i 











Frequency (rad/sec) 





Phase deg 
% 
3 
T 











Frequency (rad/sec) 


FIGURE CP9.1 
Gain and phase margin with the margin function. 
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CP9.2 The Nyquist plots are 


481 


shown in Figures CP9.2a-c. 


num=[2]; den=[1 2]; sys=tf(num,den); nyquist(sys) 
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FIGURE CP9.2 
(a) Nyquist plot for G(s) = 





-0.6 -0.4 -0.2 le) 0.2 0.4 0.6 0.8 1 
Real Axis 
2 
s+2° 


num=[25]; den=[1 8 16]; sys=tf(num,den); nyquist(sys) 
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FIGURE CP9.2 


f 
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Real Axis 


CONTINUED: (b) Nyquist plot for G(s) = =~. 


25 
s*+8s+16° 
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num=[5]; den=[1 3 3 1]; sys=tf(num,den); nyquist(sys) 





Imaginary Axis 














Real Axis 


FIGURE CP9.2 
CONTINUED: (c) Nyquist plot for G(s) = sayqoaq- 


CP9.3 The m-file script to generate the Nichols chart for part (a) is shown in 
Figure CP9.3a. The Nichols charts for (b) and (c) are similiarly generated; 
all plots are in Figure CP9.3a-c. 




















Nichols Chart 
40 T 
0-dB 
307 0.25 dB 
0.5 dB 
g 207 1 dB 
num = [1]; den = [1 0.2]; 5 
sys = tf(num,den); 2 
. 8 tof 3.08. 
nichols(sys) § 
7 2 6dB 
ngrid a 
OF + 
-10F 
6 : ; ; ; 
-360 -315 -270 -225 -180 -135 -90 -45 0 


Open-Loop Phase (deg) 


FIGURE CP9.3 
(a) M-file script and Nichols chart for G(s) = —. 
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The gain and phase margin for each transfer function are as follows: 
(a) G.M. = oo and P.M. = 102° 

(b) G.M. = oo and P.M. = co 

(c) G.M.=20 dB and PM. =co 

















Nichols Chart 
40 1 T 
30, 
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a 
za 
§ oF 
(0) 
Qa 
8 -10F 
a 
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~40 
-50 + 
60 f i f f fl 
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FIGURE CP9.3 


CONTINUED: (b) Nichols chart for G(s) = Teo 
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CONTINUED: (c) Nichols chart for G(s) = a 
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CP9.4 To obtain a phase margin P.M. = 45° we select 
K=9 


when T = 0.1 second. The variation in the phase margin for 0 < T’ < 0.2 
is shown in Figure CP9.4. 





T=[0:0.01:0.2]; K=9; 

num=K;den=[1 1]; sys = tf(num,den); 

for i=1:length(T) 
[mag,phase,w]=bode(sys); 
ph=phase(;,:;,i)-w*T(i)*180/pi; 
[Gm,Pm,Wcg,Wcp]=margin(mag,ph,w); 
PMo(i)=Pm; 

end 

plot(T,PMo), grid 

xlabel('Time delay (sec)’) 

ylabel('‘Phase margin (deg)') 
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FIGURE CP9.4 
Variation in the phase margin for 0 < J’ < 0.2 with K = 9. 


CP9.5 The loop transfer function is 


__ -K(s +50) 
~ s(s+20)(s +10) ° 
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The plot of system bandwidth versus the gain K is shown in Figure CP9.7. 





K=[0.1:1:50]; 

w=logspace(-2,3,2000); 

den=[1 30 200 0]; 

for i=1:length(K) 
num=K(i)*[1 50]; sys = tf(num,den); 
sys_cl = feedback(sys,[1]); 
[mag,phase,w]=bode(sys_cl,w); 
L=find(mag<0.707); wb(i)=w(L(1)); 

end 

plot(K,wb), grid 

xlabel('Gain K’') 

ylabel('‘Bandwidth (rad/sec)') 














Bandwidth (rad/sec) 
3 


wu 














FIGURE CP9.5 
Variation in the system bandwidth for 0 < Kk < 50. 


CP9.6 The m-file script and Bode plot are shown in Figure CP9.6. The gain and 
phase margin and w, are determined to be G.M. = 2.23, P.M. = 26° and 
We = 12.6 rad/sec. So, the maximum value of b, is found to be 


bomaz = 2-130) = 1.11 . 


In this problem, there is also a minimum value of bo. Using the Routh- 
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486 CHAPTER 9 Stability in the Frequency Domain 
gm= 
numg = -0.5*[1 0 -2500]; deng = [1 47 850 -3000]; 2.2238 
sysg = tf(numg,deng); _ 
numc = 10*[1 3]; denc = [1 0]; sysc = tf(numc,denc); pm= 
sys_o = series(sysc,sysg); 26.3187 
bode(sys_o) _ 
[mag,phase,w] = bode(sys_o); wg = 
: > 
[gm,pm,wg,wc] = margin(mag,phase,w) 26.1155 
wc = 
12.6487 
50 
co files tS 
© OF sad | 
5 eee 
a 
-50 roam ee a a boii boii iret 
1071 100 10! 102 103 
Frequency (rad/sec) 
250 
200+ Pan 4 
Dn 
Z poo 
g 150 N | 
< ot NL 
100 br ae ene 
50 a oe ear oe ca el piiriit poaiiit 
10-1 100 10! 102 103 
Frequency (rad/sec) 
FIGURE CP9.6 


Using the margin function to compute stability margins. 


Hurwitz method, we determine that (for stability) the range of b, is 
0.14<6,<1.11. 


CP9.7 The m-file script is shown in Figure CP9.7a. Since we do not have a value 
for J, we write the loop transfer function as 


_ Ky + Kos 
a an 


Ge(s)G(s) 


where K, = K,/J and Ky = K2/J. We work with K, and Ko, then we 
can always compute Ky, and K»2 whenever J is specified. A PD controller 
which meets the specs is given by 


G(s) = 0.04 + 0.3s . 


The step response is shown in Figure CP9.7b. The Bode plot is shown in 
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% 
% Part (a) 
% 
numc = [0.3 0.04]; denc = [1]; sysc = tf(numc,denc); 
numg = [1]; deng =[1 0 0]; sysg = tf(numg,deng); 
sys_o = series(sysc,sysg); 
sys_cl = feedback(sys_o,[1]); 
step(sys_cl), pause 
% 
% Part (b) 
% 
w = logspace(-1,1,400); 
[mag,phase] = bode(sys_o,w); 
[gm,pm,w1,w2] = margin(mag,phase,w); 
margin(mag,phase,w), pause 
% 
% Part (c) 
% 
T=[10.135); 
for i = 1:length(T) 
[numd,dend] = pade(T(i),2); sysd = tf(numd,dend); 
sys_o1 =series(sysd,sys_o); 
sys_cl1 = feedback(sys_o1,sysd); 
p(:,i) = pole(sys_cl1); 
end 
plot(real(p),imag(p),*');grid 
xlabel('Real Axis’); 
ylabel(‘Imag Axis') 











FIGURE CP9.7 
Script to assist in all three parts of the problem. 


Figure CP9.7c. The phase margin is P.M. = 67.7° at w = 0.32 rad/sec. 
The loop transfer function is 


_ Ky + Kos 2s 


G..(s)G(s)H(s) 5 


8 
where T' is the one-way time delay. If the phase lag introduced by the 
delay is greater than 67.7° at w = 0.32 rad/sec, then the system will 
become unstable. So, since the phase lag due to the time delay T is 


o(w) = wT 


we have 67.7°7/180 = 0.32(2T) where T = 27. Solving for T yields 
T = 1.82 seconds. This is the maximum allowable one-way time delay. 
Executing the third part of the m-file script in Figure CP9.7a generates 
the plot illustrating the movement of the closed-loop system roots as the 
time delay is varied. The plot is shown in Figure CP9.7d. Examining 
the root locations, we find that when JT = 1.9, the closed-loop roots 
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CONTINUED: (b) Step response without time delays meets specs. 
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CONTINUED: (c) System Bode plot shows P.M. = 67.7°. 








are 8s; = —4.56, so3 = —0.94 + 2.027, s4 = —0.19, and s56 = +£0.32). 
Therefore, the system is marginally stable when T = 1.9, and is unstable 


as the time delay increases. 
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FIGURE CP9.7 
CONTINUED: (d) Closed-loop root locations as the time delay varies. 


CP9.8 The Nyquist plot and associated Matlab code are shown in Figure CP9.8. 


Nyquist Diagram 
150 T T T T 








a=[0 1;-1 -10]; b=[0;22]; c=[10 0]; d=[0]; 
sys=ss(a,b,c,d); 
nyquist(sys) 
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FIGURE CP9.8 
Using the Nyquist function to obtain a Nyquist plot. 
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CP9.9 The Nichols chart is shown in Figure CP9.9. The phase and gain margins 
are 37.1 degrees and oo dB, respectively. 





a=[0 1;-1 -10]; b=[0;22]; c=[10 0]; d=[0]; 
sys=ss(a,b,c,d); 

nichols(sys) 

ngrid 











Nichols Chart 





40 Fr 
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-360) =-315 = -270) «=-225 = -180 -135 -90 -45 0 
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FIGURE CP9.9 
The Nichols chart for the system in CP9.8. 


CP9.10 (a) The Nyquist plot is shown in Figure CP9.10. The phase margin is 


P.M. = 18°. 
(b) When the time delay is T = 0.05 seconds, the phase margin is P.M. = 
9°. 


(c) When the time delay is T = 0.1 seconds, the system is marginally 
stable. So, for T’ > 0.1 seconds, the system is unstable. 
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Nyquist Diagram 
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FIGURE CP9.10 


Nyquist plot for G(s)H(s) = neESIy 
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CHAPTER 10 


The Design of Feedback Control 
Systems 


Exercises 


E10.1 From the design specifications, we determine that our desired ¢ = 0.69 
and w, = 5.79. The characteristic equation is 


K(s +a) 


1 + Ge(s)G(s) = 1+ 


= () ; 
or 
ett K\s+Ka=0. 
Our desired characteristic polynomial is 
s+ Owns tw? =o? +85 43386=0 . 
Thus, K + 2 = 8, or 
K=6 


and Ka = 33.6, so a = 5.6. The actual percent overshoot and settling 
time will be different from the predicted values due to the presence of the 
closed-loop system zero at s = —a. In fact, the actual percent overshoot 
and settling time are P.O. = 12.6% and T, = 0.87s, respectively. 


E10.2 The characteristic equation is 


400 1 400(K1s + 1) 
Cie =12 — a S14 a, 
e GeheyGS) + ( +5) * s?(s + 40) 
or 
400 
ee - 0. 


33 +40s2 +400 
492 
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We desire ¢ = 0.45 for an overshoot of 20%. The root locus is shown 
in Figure E10.2. We select a point slightly inside the performance region 
(defined by ¢ = 0.45 ) to account for the zero. Thus, 


ky =0.5 
and the closed-loop poles are 


Ss, = —35 
$2.3 —2.7+ j2 . 





The actual 


POH 2077 + 
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FIGURE E10.2 


Root locus for 1 + Ky F a EERE —0. 


E10.3 The step response is shown in Figure E10.3 for 7 = 1 and kK = 0.5. It can 
be seen that the 


P.O. =4% , 


so this is a valid solution. 
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FIGURE E10.3 
Step response for K = 0.5 and 7 = 1. 


E10.4 The Bode plot is shown in Figure E10.4. The phase and gain margins 
are marked on the plot, where it can be seen that P.M. = 75.4° and 
G.M. = 28.6 dB. 


Bode Diagram 
Gm = 28.6 dB (at 11.8 rad/sec) , Pm = 75.4 deg (at 0.247 rad/sec) 
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E10.5 We require that K, > 2.7, ¢ = 0.5 and w, = 3 for the dominant roots. 
We want to place a zero to left of the pole at -2, so the complex roots will 
dominate. Set the zero at s = —2.2. Then for the desired roots find the 
location of pole p in compensator 


_ Ki(s + 2.2) 
(8 +p) 


to satisfy 180° phase at the desired roots. This yields p = 16.4. Using 
root locus methods, we find that A.K, = 165.7, so with kK, = 7.53, we 
determine that K = 22, and 


G(s) 


_ 7.46(s + 2.2) 
a = eng 


Then 
Ky = 2:78 « 


E10.6 The closed-loop transfer function is 
G_(s)G(s) 326(s + 4) 


FC ere cL rs ol 
(s) 1+ G.(s)G(s) s4+ 14.7653 + 151.35? + 349.85 + 1304 


The roots are 





81.2 = —0.87 + 3.2 
§3,4 = —6.54 j8.7 : 





Assuming s;,2 dominates, then we expect overshoot 
P.O.=43% and T, = 4.6 sec. 


The discrepencies with the actual P.O. and Ts; are due to the poles s3.4 
and the zero at s = —4. 
E10.7 The open-loop transfer function is 
Ke79-5s 


Gls) = aa : 


A plot of P.M. as a function of kK is shown in Figure E10.7. It can be 
seen that 


P.M, = 45° 


when K = 20.88. 
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phase margin versus K (PM=45°, K=20.88) 
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FIGURE E10.7 
Plot of phase margin versus Kk. 


E10.8 The open-loop transfer function is 


2257 806071.4 
C= — =" 
s(0.0028s +1)  s(s + 357.14) 


and the compensator is 


G(s) = UF) | 


Ss 


where z = K2/K,. The characteristic equation is 
s° + 357.148? + Kis+ Ko =0. 
Using Routh-Hurwitz methods, the system is stable for 
0 < Ko < 357.14 Ky 


or K2/K, < 357.14. Select the zero z at s = —10, then using root locus 
methods we determine that K, = 0.08 and Ky = 0.8. The roots of the 
characteristic equation are 


ss =—10.0° and sag] —lioa jl; 





and ¢ = 0.707, as desired. The step response is shown in Figure E10.8. 
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FIGURE E10.8 


Step response with Ky = 0.08 and Ko = 0.8. 


The loop transfer function is 


_ Ki(s + Ko/K,) 
7 s(s+1) 


? 


L(s) = G.(s)G(s) 
and 
Ky = lim sG(s)G(s) = Ke . 
Select Ko = 5. The characteristic equation is 
s?+(K,+1)+ K2=0, 
and we want 


3? + Deane wt =0. 


Equating coefficients yields w, = Kz = V5. Also, since we want P.O. = 


5%, we require € = 0.69. Thus, 


2¢wW, = Ky, +1 implies ky = 2.08 . 


The step response with K, = 2.08 and Ko = V5 yields a P.O. > 5%. This 
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is due to the zero at 
s=-—1.08. 


So, we raise the gain K, = 3 and then the P.O. = 5%. The step response 
is shown in Figure E10.9. 
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FIGURE E10.9 
Step response with Ky = 3 and Ko = 5. 
E10.10 The loop transfer function is 
(K1s + K2) 


G.(s)G(s) = Ae+T@+2)” 


Let Ko = 4. Then, the plot of the phase margin as a function of Ky is 
shown in Figure E10.10, where it can be seen that 


P.M, = 534° 


is the maximum achievable phase margin. This occurs when Ky = 5.5. 
For Ky = 5.5 and Kz = 4 we have P.O. = 13.3% and T, = 1.5 sec. 
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FIGURE E10.10 
Phase margin versus Ky with Ke = 4. 


E10.11 The Nichols diagram and the closed-loop Bode plot are shown in Fig- 
ures E10.11a and E10.11b, respectively. 
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FIGURE E10.11 


(a) Nichols diagram for Ge(s)G(s) = oe es 
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Bode Diagram 
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FIGURE E10.11 
CONTINUED: (b) Closed-loop Bode plot. 


E10.12 The loop transfer function is 


When K Ky = 5.12, the roots are 





81,2 = —0.58 + 70.58 
§3 = —3.84 . 


The complex poles have ¢ = 0.707 and the predicted settling time is 
T, = 4/0.58 = 6.89 sec . 


The actual settling time is T, = 6.22 s. 


E10.13 For the cascade compensator, we have 


Ty(s) = G.(s)G(s) 8.1(s + 1) 
ww T4448) (st+ril(st+Ai(st+ra) ’ 
where ry = —1+ 92 and rg = —1.67. For the feedback compensator, we 
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have 
G(s) 8.1(s + 3.6) 
D@)= —— aw = Eos 
1+G.(s)G(s)  (s+ri)(s+f1)(s +12) 
where 
8.1 
G(s) = ey 
and 
stl 
2 aera ye 


The response of the two systems differ due to different value of the zero of 
T, and 75, however, both systems have the same characteristic equation. 


E10.14 The Bode plot (with the lag network) is shown in Figure E10.14; the 
phase margin is P.M. = 46°. 


Bode Diagram 
Gm = 21.9 dB (at 1.84 rad/sec) , Pm = 46.4 deg (at 0.344 rad/sec) 
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FIGURE E10.14 
Bode plot for Gc(s)G(s) = poss ROME) 2 8 7 gy 


3(S+1)(0.258+1)(110s+1) 
E10.15 At the desired crossover frequency w. = 10 rad/sec, we have 


20 log |G-(j10)G(j10)| = -8.1 dB and ZG,(j10)G(j10) = —169° . 
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Therefore, the phase margin is P.M. = 11°. So, 
o@ = 30°—-11°=19° and M=8.1dB. 
Since 6 > 0 and M > 0, a lead compensator is required. 
E10.16 At the desired crossover frequency w, = 2 rad/sec, we have 
20 log |G.(72)G(g2)| =17 dB and ZG,(j2)G(j2) = —134° . 
Therefore, the phase margin is P.M. = 46°. So, 


= 30° — 46° = —16° 
M =-174B. 


Since 6 <0 and M < 0, a lag compensator is required. 


E10.17 Using a prefilter 


Ky 
G = ——_ 
p(S) Kasi; 
the closed-loop transfer function is 
Ky 


1 re 
os s?4+(Kp+1)s+ Ky 


The required coefficients for a deadbeat system are a = 1.82 and T, = 
4.82. Therefore, 


ee 
Ky =u; 


Kp=aw,-1. 
Since we desired a settling time less than 2 seconds, we determine that 
Wn = T;/2 = 4.82/2 = 2.41 . 
Then, the gains are 


Kp = 3.39 
Ky =5.81. 


The step response (with the prefilter) is shown in Figure E10.17. The 
percent overshoot is P.O. = 0.098% and the settling time is T, = 1.99 
seconds. 
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FIGURE E10.17 


Step response for the deadbeat system. 


E10.18 Consider the PI controller 
K; _ Kys+ Ky, _ 30s +300 


Ge(s) = Kp + — = 5 z 
and the prefilter 
G(s) = 10 
Then, the closed-loop system is 
300s + 3000 


(5) = 39805 43000 


The percent overshoot is P.O. = 9.2% and the settling time T, = 0.16 
seconds. The steady-state tracking error to a unit step is zero, as desired. 


E10.19 Consider the PID controller 


a? +105 +100 
: : 


G.(s) = 29 
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The closed-loop transfer function is 


29(s? + 10s + 100) 


P= + 245? + 290s + 2900 ° 





The settling time to a unit step is T, = 0.94 seconds. 
E10.20 Consider the PD controller 


Gels) = Ke hy = 234-1. 


The loop transfer function is 


2s+1 


L(s) = G,(s)G(s) = rc e 


The Bode plot is shown in Figure E10.20. The phase margin is P.M. = 
45.8°. This is a situation where decreasing the gain leads to instability. 
The Bode plot shows a negative gain margin indicating that the system 
gain can be decreased up to -6 dB before the closed-loop becomes unstable. 


Bode Diagram 
Gm = -6.02 dB (at 0.707 rad/sec) , Pm = 45.8 deg (at 1.82 rad/sec) 
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FIGURE E10.20 
Bode plot for the loop transfer function L(s) = 4 ; 
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E10.21 The transfer function from Tq(s) to Y(s) is 


1 
Ls) = 
eS Fae 
The tracking error is E(s) = R(s) — Y(s). When R(s) = 0, then E(s) = 
—Y(s). The final value of the output to a unit step disturbance is e., = 
1/K. If we want the tracking error to be less than 0.1, then we require 


K > 10. When kK = 10, we have the disturbance response shown in 
Figure E10.21. 


Step Response 
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FIGURE E10.21 
Disturbance response for K = 10. 
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Problems 


P10.1 (a) The loop transfer function is 
(l+ars)K,K2 
L(s) = G.(s)G(s)H(s) = ——_~_ 
(8) = G:(s) G(s) H(s) = SEES 
We desire ¢ = 0.6, T, < 2.5 or Cw, > 1.6. The uncompensated closed- 
loop system is 


Kk 
I = ——_ 
(s) 62 aK? 


where K = K,K2/J and K = we. We can select K = 20, and then 
Cw, > 1.6. First, plot the Bode diagram for 

20 
G(s)H(s) =F 


where K,K2/aJ = 20. The phase margin of the uncompensated sys- 
tem is 0°. We need to add phase at w,. After several iterations, we 
choose to add 40° phase at w-., so 
-—1 
sin 40° = “—— = 0.64. 
atl 


Therefore, a = 4.6. Then, 
10 log a = 10 log 4.6 = 6.63dB . 


We determine the frequency where magnitude is -6.63 dB to be wy, = 
6.6 rad/sec. Then, 


p=Wnfa=14.1 and z=p/a=3.07. 
The compensated loop transfer function (see Figure P10.1a) is 


G.(s)G(s) (8) = aE 


(b) Since we desire Cw, > 1.6, we place the compensator zero at z = 1.6. 
Then, we place the compensator pole far in the left half-plane; in this 
case, we selected p = 20. Thus, the compensator is 


s+1.6 
s+20 





G-(s) = 


The root locus is shown in Figure P10.1b. To satisfy the ¢ = 0.6 
requirement, we find K = 250, and the compensated loop transfer 
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FIGURE P10.1 
(a) Compensated Bode plot for Gc(s)G(s)H(s) = ae 
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FIGURE P10.1 
CONTINUED: (b) Root locus for Gie(s)G(s)H(s) = 1+ Koti 
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P10.2 


P10.3 


CHAPTER 10 The Design of Feedback Control Systems 


The transfer function of the system is 


G(s) 


1.0e + 14 


~ 33 4 2000s? +le+1ls’ 


where we use the system parameters given in P7.11 with the following 
modifications: 7] = 7, = 0 and K, = 1. Also we have scaled the transfer 
function so that the time units are seconds. The parameters in P7.11 are 


given for time in milliseconds. 


Gus) = 


A suitable compensator is 


s + 500 
s+1 


The closed-loop system response is shown in Figure P10.2. The percent 
overshoot is P.O. ~ 20% and the time to settle is T; < 0.01 second. 
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FIGURE P10.2 
Step response. 


The loop transfer function is 


G.(s)G(s) = 


1 
0.025 
Time (secs) 


0.02 0.03 0.035 0.04 0.045 


16(s +1) K(s+z) 


s(s?+2s+16) (s+p) 


0.05 


We desire dominant roots with T, < 5 sec and P.O. < 5%, so use ¢ = 0.69 
and Cw, = 0.8. One solution is to select z = 1.1 (i.e. to the left of the 
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existing zero at s = —1) and determine the pole p and gain K for dominant 
roots with ¢ = 0.69. After iteration, we can select p = 100, so that the 
root locus has the form shown in Figure P10.3. Then, we select K = 320, 





200 


150 F s | 


-50 F 4 4 


-150 + ’ | 
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FIGURE P10.3 aiid 
s+ st+l1. 
Root locus for 1 + ie +3s416)(sh100) = 0. 


so that ¢ = 0.69. The final compensator is 


320(s + 1.1) 


Gels) = — 7500 


The design specifications are satisfied with this compensator. 
P10.4 The uncompensated loop transfer function is 
1 40 


2 2G4a) 


We desire 10% < P.O. < 20%, so 0.58 < ¢ < 0.65, and T, < 2 implies 
CwWn < 2. We will utilize a PD compensator K,(s +a). We select a = 2, 
to obtain the root locus shown in Figure P10.4. Then with Kg = 23.5, we 
have the desired root location, and 


G.(s) = 23.5(s + 2) . 


The design specifications are satisfied with the PD compensator. 
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FIGURE P10.4 
Root locus for 1 + Kay =0. 


P10.5 We desire P.O. < 10% and T, < 1.5 sec. The compensator is a PI-type, 
given by 


K. Kos+ K. Ko(s+a 
G.(8) = Ka + $2 = SBE _ Et 


where a = K3/K9. So, es; = 0 for a step input and 


3.75 Kg 25K 


Cs) = GE018)0.15e +1) ~  +0.1s\(e +667) 


The loop transfer function is 


25K, Ko(s + a) 


Gel8)G(8) = G5) #66) 


Using root locus methods, we select a = 0.2 (after several iterations) and 
determine K,K2 to yield ¢ = 0.65. This results in Ky Kg = 1. The root 
locus is shown in Figure P10.5. The design specifications are met. The 
actual percent overshoot and settling time are P.O. = 7.4% and T, = 1.3 
s. The controller is 


(a) 14—. 
G(s) ses 
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FIGURE P10.5 


Root locus for 1+ Kako Zales) 0. 


‘3(8+0.15)(s+6.67) 


P10.6 Asin P10.5, using root locus we find that placing z = 15 and p = 30 yields 
a root locus shape (see Figure P10.6) where the loop transfer function is 
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25Kq(s + z) 


Gels)G(s) = 7 ys 4 0.15)(s + 6.67) * 


and where z,p and Kg, are the parameters to be determined. Properly 
choosing the parameter values allows us to increase €w, of the dominant 
roots (compared to the PI compensator of P10.5). Then, with K, = 3.7, 
the dominant roots have ¢ = 0.65. The design specifications are met with 
the compensator. 


P10.7 The loop transfer function is 
Ko (bs + 1) e748 
G_-(s)G(s) = 
eK) 3(0.2s + 1) 


where a = K,/Ky2. We desire P.O. < 20%, or ¢ = 0.4 or P.M. > 40°. Let 
Ko =1 and find Bb. A plot of P.M. versus 6 is shown in Figure P10.7. 





Phase Margin (deg) 
wn 
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FIGURE P10.7 
Phase margin versus 6 with K2 = 1. 


So, many values of 6 will suffice. We select b = 0.1. Then, 


(0.1s + 1)e—°-48 


Gels)Gls) = "S025 +1) 


The actual P.M. = 62°. Thus, we estimate ¢ = 0.62 and P.O. = 8.3%. 
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The actual P.O. = 4.2% and T; = 3.25 sec. 
P10.8 ‘The plant transfer function is 


The steady-state error is 


A 
= —— <0.1A. 
Css 1+K, < 


Therefore, K, > 9. Insert an amplifier with the compensator with a dc 
gain = 9, as follows 


9e—°08(5 + 2) 


G.(s)G(s) = (st iXs+p) 


The system is unstable without compensation, and it is very difficult to 
compensate such a time delay system with a lead compensator. Consider 
a lag network 


ST Zz 
s+p 





G.(s) = 





where z > p. Let z = 10p. Then, a plot of the P.M. versus p is shown 
in Figure P10.8a. Suitable system performance can be obtained with 
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FIGURE P10.8 


(a) Phase margin versus p. (b) Step response with p = 0.0001 and z = 0.001. 
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514 CHAPTER 10 The Design of Feedback Control Systems 


P.M. > 45°, so choose p = 0.0001. The Bode plot of the compensated 
and uncompensated systems is shown in Figure P10.8c, where we have 
selected z = 0.001 and p = 0.0001. The compensated system has 


P.M. = 62° and T,=9 minutes. 


The step response is shown in Figure P10.8b. 
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FIGURE P10.8 
CONTINUED: (c) Bode plot for the compensated system (solid lines) and the uncompen- 
sated system (dashed line). 


P10.9 The transfer function is 


5000 


OO) aan ioe 


To meet the steady-state accuracy, we need K, > 40. The uncompensated 
K, = 50, so the steady-state accuracy can be met. 


(a) Using the Bode method, we need P.M. = 70% (to meet P.O. < 5% 
specification). Let 


Bie bs +1 








as+10 


The plot of P.M. versus 6 is shown in Figure P10.9a, where we set 
a = 50b. Choosing 6 = 20 should satisfy the P.O. specification. The 
Bode plot is shown in Figure P10.9c. Thus, 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
































Problems 515 
80 (a) 
3 70h e er J 
7 ra 
& OP + 
oO ( 
= sor / | 
wo / 
s / 
E 40} / | 
30 
0 5 10 15 20 25 30 
b 
15 (b) 
ov 1 L po ot 
g / 
= / 
<= 0.5} J 
ol 
0 5 10 15 20 25 30 35 40 45 50 
Time (secs) 


FIGURE P10.9 
(a) Phase margin versus b; (b) Step response for lag compensator designed with Bode where 
a = 1000 and b = 20. 
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FIGURE P10.9 
CONTINUED: (c) Bode plot for the compensated system with Gc(s) = 


—_ 5000(20s + 1) 
Gels)Cls) = [5 10)2(10008 +1) 


The step response is shown in Figure P10.9b. 
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516 CHAPTER 10 The Design of Feedback Control Systems 


(b) We require that ¢ = 0.7 to meet the P.O. specifications. Let 


K (bs + 1) 
G = ——__.. 

els) (as + 1) 
Using root locus methods, we fix a and 6, and then determine K for 


¢ = 0.7. Let a = 50b and select b = 10 (other values will work). The 
root locus is shown in Figure P10.9d. We find K = 2.5 when ¢ = 0.7. 
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FIGURE P10.9 
CONTINUED: (d) Root locus for 1 + Ao 


Now, Ky, = 125, so the steady-state accuracy requirement is satisfied 
for the step response as shown in Figure P10.9e. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


P10.10 

















Problems 517 
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FIGURE P10.9 
CONTINUED: (e) Step response for lag compensator designed with root locus methods, 
where KK = 2.5. 


We desire a small response for a disturbance at 6 rad/sec. The Bode plot 
of G.(s)G(s) is shown in Figure P10.10a where we consider a compensator 
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FIGURE P10.10 


(a) Bode plot for the compensated system with G-(s) = 
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518 CHAPTER 10 The Design of Feedback Control Systems 


of the form 


K(s? +as +b) 
Gels) = “ay 36 


Notice that the magnitude is large at w = 6, as desired. We select 
a=4, b=10 and K=10. 


The response to a sinusoidal disturbance at 6 rad/sec is shown in Fig- 
ure P10.10b. Notice that the effect of the disturbance is virtually elimi- 
nated in steady-state. 
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FIGURE P10.10 
CONTINUED: (b) Disturbance response for a sinusoidal disturbance at 6 rad/sec. 


P10.11 The step response with G.(s) = 1 is shown in Figure P10.11. A suitable 
lag compensator is 


s+0.05 


Gels) = 0005 ° 


The step response of the compensated system is also shown in Figure P10.11. 
The settling time of the compensated system is 


T, = 28 seconds . 
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Compensated system (solid) & Uncompensated system (dashed) 
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FIGURE P10.11 
Step response of uncompensated and compensated systems. 


P10.12 The root locus is shown in Figure P10.12 where a suitable lead-lag com- 
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520 CHAPTER 10 The Design of Feedback Control Systems 


pensator is 


Pee eve 
Cijak 
e(s) abd 3-2 170 


The selected gain is K = 57, so that the damping of the complex roots is 
about ¢ = 0.7. For this particular design, the closed-loop system zeros will 
affect the system response and the percent overshoot specification may 
not be satisfied. Some design iteration may be necessary or a prefilter can 
be utilized. A suitable prefilter is 


17 


G(s) _ s+17 " 





The acceleration constant is K, = 9120. 
P10.13 We choose K = 10. This yields a velocity constant Ky, = 20K = 200, as 


desired. A suitable two-stage lead compensaator is 


(0.055 + 1)(0.05s + 1) 


Gels) = (90085 + 1)(0.00085 +1)” 


The Bode plot is shown in Figure P10.13. The phase margin is P.M. = 
75.06°. 
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P10.14 (a) When 
G.(s) = K = 0.288 , 


the phase margin is P.M. = 49.3° and the bandwidth is wg = 0.95 
rad/sec. 


(b) A suitable lag compensator is 


25s +1 


Cos =. 
(3) = T3634] 


The compensated system phase margin is P.M. = 52.21° and K, = 2, 
as desired. 


P10.15 A suitable lead compensator is 


_ 1.155s+1 


Gels) = Togas 1° 





The compensated system phase margin is P.M. = 50° and Ky, = 2, as 
desired. The settling time is T, = 3.82 seconds. 


P10.16 One possible solution is 


_. (s +12)(s +15) 
Gels) = Kr 90)(54 150) ’ 





where K = 900. The disturbance response is shown in Figure P10.16. 
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FIGURE P10.16 
Compensated system disturbance response. 
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CHAPTER 10 The Design of Feedback Control Systems 


522 
P10.17 The PI controller is given by 
K 
Ce. 
8 


where K and 6 are to be determined. To meet the design specifications, 
we need 


¢=0.6 and w, = 6.67 rad/sec . 


The closed-loop transfer function is 
K(s +b) 
T(s) = =~... 
(s) s?+Ks+0K 


Solving for the gains yields K = 2Gw, = 8 and b = w?/K = 5.55. A 


suitable prefilter is 
5.55 
G = ——. 
(8) = T4555 


The step response, with and without the prefilter, is shown in Figure P10.17. 
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FIGURE P10.17 
Compensated system response with and without a prefilter. 
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P10.18 The plant transfer function is 


K 
s(s+10)(s +50) © 
We desire Cw, > 10 to meet T, < 0.4 sec and ¢ = 0.65 to meet P.O. < 


7.5%. Try a pole at s = —120. The root locus is shown in Figure P10.18. 
The gain K = 6000 for ¢ = 0.65. Thus, 


G(s) = 
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FIGURE P10.18 - 
Root locus for 1 + (ee 
P10.19 (a) The loop transfer function is 
K —2Ts 
Oo — 
0.25s + 1 


where 7’ = 1.28. The phase angle is 
o = —2.56w — tan 0.25w . 


So, w = 1.12 rad/sec when ¢ = —180°. However, the break frequency 
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524 CHAPTER 10 The Design of Feedback Control Systems 


is 4 rad/sec. Therefore, you cannot achieve P.M. = 30° and have the 
system be stable for kK, < 1. The steady-state error is 


_ A _ A 
Tek, Lek 


since K, = Kp. 


(b) Set Ay = 20, then K, = 20 and this yields a 5% steady-state error. 
Without compensation, the system is now unstable. Let 


cana tt 


where b= 5 and a= 0.01. Then, the system is stable with 
P.M. = 63° . 


The system response is shown in Figure P10.19. 
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FIGURE P10.19 
Unit step response with G-(s) = — 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 525 


P10.20 (a) The open-loop transfer function is 


Kes? 


OO) BEES)’ 


where T = 0.5 sec. We desire P.O. < 30%, thus ¢ > 0.36. We will 
design for ¢ = 0.4, which implies P.M. = 40°. Then 


= ijan w= tan = — 0.5w(57.3°) . 


At w. = 1.75, the phase margin is P.M. = 40°, and solving 


: K 
|G(jw)| = ————_; = 1 
[(3 — w?)? + (dw)? 
at w = 1.75 yields K = 7. Then e,, = 0.3. 
(b) We want es, < 0.12, so use es; = 0.10 as the goal. Then 


Ke-°-"(s5 + 2) 


CdejGy) = (s+1)(s+3)(s+b) ’ 


and 


_ 1 
14+ Ky 


Ess 


where Ky = ae If b= 0.1 then K, = 6.7K and 


1 
aa We ae 


So, we need 6.7K = 9, or K = 1.35. We need a lag compensator (i.e. 
b < 2) to meet e,, < 12% and have stability. 


P10.21 We desire K, = 20, P.M. = 45° and wg > 4rad/sec. Thus, we set K = 20, 
and 


20 
G(s) = ————_——_. . 
= SEs EF) 
Then, the Bode plot yields P.M. = —21° uncompensated at w. = 5.2 
rad/sec. The phase lead compensator must add 66 ° plus phase lead to 
account for the shift of the crossover to a higher frequency with the phase 
lead compensator. Consider 


1 ey 


Gels) = ( 1+7Ts 
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One solution is to use 


a= 10 
P= 1/G7 


Then 


_ 100(s + 6.7)? 


Gels) = ere 


The compensator has two zeros at w = 6.7, two poles at w = 67 yielding 
P.M. = 47°, we = 7.3 and wg = 12 rad/sec. 


P10.22 We desire K, = 20, P.M. = 45° and wp > 2. The lag compensator is 


; 1+ jwt 

G = ——- 
(ju) 1+ gwar 

where a > 1. From the Bode plot, @ = —135° at w = 1.3. So, at w = 1.8, 

we need to lower the magnitude by 22 dB to cause w = 1.3 to be w,, the 

new crossover frequency. Thus, solving 


22 = 20loga 
yields a = 14. We select the zero one decade below uw, or + = 0.18. 
Therefore, 
1 al 
ae 0.0093 . 
QT 14 


Then, the lag compensator is given by 


l+ay s+0.13 


G.(s) = =F 
ls) = 7a Ide + 0.0098) 


The new crossover is w’, = 1.3, and wg = 2.14 rad/sec. 
P10.23 We desire P.M. = 45°, K, = 20 and 2 < wg < 10. The lead-lag compen- 
sator is 
_ Las l+ae 
Lo tte 








G(s) 


Since wp & 1.5w, , we design for a new crossover frequency w’, so that 
lA wl <7. 


Try for w!, = 4. The phase ¢ = —190° at w = 4, so we need to add phase 
lead of 55° plus phase to account for lag part of network at w/,. Use a = 10 
and bracket w = 4 with the lead network. Put the zero at w = 0.8 = b 
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and the pole at w = 8. For the lag compensator, put the zero at a lower 
frequency than w/,/10. So try a zero at w = 0.2 = 10a and a pole at 
w = 0.02 = a. Then, the lead-lag compensator is 


oy _ (ht ee) + a) 
Gel) = C58) (tate) 


The compensated Bode plot yields 
w= 3.5 rad/sec, P.M.=50° and wg = 6.2 rad/sec . 


P10.24 The steady-state error is 


1 1 


es = TK, ~ TpKyis 795: 


So, we need K/16.geq19 or K > 304. One possible solution is 








4s+1 
ete og ei? 
The compensated Bode plot is shown in Figure P10.24. The phase margin 
is P.M. = 45.8°. 
Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 45.8 deg (at 9.24 rad/sec) 
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FIGURE P10.24 
_-304(4s+1) 


Bode plot for GG-(s) = Ts74)2(12s41) 
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P10.25 The arm-rotating dynamics are represented by 
100 
5 (sim +h+ 1) , 
We desire K, = 20, and P.O. < 10%. One possible solution is the lead-lag 
compensator 


G(s) = 


(s + 50)(s + 0.48) 


Gels) = 57+ 200)(5 + 0.06) * 





With this compensator, we have 
P.O.=9.5% and K, =20. 


P10.26 Neglect the pole of the airgap feedback loop at s = 200. The characteristic 
equation is 


_,(8 + 20)(s +c) 


Dh Oy 
8 
where 
- K 
K= 
Kk, + Ko 
Kab 
iy + Ko 
Choose 
e=10 


to attain the root locus structure shown in Figure P10.26. The gain 
K = 38.87 
insures the damping ratio of ¢ = 0.5. Then, solving for K, and b yields 


K 


————— 
1 38.87 


Ko 


and 


— 01K 
— 38.87K> | 


For given values of K and K2 (unspecified in the problem), we can com- 
pute Ky and 6. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 529 
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FIGURE P10.26 
Root locus for 1 + KREROEHO =0. 


P10.27 The loop transfer function is 


_ 0.15. (10as + 1) 
CICS SED (Gs-+ Nes +1) 


where K and a are to be selected to meet the design specifications. Suit- 
able values are 


K=6.25 and a=0.15. 


Then, the phase margin is P.M. = 30.79° and the bandwidth is wg = 
0.746 rad/sec. The lead compensator is 


1.5s+1 


(95 =, 
Gels) = 6.2507 a 


P10.28 (a) Let G.(s) = K = 11. Then the phase margin is P.M. = 50° and the 
performance summary is shown in Table P10.28. 


(b) Let 


K(s + 12) 


G-(s) = +20)” 


where K = 32. Then, the phase margin is P.M. = 50° and the per- 
formance summary is given in Table P10.28. 
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G.(s) = K =11 18% | 0.34 sec | 0.78 sec 13.9 rad/sec 
G(s) = @GH) 18% 26.3 rad/sec 


TABLE P10.28 Performance Summary = | Summary. 


P10.29 The loop transfer function is 


K(as + 1) 


Gels)G(s) = aye + 14) (as #1)’ 


where K and a are to be selected to meet the design specifications, and 
we have set a = 10. The root locus is shown in Figure P10.29a. To satisfy 








30 oa 7 
20+ ae | 
10+ v J 
/ 

2 wey @ 
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oO 

iE \ 
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30 f f f f 
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FIGURE P10.29 jabato 
4 8 
(a) Root locus for 1 + Kk 3(s#10)(s+14)(10st1) ~ = 0; 
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Problems 


the steady-state tracking error we must select 
k > 1400. 


Suitable values for the lag compensator are 
kK =4060 and a=1. 


Then, the percent overshoot is P.O. = 31% and the settling time is T, = 


2.34 sec. The lag compensator is 
s+1 
G = ——. 
(8) = T9547 


The step response is shown in Figure P10.29b. 





Amplitude 


04+ / 
/ 





O2- | 
2 


/ 
: 15 


ol f 
0.5 
Time (secs) 








FIGURE P10.29 
CONTINUED: (b) Step response. 


P10.30 The plant transfer function is 
10e70-95s 
G(s)=3 : 
s?(s + 10) 
The lead network 
16(s + 0.7) 
G = 
els) (s +9) 
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CHAPTER 10 The Design of Feedback Control Systems 


provides M,,, = 3.4 dB and w, = 1.39 rad/sec. The step response is shown 


532 
in Figure P10.30. The overshoot is P.O. = 37% and T, = 3.5 sec. 

















$08} 
E ost | 
0.4} | 
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/ 
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FIGURE P10.30 
Unit step response with G(s) = alta ies 
P10.31 The vehicle is represented by 
K K 
G(s) = x ——_—_——_. . 
s(0.04s + 1)(0.001s +1)  s(0.04s + 1) 
For a ramp input, we want 
Css 1 
— =0.01 = — 
A Ky 
100 


So, let 
OG) = Ss edeea) ® 


The uncompensated P.M. = 28° at w. = 47 rad/sec. We need to add 17°. 


Case (1) Phase lead compensation: 
1+ 0.0215 

G(s) = ————— 

(3) = T5001 


The phase margin is P.M. = 45°. 
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Case (2) Phase lead compensation: 


1 +0.04s 
Cije 
(8) = T9058 


The phase margin is P.M. = 65°. 
For Case 1, we have 
P.O. = 25% , Ts; =0.13 sec and T, = 0.05 sec . 
For Case 2, we have 


P.O. =4% , Ts; =0.04 sec and T, = 0.03 sec . 


P10.32 As in P10.31, the plant is given by 
100 
G(s) = ————_. . 
(9) = Sods +1) 


The uncompensated P.M. = 28°. We need P.M. = 50°. The phase lag 
compensator 


Gels) = 
results in P.M. = 50°. The P.O. = 21%, T; = 0.72 sec and T, = 0.17 sec. 

P10.33 (a) To obtain K, = 100, we have 

43.33(s + 500) 


Gels)G(s) = 55+ 00825)(6? + 2.575 + 0067) | 





With K = 43.33, we have 
P.M. =1.2°, My, =26dB, w, =1.8rad/sec and wg = 3.7 rad/sec . 


The Bode plot is shown in Figure P10.33. 
(b) Let 


C.(s) = 0.35s +1 
oe Vleet 2 


and K = 43.33 (as before). Then, 


P.M. = 36°, My, =5.4dB, w, =1.7rad/sec and wg = 3.0 rad/sec. 
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FIGURE P10.33 
Bode plot with G-(s) = K = 43.33. 
P10.34 The step response is shown in Figure P10.34, where 
G(s) 10(s + 0.71)(s + 0.02) 
QQ) SS a 
7 (s + 0.0017)(s + 10) 
12 - 
[\ 
1h oe. eater 
0.8- 4 
2 0.6+ | | 
& | 
0.4 | J 
0.27 | 4 
old f 
0 0.5 1 1.5 2 25 3 35 4 45 > 


Time (secs) 


FIGURE P10.34 
Step response with the lead-lag compensator G¢(s) = Oe 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 535 


Then, 
Ky = 80 
and P.O. = 17%, T, = 1.8 sec, and ¢ = 0.54. 


P10.35 The process model is 


1 


Gls) = Jie +10) ’ 


and we consider the lead compensator 


1+ sat 
(s) = K—— 
Gels) l+sr ’ 
where a = 100, 7 = 0.4 and K = 0.5. Then, P.M. = 46.4°. The step 


response is shown in Figure P10.35. The system performance is 


P.O. = 22.7% 
T, = 5.2 sec 
Ty = 1.72 sec . 
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foe} 


= 
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FIGURE P10.35 
Step response with the lead compensator G(s) = 0.5 gg. 
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536 CHAPTER 10 The Design of Feedback Control Systems 


P10.36 The phase margin is shown in Figure P10.36. As the time delay increases, 
the phase margin decreases. The system is unstable when T’ > 2.1848 s. 
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FIGURE P10.36 


Step response with Gc(s)G(s) = woe where 0 < T' < 2.5. 





P10.37 One possible solution is the integral controller G.(s) = 2/s. The step 
response is shown in Figure P10.37. The steady-state tracking error to a 
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-0.2 1 iL 1 1 1 1 1 if 1 
0 1 2 3 4 5 6 7 8 9 10 


Time (secs) 


FIGURE P10.37 
Step response with the integral controller Gc(s) = 2/s. 
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step input is zero since the system is type-1. The phase margin is P.M. = 
32.8° and the bandwidth is wg = 4.3 rad/s . 


P10.38 A suitable PI controller is 


wl 
coal me 17998 + Ot . 
8 





Galsja 





The roots are sj = —29.15, so3 = —5.37 & —5.377, and s4 = —0.10. The 
step response is shown in Figure P10.38. The settling time is T; = 1.09 s 
and the time to peak is J; = 0.618 s. 


Step Response 





System: sysa 
1.2+ Peak amplitude: 1.06 a 
Overshoot (%): 6.39 
At time (sec): 0.618 





Settling Time (sec): 1.09 
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FIGURE P10.38 
Step response with the PI controller. 


P10.39 One possible solution is 


_ 51.78(s + 0.1) 


Gels) 3 + 0.025 


The overshoot to a unit step is P.O. = 0% and the steady-state error to 
a step input is e,, = 5%. The system bandwidth is wg = 6.5 rad/sec. 


P10.40 The lead compensator is 
2.88(s + 2.04) 
G.(s) = ————————. 
cls) 3 + 5.88 


The Bode plot is shown in Figure P10.40. The phase margin is P.M. = 
30.4° at we = 9.95 rad/sec and the bandwidth is wg = 17.43 rad/sec. 
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FIGURE P10.40 


Bode plot for Gc(s)G(s) = ee 


P10.41 The lag compensator is 


14+ 1.48s 
Coa. 
(8) = T7108 
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FIGURE P10.41 rreee 
Bode plot for Gc(s)G(s) = ee 
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The Bode plot is shown in Figure P10.41. The steady-state error specifi- 
cation is satisfied since kK, = 20. The phase margin is P.M. = 28.85° at 
We = 2 rad/sec and the bandwidth is wg = 3.57 rad/sec. 


























P10.42 The lag compensator is 
2.0(1 + 1.64s 
GAs) = i aac) 
1+ 30.58 
The Bode plot is shown in Figure P10.42. The steady-state error specifi- 
cation is satisfied since 
Ky =50. 
The phase margin is P.M. = 28.93° at w. = 1.98 rad/sec and the band- 
width is wg = 3.59 rad/sec. 
100. $a ro en ro 
50} OO | 
a PPS 
e a 
o SS 
1) oF aa | 
-50 boii poi poi boii 
103 102 107 109 101 
Frequency (rad/sec) 
0 ee ee mo = 
NO | 
& -200- 
-300/- | 
103 102 108 100 01 
Frequency (rad/sec) 
FIGURE P10.42 ee asauas 
Bode plot for Gc(s)G(s) = rae 
P10.43 We use Table 10.2 in Dorf & Bishop to determine the required coefficients 


a=19 and 6=2.2. 
Also, 


Wyl, = 4.32 implies wy, = 4.32 , 
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since we require 7;. = 1 second. The characteristic equation is 
s® + 8,215? + 41.06s + 80.62 = s* + (1+ p)s?+(K+p)s+Kz=0. 
Equating coefficients and solving yields 
p=7.21 K=33.85 7=2.38. 


P10.44 From Example 10.4 in Dorf & Bishop, we have the closed-loop transfer 
function 
96.5(s + 4) 


T(8) = Cay es + 80)(6 +485) * 


A suitable prefilter is 


4 
s+4- 





Gp(s) = 


The step response (with and without the prefilter) is shown in Figure P10.44. 


With prefilter (solid) & without prefilter (dashed) 
1.4 r r r r r 
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FIGURE P10.44 
Step response with and without the prefilter. 


P10.45 Let K = 100. The Bode plot is shown in Figure P10.45a and the response 
to a simusoidal noise input with w = 100 rad/s is shown in Figure P10.45b. 
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Bode Diagram 
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FIGURE P10.45 
(a) Bode magnitude plot. (b) Response to a noise input. 


P10.46 For kK > 0.635, the system is unstable. The percent overshoot is shown 
in Figure P10.46 . 
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FIGURE P10.46 
Percent overshoot. 
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Advanced Problems 


AP10.1 (a) With 


the closed-loop transfer function is 


K 


Tess 
‘) = Spee 


When K = 2.05, the characteristic equation is 


9° +5s%+45+2.05 =0 





with poles at s = —4.1563 and s = —0.4219 + 70.5615. Therefore 
¢ = 0.6, and the predicted overshoot is 


P.O. = 100e~7°-6/V1-0.6 = 9 5% < 13% . 
The actual overshoot is P.O. = 9.3% and T, = 8.7 seconds. 
(b) When 


82.3(s + 1.114) 
Ca 
e(s) aE 1146 


the closed-loop transfer function is 


82.3(s + 1.114) 


5? + 16.4659 + 61.382 + 128.145 + 91.6822 
82.3(s + 1.114) 


(s + 1.196)(s + 12.26)(s + 1.5 + j2) ° 


Ta) = 








Therefore ¢ = 0.6 and the predicted overshoot is P.O. = 9.5% < 13%. 
The actual overshoot is P.O. = 12% and T; = 2.5 seconds. 


AP10.2 The lag network is given by 


_ K(s-+ay) 
c sta, — 


The closed-loop transfer function is 


s+ ay 
s*+(5+a)s? + (44+ 5aq)s? + (4ag + K)s + Kay © 
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Computing the steady-state tracking error yields 


s* + (5+ ag)s® + (4 + 5azg)s? + 4ags 





= im ————_ > 
ee eae (5 + ag)s* + (4+ 5ag)s? + (dag + K)s* + Kays 
4ag 
= —, < 0.125. 
atk 


If we select K = 2.05 (as in AP10.1), then 
a, > 15.6laz . 


So, take az = a; /16. The lag compensator can now be written as 


§+ aj 


c(s) = 2.05 ————_. . 
G(s) OS ea 16 


Select a; = 0.018. Then, the closed-loop transfer function is 


2.05(s + 0.018) 


T(s) = OOOO 
co s* + 5.001153 + 4.0056s? + 2.0545s + 0.0369 


The performance results are P.O. = 13% and T, = 29.6 seconds for a step 
input, and e,, = 0.12 for a ramp input. 


AP10.3 The plant transfer function is 


and the PI controller is given by 


K,s+ Kr 
oe 


Gels) = 


The closed-loop transfer function is 


Kys + Ky 


‘= —_ 
a re wy TR aaa 


For a unit ramp, the steady-state tracking error is 


oie s4 +58 + 4s? _¢ 
8 s30 89 + 584 +453 + K,s2+ Krys 


Any Ky; > 0 and K, > 0 (such that the system is stable) is suitable and 


will track a ramp with zero steady-state error. Since we want P.O. < 
13%, the damping of the dominant roots should be ¢ + 0.6. One suitable 
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solution is to place the zero at s = —0.01 and select the PI controller 
2.05(s + 0.01 
G(s) = 2.05(s + 0.01) ss 
S 
Therefore, Ky, = 2.05 and kK; = 0.0205. The closed-loop transfer function 


1s 


2.05(s + 0.01) 


1 no ts 
(8) = Bet 4p de? 4 D.0Bs 10.0005 


The performance results are P.O. = 11.5% and T, = 9.8 seconds for a 
step input, and e,, = 0 for a unit ramp. 


AP10.4 The closed-loop transfer function is 


10K 
T(s) = . 


s2 4 10(1 + K,K2)s + 10hKy : 
From the performance specifications, we determine that the natural fre- 


quency and damping of the dominant poles should be w, = 5.79 and 
¢ = 0.69. So, 


s? + 10(1 + Ki Ke)s + 10K, = s* + 2Cwys + w2 = 5? + 7.998 + 33.52 . 


Solving for the gains yields AK, = 3.35 and Ky = —0.06. The closed-loop 
transfer function is 
33.52 
12) = 3S Se 
8“ + 7.99s + 33.52 


The performance results are P.O. = 5% and T, = 1 second. 


AP10.5 (a) From the overshoot specification P.O. = 16%, we require the dom- 
inant poles to have a damping ¢ ~ 0.5. Neglecting the pole at s = 
—100, the plant transfer function is 
1 
G(s) = ———_- . 
S s(s +1) 


Let G, = 1. A suitable compensator is 


s+2 
s+10— 





G.=K 


Using root locus methods, we determine that K = 86.2 yields ¢ = 0.5. 
The closed-loop poles are s = —4.37 + 77.57 and s = —2.254. 


(b) The closed-loop transfer function is 





8620(s + 2) 


Tyee 
(8) = Sys? + 110s? + 96208 F 17240 
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The step response is shown in Figure AP10.5. The overshoot and 


546 
settling time are P.O. = 30% and T, = 1.2 seconds. 





(c) A suitable prefilter is 
3 


25860(s + 2) 


The closed-loop transfer function is 
~ 55 + 114s? + 144353 + 129505? + 461008 + 51720 - 


T(s) 


The step response is shown in Figure AP10.5. The overshoot and 


settling time are P.O. = 2% and T, = 1.15 seconds. 





Amplitude 


0.6- 


0.4- 





O.2b. foi! 
14 (16 








Time (sec) 


FIGURE AP10.5 
Step response with prefilter (dashed line) and without prefilter (solid line). 


AP10.6 From Example 10.12 in Dorf & Bishop, we have the relationship 
WyT's = 4.04 . 


Thereore, minimizing T, implies maximizing w,. Using Table 10.2 in Dorf 
& Bishop, we equate the desired and actual characteristic polynomials 


g(s) = 8° +1.9w_s? + 2.2w2%s+w> = 8° +(1+p)s?+(K+p)s+Kz. 
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Comparing coefficients yields 


1 2 
(1+ p) =1.9w, , K +p=22(—*2) , Kz=w. 


So, from the first relationship we see that maximizing w,, implies maxi- 
mizing p. Solving for p while maintaining K < 52 


9 
K =——(p? +294+1)- 52 
361 + 2P +1) p< 


we determine that 
—9.3643 < p< 9.005 . 


The largest p = 9. Therefore, K = 51.94 and z = 2.81. The step response 
is shown in Figure AP10.6. The settling time is T, = 0.77 second. 
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FIGURE AP10.6 
Step response with minimum settling time. 


AP10.7 Let G, = 1. The closed-loop transfer function is 


K(s +3) 


j= —___ sn 
(8) = a 38s5 4 006s? + (K 4 448)s 43K 


When K = 311, the characteristic equation 


s* + 385? + 296s? + 759s + 933 =0 
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has poles at s = —1.619+ 91.617 (¢ = 1/2), s = —6.25, and s = —28.51. 
(a) When G(s) = 1 and K = 311, the closed-loop transfer function is 


311(s + 3) 


1 eR 
(5) = 453853 4 20682 4 7500 4 933 


The step input performance is P.O. = 6.5%, T, = 2.5 seconds, and 
T, = 1.6 seconds. With the prefilter 


Gp(s) = 
and K = 311, the closed-loop transfer function is 


T(s) = 933 
54 + 3853 + 29652 + 759s + 933 © 


3 
s6+3 


In this case, the step response is P.O. = 3.9%, T, = 2.8 seconds, and 
T; = 1.3 seconds. 


(b) Now, consider the prefilter 


1.8 


Gols) =a 18 


and K = 311. The closed-loop transfer function is 


7 559.8(s + 3) 
~ 59 + 39.85! + 364.45° + 1291.85? + 2299.25 + 1679.4 ” 





(s) 


The step input response is P.O. = 0.7%, T; = 2.14 seconds and 
T, = 1.3 seconds. 


AP10.8 The plant transfer function is 


250 


Ge) ya Ae aay 


The performance specifications are P.O. < 20%, T; < 0.5 second, T, < 1.2 
seconds and K, > 10. A suitable lead compensator is 


s+ 3.5 


G. = 1483.7 —_. . 
° e+33.75 


The closed-loop transfer function is 


250(1483.7)(s + 35) 


T(s) = ————__ nr ee 

(8) = SGD 6 F405 + 45)(5 + 33.75) + 2501483. 3.5) 
The actual step input performance (see Figure AP10.8) is P.O. = 18%, 
T, = 0.88 second, T;. = 0.18 second, and Ky, = 10.7. 
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FIGURE AP10.8 
Step response with lead compensator. 


AP10.9 The frequency response is shown in Figure AP10.9. 


Bode Diagrams 


Gm=12.4 dB (Wcg=20.9); Pm=42.0 deg. (Wcp=9.0) 
T T T 











Phase (deg); Magnitude (dB) 
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FIGURE AP10.9 


+2.5)(s+0.9871 
Bode plot with Ge(s) = CER aT URERieCS 
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One lead-lag compensator that satisfies the specifications is 


(s + 2.5)(s + 0.9871) 


Gels) = 7. 36.54)(s + 0.0675) | 


The gain and phase margins are Gm = 12.35 dB and Pm = 41.8°, re- 
spectively. The velocity error constant is Ky, = 100. Therefore, all speci- 
fications are satisfied. 


AP10.10 The transfer function is 





1+ RoCos 
1+ Ri Cis : 


Substituting C, = 0.1 wF,Co =1 mF, Ry = 10 kQ, and Re = 10 2 yields 


T(s) 1+ 0.01s 
3) =——__— 
1+ 0.001s 





The frequency response is shown in Figure AP10.10. 


Bode Diagrams 
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FIGURE AP10.10 


Bode plot for T's) = eae. 
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Design Problems 


CDP10.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 


6(s) 26.035 


Vi(s) s(s + 33.142) ” 


where we neglect the motor inductance L,, and where we switch off the 
tachometer feedback (see Figure CDP4.1 in Dorf and Bishop). With a PD 
controller the closed-loop system characteristic equation is 


s” + (33.142 + 26.035Kp)s + 26.035K, =0. 
Using Table 10.2 in Dorf and Bishop we determine that for a second-order 
system with a deadbeat response we have a = 1.82 and w,T, = 4.82. Since 
we desire 7, < 0.25 seconds, we choose w, = 19.28. Equating the actual 
characteristic equation with the desired characteristic equation we obtain 
s* + wpas + we = s* + (33.142 + 26.035Kp)s + 26.035K, . 

Solving for K, and Kp yields the PD controller: 

G.(s) = 14.28 + 0.075s . 


The step response is shown below. The settling time is T, = 0.24 second. 
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[eat 
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DP10.1 The plant is given as 


4 
G(s) = 
i) s(s+0.5) 
One possible lead compensator is 
10(s + 2) 
Gereaa(8) = 5 4+20— 


Similarly, a suitable lag compensator is 


s+0.1 


Geag (8) = Fx00L” 


The loop transfer function with the lead-lag compensator is 


40(s + 2)(s + 0.1) 


Cels)G(8) = SEF 0.5) + 20)(e +001) * 


The step response for the compensated and uncompensated systems is 
shown in Figure DP10.1. The velocity constant is Ky = 80, so the steady- 
state error specification is satisfied. 


With lead-lag (solid) & uncompensated (dashed) 
1.8 1 1 1 1 1 1 1 








Amplitude 











Time (sec) 


FIGURE DP10.1 
Step response for compensated and uncompensated systems. 


DP10.2 (a) When G.(s) = K, we require K > 20 to meet the steady-state track- 
ing specification of less than 5%. 
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Design Problems 


(b) The system is unstable for kK > 20. 


(c) A single stage lead compensator is 


14+ 0.49s 
a 
a8) = 77 O 00356 


With this compensator, the bandwidth is 


wp = 68.9 rad/sec 


and the phase margin is P.M. = 28.57°. 


(d) A two stage lead compensator is 


Go,(s) (1 + 0.0185s)(1 + 0.49s) 
SS SS aS EEE 
. (1 + 0.00263s)(1 + 0.00358) 
With the two stage compensator, the bandwidth is 
wp = 83.6 rad/sec 


and the phase margin is P.M. = 56.79°. The step response for the 
two compensators is shown in Figure DP 10.2. 


Single stage (solid) & two stage (dashed) 
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FIGURE DP10.2 


Step response for one- and two-stage lead compensators. 
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554 
DP10.3 The mast flight system is modeled as 
4 


Os) = EFI TD * 


Kk =0.26. 


Consider the proportional controller 


G(s) 


The system step response is shown in Figure DP10.3. The percent over- 
shoot is P.O. = 15.6%, the rise time is TJ; = 3.75 seconds, and the phase 


margin is P.M. = 52.26°. 
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FIGURE DP10.3 
Step response for the mast flight system. 


DP10.4 The loop transfer function is 
2Ki(s +a) 
G-(s)G(s) = 
1S Bares eee 


where a = K2/K,. One possible choice for the PI controller parameters is 
a=1.1 and K, = 0.8182. The step response is shown in Figure DP10.4 


The performance results are 
P.O.=4.59% T,=4.93 sec Ky,y=0.9. 
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FIGURE DP10.4 
Step response for the robot and vision system. 


DP10.5 One possible compensator is 


s+12.6 
Ge(s) = 5682 





The step response is shown in Figure DP10.5. 








0.8- / 4 


Amplitude 


04+ | J 











0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


Time (sec) 


FIGURE DP10.5 
Step response for the high speed train system. 
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The performance results are 


PO,.=444% T,=036 sec Ky = 14.1. 


DP10.6 One solution is the lead-lag controller 


8(s + 0.01)(s + 5.5) 


Gels) = yo.0001)(s +65) * 


The step response is shown in Figure DP10.6. The performance results 


are 


PO.= 123%. Ty = 1007 sea: y= 1364 2 


The disturbance response is also shown in Figure DP10.6. 
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FIGURE DP10.6 
Input and disturbance response for the antenna control system. 


DP10.7 The stringent design specifications are K, > 200; T, < 12 ms and percent 
overshoot P.O. < 10%. A suitable compensator is 


s+ 403 
(GAC eam nana 
ls) = K 5336 ° 


where K = 1.9476e + 13. Then, 
P.O. = 9.5% T; = 10 ms Ky, = 560. 
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FIGURE DP10.7 
Step response for the tape transport system. 


DP10.8 A solution to the problem is the PI controller 
4.218 41.2 
G.(s) = ————__. .. 
Ss 
The step response is shown in Figure DP10.8. 
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FIGURE DP10.8 
Step response for the engine control system. 
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The performance results are 
P.O.=8.8% and T,=2.14. 


The system is a type-1, so the steady-state error for a step input is zero, 
as desired. 


DP10.9 The jet aircraft roll angle motion is represented by the transfer function 


5 


CO) = Gaye asad) 


A good controls solution is obtained with a PID controller 


20s? + 40s + 80 
: ; 


G(s) 


The system is type-1, so the steady-state tracking error is zero for a step 
input. The performance results are 


P.O. =9.48% and T, =0.59. 
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FIGURE DP10.9 
Step response for the jet aircraft roll control system. 
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DP10.10 One good solution is obtained with the following PI controller 


Gls) = 27.35(s +2) | 


Ss 


The system is type-1, so the steady-state tracking error is zero for a step 
input. The step response is shown in Figure DP10.10. 
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FIGURE DP10.10 
Step response for the windmill radiometer. 


DP10.11 Consider the PID controller 


K 1.5545? + 1.085 +1 
Gels) = Ky + Kps +4 = 


and the lead-lag controller 


coe (55) (Fra) Genera 








Both are stabilizing in the presence of a T’ = 0.1 second time delay. For the 
PID controller the phase margin is P.M. = 40°. For the lead-lag controller 
the phase margin is P.M. = 45°. We find (for these particular designs) 
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that the lead-lag controller is more able to remain stable in the process 
of increasing time delay. For a time-delay of T = 0.2 seconds, the lead-lag 
compensator has a phase margin of P.M. = 22°, while the PID controller 
is unstable. 


DP10.12 One solution is 


50(s + 0.01) 


Gels) ~ s+2 


The Bode magnitude is shown in Figure DP10.12. You want high gain at 


Bode Diagram 
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FIGURE DP10.12 
Step response for the windmill radiometer. 


low frequency to improve disturbance rejection and decrease sensitivity to 
plant changes and low gain at high frequency to attenuate measurement 
noise. 
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Computer Problems 


CP10.1 The m-file script and step response is shown in Figure CP10.1. The phase 
margin and percent overshoot are 


PM.= 22 


POU DUT, 


respectively. 





numc=[5.5]; denc=[1 0]; sysc = tf(numc,denc); 
numg=[1]; deng=[1 1]; sysg = tf(numg,deng); 
syss = series(sysc,sysg); 
[gm,pm]=margin(syss); 











pm 
% =) pm= 
sys_cl = feedback(syss, 1); 24.0476 
y=step(sys_cl); 

step(sys_cl); grid ymax = 
ymax=max(y)), — $$ —_—_—*) © 4 cgo4 














Step Response 





Amplitude 














FIGURE CP10.1 


Phase margin and step response for the closed-loop system. 
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CP10.2 Using a proportional controller the closed-loop characteristic equation is 


17.5 


1+ kK———_____ 
= s*+55+17.5 


A simple m-file script which computes the P.M. as a function of the gain 
K yields the proportional controller gain K = 3. Checking the phase 
margin of the system reveals that P.M. = 45°, as desired. 





n=17.5;d=[1 5 17.5]; sys = tf(n,d); 
K=3; 
margin(K*sys), grid 


Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 44.8 deg (at 7.4 rad/sec) 








10 —- 


~20 


Magnitude (dB) 








Phase (deg) 














Frequency (rad/sec) 


FIGURE CP10.2 
Bode plot with a proportional controller AK = 3 in the loop. 


CP10.3 The uncompensated system is type-l. To realize a zero steady-state error 
to aramp input we need to increase the system type by one. One controller 


that does this is the PI controller: 
-_ Kps+Kp 
; . 


G(s) 


The step response is shown in Figure CP10.3 where it can be seen in the 
tracking error plot that the settling time is T, < 5 seconds. The actual 
settling time is 


T, = 3.6 seconds . 
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KP=20; KD=10; 

nc=[KP KD]; dc=[1 0]; sysc = tf(nc,dc); 

n=1; d=[1 2 0]; sys = tf(n,d); 

sys_o = series(sysc,sys); 

sys_cl = feedback(sys_o,[1]); 

t=[0:0.001:10]; 

sys1 = tf([1],[1 0]); sys_cl1 = series(sys_cl,sys1); 
subplot(121) 

y=step(sys_cl1,t); 

plot(t,y,t,t,'--'), grid 

xlabel('Time (sec)'), ylabel('Ramp response’) 
e=y-t'; L=find(abs(e)>0.02); 

Ts=t(L(length(L))) 

subplot(122) 

plot(t,e,[0 10],[0.02 0.02],':'[0 10],[-0.02 -0.02],':') 
xlabel('Time (sec)'), ylabel('Tracking error’) 
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FIGURE CP10.3 
Ramp response with a PI controller Ge (s) = 20s) in the loop. 


CP10.4 From the percent overshoot spec we determine that P.O. < 10% implies 
¢ > 0.6. So, we target a phase margin P.M. = 100¢ = 60°. The m-file 
script which generates the uncompensated Bode plot is shown in Fig- 
ure CP10.4a. 
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numg = 100*conv([1 1],[1 0.01]); 

deng = conv([1 10],conv([1 2 2],[1 0.02 0.0101])); 
sysg = tf(numg,deng) 

w=logspace(-1,2,200); 
[mag,phase,w]=bode(sysg,w); 
[Gm,Pm,Wcg,Wcp]=margin(mag,phase,w); 

% 














Phi=60-Pm 5 
Pm Phi = 
Phi=(60-Pm)*pi/180; 56.2111 
alpha=(1+sin(Phi))/(1-sin(Phi)) ——_—_ bigs 
M=-10*log10(alpha)*ones(length(w),1); 3.7889 
[mag,phase,w]=bode(sysg,w); 
for i = 1:length(w), alpha = 
magdB(i) = 20*log10(mag(1,1,i)); 10.8408 
end 


semilogx(w,magdB,w,M), grid 

xlabel('Frequency (rad/sec)'), ylabel(‘mag [dB]') 
title('Uncompensated Bode Plot') 

hold on 

semilogx([.56072 5.6072 56.072 560.72],[20 0 -20 -40],'--') 











Uncompensated Bode Plot 
60 1 1 


of 


20 a 





mag [dB] 
rs 


-20/ oN _ Mie ete | 
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“T04 109 101 102 


Frequency (rad/sec) 


FIGURE CP10.4 
(a) Uncompensated Bode plot. 


We assume that K = 1 and raise the gain at a later step to meet settling 
time requirement. The uncompensated phase margin is P.M. = 3.7°, so 
that the lead compensator needs to add @ = 56.2°. The script also cal- 
culates a = 10.84. Following the design procedure outlined in Dorf & 
Bishop, we locate the compensator zero at w = 2 rad/sec (see dashed line 
in Figure CP10.4a). Then, p = az implies p = 21.68. After several iter- 
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ations, we converge on K = 4 as a “good” value. The lead compensator 
is 


s+2 
=4- 2. 
Gals) =" 05 


The step response is shown in Figure CP10.4b. The compensated Bode is 
shown in Figure CP10.4c. 





K=4; 

numg = 100*conv([1 1],[1 0.01]); 

deng = conv([1 10],conv([1 2 2],[1 0.02 0.0101])); 
sysg = tf(numg,deng) 

numc=K*[1 2]; denc=[1 22]; sysc = tf(numc,denc); 
sys_o = series(sysc,sysg); 

sys_cl = feedback(sys_o,[1]); 

t=[0:0.01:5]; 

f=10*pi/180; 

ly, t,.x]=step(f*sys_cl,t); 

plot(t,y*180/pi), grid 

xlabel('Time (sec)') 

ylabel('Attitude rate (deg/sec)'), pause 
w=logspace(-1,2,200); 
[mag,phase,w]=bode(sys_o,w); 
[Gm,Pm,Wcg,Wcp]=margin(mag,phase,w); 
bode(sys_o) 

title(['Gain Margin = ''num2str(Gm), Phase Margin = ''num2str(Pm)]) 
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FIGURE CP10.4 
CONTINUED: (b) Step response. 
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FIGURE CP10.4 

CONTINUED: (c) Bode plot with lead compensator. 

The closed-loop transfer function is 

Ky + Kos 
6(s)/8a(s) = => 


where K, = K,/J and Ky = Ko/J. A percent overshoot P.O. < 20% 


requires ¢ > 0.45. Select as the initial damping 
¢=0.7 (initial selection) . 


For a second-order system with ¢ = 0.7, we find that w/w, ~ 0.9 when 
|0(s)/0a(s)| = 0.7. So, we select 


Wy = wp/0.9 
as a starting choice. Therefore, since wg = 10, we have 
wo, = 11; 


The m-file script is shown in Figure CP10.5a. After several iterations, we 


find a set of “good” values for 
¢=0.8 and w,=4.5 (final selection) . 


The step response and closed-loop Bode plot are shown in Figures CP10.5b 
and CP10.5c. 
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% Part (a) 
wn=4.5; zeta=0.8; K2=2*zeta*wn; Kl=wnA2; 
% Part (b) 
num=[K2 K1]; den=[1 0 0]; sys = tf(num,den); 
sys_cl = feedback(sys,[1]); 
f=10*pi/180; % set-up for 10 deg step input 
t=[0:,05:3]; 
ly,t,x]=step(f*sys_cl,t); 
plot(t,y*180/pi), xlabel(‘time [sec]'), ylabel('‘theta [deg]'), 
grid, pause 
% Part (c) 
w=logspace(-1,2,400); 
[mag,phase,w]=bode(sys_cl,w); 
for i = 1:length(w), 
magdB(i) = 20*log10(mag(1,1,i)); 
end 
semilogx(w,magdB,[w(1) w(length(w))],[-3 -3]), grid 
xlabel('Frequency (rad/sec)') 
ylabel('Gain dB') 











FIGURE CP10.5 
(a) Script to generate the step response and the closed-loop Bode plot. 








theta [deg] 
ion 
c 
1 











time [sec] 


FIGURE CP10.5 
CONTINUED: (b) Step response. 
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FIGURE CP10.5 
CONTINUED: (c) Closed-loop Bode plot. 


CP10.6 The settling time and phase margin specifications require that the dom- 
inant closed-loop poles have natural frequency and damping of ¢ > 0.45 
and w, > 1.78. The uncompensated roots locus is shown in Figure CP10.6a. 

















numg=[1 10]; deng=[1 2 20]; at 10 Ss, - | 
sysg = tf(numg,deng); et oe 
axis([-15,1,-10,10]); \ 
rlocus(sysg); hold on ar 
% ab | 
zeta=0.45; wn=1.7778; 3 
x=[-10:0.1:-zeta*wn]; 2 
y=-(sqrt(1-zeta2)/zeta)*x; “27 
xc=[-10:0.1:-zeta*wn]; aL | 
c=sqrt(wnA2-xc.A2); vA 
plot(x,y/:)X,-y/2,XC, 6/1 XC,-C,'') “6 Zo 
rlocfind(sysg), -gl a | 
hold off PA Kia ee ae 

14 12 10 8 6 4 2 0 





Real Axis 


FIGURE CP10.6 
(a) Uncompensated root locus. 
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From the final value theorem, we determine that 


A 


Therefore, the compensated K, > 9. With the compensator 


comp — 








s+2 
Gs) = K 
s+p 
we find that 
Kz, 
Pcomp = Dp Mpuncome e 
But Kpwncomp = 9-5 and (from the uncompensated root locus) a gain of 


K = 10 results in roots of the characteristic equation in the desired region. 
Solving for 


z = 1 opie Sas 9 
p K Fpcnsun 


Select z = 0.5 to minimize changing the root locus. Then, p = 0.25, and 
the compensator is 


s+0.5 


G(s) = 10——_. . 
s+ 0.25 


The compensated root locus is shown in Figure CP10.6b and the step re- 
sponse is shown in Figure CP10.6c. The phase margin of the compensated 





numg=([1 10]; deng=[1 2 20]; 10 —__- —— 
sysg = tf(numg,deng); a ae 
numc=[1 0.5]; denc=[1 0.25]; . 
sysc = tf(numc,denc); 6 RK | 
sys_o = series(sysc,sysg); 4b * 
axis([-15,1,-10,10]); 
rlocus(sys_o); hold on 
% 

zeta=0.45; wn=1.7778; 
x=[-10:0.1:-zeta*wn]; 





Imag Axis 
Oo 
£ 
\ 











y=-(sqrt(1-zeta42)/zeta)*x; “yr | 
xc=[-10:0.1:-zeta*wn]; 6b A | 
c=sqrt(wn42-xc.A2); i 
plot(x,y/:,X,-y/1)XC,C/2,XC,-C,':') am ee | 
rlocfind(sys_o) = a 
hold off 





Real Axis 





FIGURE CP10.6 
CONTINUED: (b) Compensated root locus. 
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system is P.M. = 62.3° and the settling time T, < 5 seconds. 





numg=[1 10]; deng=[1 2 20]; 

sysg = tf(numg,deng); 

numgc=10*[1 0.5]; dengc=[1 0.25]; 

sysc = tf(numgc,dengc); 

sys_o = series(sysc,sysg); 

sys_cl = feedback(sys_o,[1]); 

t=[0:0.1:5]; step(sys_cl,t) 
[mag,phase,w]=bode(sys_o); 
[gm,pm,w1,w2]=margin(mag,phase,w); pm 
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FIGURE CP10.6 
CONTINUED: (c) Step response and phase margin verification. 


CP10.7 Both design specifications can be satisfied with an integral controller 


K: 10 
G(s)=K,+—=—. 
Ss Ss 


The simulation results and m-file script are shown in Figures CP10.7a 
and b. 
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FIGURE CP10.7 
(a) Simulation results. 





K1=0; K2=10; 

numc=[K1 K2]; denc=[1 0]; sysc = tf(numc,denc); 
numg=[23]; deng=[1 23]; sysg = tf(numg,deng); 
sys_o = series(sysc,sysg); 

sys_cl = feedback(sys_o,[1]); 

t=[0:0.01:1]; 

ys=step(sys_cl,t); 

subplot(211) 

plot(t,ys), xlabel('Time (sec)'), ylabel(‘Phi dot’) 
title(‘Unit Step Response’), grid 

u=t; 

yr=Isim(sys_cl,u,t); 

subplot(212) 

plot(t,yr-u''--') 

xlabel('Time (sec)'), ylabel('Tracking error’) 
title('Unit Ramp Response’), grid 








FIGURE CP10.7 
CONTINUED: (b) M-file design script. 


CP10.8 From Example 10.3, we have that the loop transfer function is 


G.(9)G(s) = SA, 
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where z = 1. We want to determine a value of z so the the percent 
overshoot is reduced from 46% to less than 32%. A valid design is 


Gels)G(s) = oe 


The m-file script and step response are shown in Figure CP10.8. The 
percent overshoot is P.O.=27.7 %. 


Step Response 
From: U(1) 








K1 = 8.1; 

numg = [K1]; deng = [1 0 0]; 
sysg = tf(numg,deng); 

numc = [1 0.45]; denc = [1 3.6]; 
sysc = tf(numc,denc); 

sys_o = series(sysc,sysg); 
sys_cl = feedback(sys_o,[1]); 
step(sys_cl) 

y=step(sys_cl); 
po=100*(max(y)-1) 








Amplitude 




















Time (sec.) 


FIGURE CP10.8 


Response of system with new lead compensator design. 


CP10.9 From AP10.10, we have the transfer function is 
Vo(s) 
Vi(s) 
_ 1+ RoCos 
i 1+ Ri Cis ; 
Substituting C, = 0.1 wF,Co =1 mF, R, = 10 kQ, and Re = 10 2 yields 


1+0.01 
ja 
1+0.001s 


T(s)= 








The frequency response is shown in Figure CP10.9. 
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Bode Diagrams 
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FIGURE CP10.9 


Op-amp circuit frequency response. 


CP10.10 The plot of K versus phase margin is shown in Figure CP10.10. The value 
of K that maximizes the phase margin is K = 4.15. 








K=[0.1:0.01:10]; 

T=0.2; 

[np,dp]=pade(T,6); sysp=tf(np,dp); 

for i=1:length(K) 
ng=K(i)*[1 0.2]; dg=[1 6 0 0]; sysg=tf(ng,dg); 
[gm,pm]=margin(sysg*sysp); 
PM(i)=pm; 

end 

plot(K,PM), grid 

[P,n]=max(PM); K(n) 

xlabel('K’), ylabel('P.M.) 























FIGURE CP10.10 


Plot of K versus phase margin. 
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CHAPTER 11 


The Design of State Variable 
Feedback Systems 


Exercises 


E11.1 The system is given by 


x= Ax+ Bu 
u= Kx 
where 
0 1 1 0 -1 0 
A= B= and K= 
1 0 0 1 0 -k 
Then, with u = Kx, we have 
—1 1 
x= x 
1 -k 


The characteristic equation is 


(s+1)  -1 ; 
det[sI — A] = det =s'+(1+k)s+k—-1=0. 
—-1 (s+k) 
We desire critical damping (i.e. ¢ = 1). So, rewrite the characteristic 


equation as 





574 
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or 


k(s + 1) = k(s +1) 


fe on ee 
= s?+s—1 (s + 1.62)(s — 0.62) 


=0. 


The root locus shows that two equal roots are not possible, however it is 
stable for k > 1. 





E11.2 Let 
uUu= kyxy kox9 + 7 
Then, 
0 1 0 
x= x+ ts 
3—k, —ko 1 
and 


det(sI — A) = s?+ kos +k, -3=0. 
We want ¢ = 1 and T, = 2. So, 


4 
T,; =—— =2 implies w,=2. 
GWn 
Solving for the gain yields ky — 3 = w2 = 4 or ky = 7 and ky = 2Cwy = 
QW, = 4. 


E11.3 The controllability matrix is 


P.=|B AB|= 7 


and det P. 4 0, therefore the system is controllable. The observability 
matrix is 
C O 2 


P = = 
CA 0 —6 


and det P, = 0; therefore the system is unobservable. 
El11.4 The controllability matrix is 
0 0 


P.=(B AB] = 3 
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and the det P, = 0; therefore the system is uncontrollable. The observ- 
ability matrix is 


C 1 0 
P, = = 
CA —4 0 


and det P, = 0; therefore the system is also unobservable. 
E11.5 The controllability matrix is 
1 -1 


P.=(B AB]= aoa 


and det P, = 0; therefore the system is uncontrollable. The observability 
matrix is 


C 1 0 
CA 0 1 


P, = 


and det P, # 0; therefore the system is observable. 
E11.6 The controllability matrix is 


P.=|B AB] = 5 , 


and det P. # 0; therefore the system is controllable. The observability 
matrix is 


C 1 0 
Po = = ’ 
CA 0 1 


and det P, 4 0; therefore the system is observable. 
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E11.7 The block diagram is shown in Fig. E11.7. 





FIGURE E11.7 
The block diagram for E11.7. 


E11.8 The block diagram is shown in Fig. E11.8. 





FIGURE E11.8 
The block diagram for E11.8. 
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E11.9 The controllability matrix is 


ky = ky —ke 


P.=|B AB|= See 


and det P, = —k? + k3. So, the condition for complete controllability is 
kof Be. 


E11.10 A matrix differential equation representation is 


0 1 0O 0 
x= 0 O lL I|x+]O0]u 
—10 -6 —-3 1 


y=[-3 4 2]x+[0Ju. 


E11.11 The system is given by 





x= Ax+ Bu 
y = Cx + Du 
where 
0 1 0 0 
A=| 00 1]|,B=/0],C=[1 2 0], andD=[1]. 
—2 0 -7 1 
The controllability matrix is 
0 0 1 
P.=|B AB A’B]=|0 1 -7], 
1 —7 49 


and det P, = —1 ¥ 0; therefore the system is controllable. The observ- 
ability matrix is 


Cc i 0 
P;= CA — 0 1 2 5 
CA? <4 ) —18 
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and det P, = —29 4 0; therefore the system is observable. 


E11.12 The transfer function is 


2 


ae a 


The response of the system to a unit step is 
gosto te. 


The step response is shown in Figure E11.11 








Step Response 
oO 
oa 
T 
1 











FIGURE E11.11 
Unit step response. 
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Problems 


P11.1 Consider the system 


=0:-- 
=—kz. 
So, 
g£=x2-ke=(1-—k)z 
and 


a(t) = e-*ta(0) . 
The system is stable if k > 1. Computing the value of J (assuming k > 1) 
yields 


co ul 
= 2(1-k)t2(Q)\ dp — 
J [ e x*(0)d a 


Thus, J is minimum when k — oo. This is not physically realizable. Select 
k; = 35. Then, the value of the performance index J is 


1 


The system is not stable without feedback. 


P11.2 (a) The performance index is given 
[o.e) 
a -| (a* + ru? )dt . 
0 


The system is 


=xr+u 
=—kz. 


So, 
re} (0? + a)dt = | (14K )o%dt = (1+ Mm?) | xedt . 
0 0 0 


Carrying out the integration (assuming k > 1) yields 


1 


We want to determine k that minimizes J. Taking the partial of J 
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with respect to & and setting the result to zero yields 


aJ Ak? = 2A -1 _ 5 


Ok (k—1)? 


or 


Ak? —- 24k -1=0. 


i 
k=144/14+- 
PAs 


where we reject the solution k = 1 — ,/1+ +, since we require k > 1. 
(b) For A = 2, we determine that k = 2.2 and Jmin = 8.9. 


Solving for k yields 


P11.3 The system is given by 
1 0 il 
+ 
—1 2 1 
u=—k(e1+ 22) =—A(l 1]x. 


Then, with feedback applied, the system is 


(1—k) —k 
= xX. 
=(L+k) Q=—8) 
Solving 
H’P+PH=-I 
yields 


2pii(1 = k) = 2pi2(k =r 1) =-l 
p12(3 2k) pik p22(k 1) = 0 
—2kpy2 + 2pe2(2 —k) = —-1. 








Solving for p11, p12 and pg2 yields 


—(2k? — 6k +7) 
Pll - 772 ep ay 
4(4k2 — 8k +3) 

2k? — 2k -—1 


Pld ~ (4k? — 8k + 3) 
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582 CHAPTER 11 The Design of State Variable Feedback Systems 


—(2k? — 6k + 3) 


P22 = “A(4k2 — 8k + 3) 


The performance index is computed to be 


1 


J =x" (0)Px(0) = pi + 2p12 + poe = eo’ 


when x(0) = [1 1]7. Soas k — 0, J — 0. The system is unstable without 
feedback. 


P11.4 The performance index is 
J =x" (0)Px(0) = pur + 2pi2 + poe - 
From Example 11.6 in Dorf and Bishop, we determine that 


_2e+1, 2 k+l | 4k+l 


Z 2k Leva Qk2 = Qk? 





So, when k — oo, the performance index J — 0. The plot of J versus k 
is shown in Figure P11.4. 




















FIGURE P11.4 
The performance index J versus k. 
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P11.5 The system is given by 


0 1 0 O 
x= x u 
0 0 A ail 
u = —kx 


The performance index is 
l= 7 (x?x + u?u)dt = | (1+ k?)(x?x)dt . 
0 0 


First, we solve 


H'P +PH =-(1+2)1, 


yielding, 
2 
Piz = ae") 
Be4+k?+k+1 
P22 = nD) 
2k? +k? 4+2k+1 
y 2 a) ; 


The performance index is then given by 


okt 4. Ake 4+ 3k? + 4k +1 


J = pii + 2pi19 + p22 = Oh 


Taking the partial of J with respect to k, setting the result to zero and 
solving for k yields 


OF _ 2k* +2k*—2k-1 _ 
Ok k3 a 

or 
2k* + 2k? —2k-—1=0. 


Solving for k yields k = 0.90. The plot of J versus & is shown in Fig- 
ure P11.5. The value of the performance index is 


J = 6.95 


when k = 0.90. 
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FIGURE P11.5 
The performance index J versus k. 


P11.6 (a) For P11.3, we have 


1 


a ak 


So, as k > ow, then J — 0. But k = o& is not a practical solution, so 
select k = 10. Then, J = 1/19, and 


-11 -8 
The closed-loop system roots are determined by solving 


det|aI — A] = s? + 17s — 38 = 0, 


which yields s = —19 and sg = 2. The system is unstable. The original 
system was unstable, and it remains unstable with the feedback. In 
general, 
1-k —k 
x= ( ) x = Ax 
—(1+k) (2-—k) 


and det|[sI — A] = s* + s(2k — 3) + (2— 4k) = 0. A Routh-Hurwitz 
analysis reveals that the system is unstable for all k. 
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(b) For P11.4, we have 


and 
det[sI — A] = s?+ks+k=0. 
The performance index was found to be 


4k +1 


=1 
J 7 Ke 





As k — oo, we have J — 0. But k = oo is not a practical choice for 
k. Select k = 10. Then, 


det[sI — A] = s? + 10s + 10 = (s + 1.13)(s + 8.87) . 


The closed-loop system is stable. 
(c) In P11.5, we found that k = 0.90 for Jinin. We are given 


and 


det[sI — A] = s?+ks+k=s?+0.9s+0.9 
= (s + 0.45 + 70.835)(s + 0.45 — 70.835) . 


P11.7 The closed-loop system is 


and 
det[sI — H] = s? + kos + ky = 87 + 2Cuns +w2 =0. 


We desire w, = 2, so set ky = 4. With x7 (0) = [1,0], we have J = pu, 
and solving 


H’P+PH=-I 
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586 CHAPTER 11 The Design of State Variable Feedback Systems 
yields 
=e Pil Piz Pil Piz o 
1 —kp Pi2 p22 Pi2 p22 —4 —kp 
—-1 0 
0 -1 
and 


kg 20 k% +20 
pu= z+ sro =—= : 
8  8ko 8ky 


Select 
ko = V20 
for Jmin, Where Jmin = vB, Then 
det[sI — H] = s?+ V20s+4=0, 


and w, = 2 and ¢ = 1.12. The system is overdamped. 
P11.8 From Example 11.11 in Dorf and Bishop, we have 





i 
P= 2ko 2 
a5 
ko 
So, 
kz +2 
2ko 





J =x" (0)Px(0) = 
when x (0) = [1 0]. Taking the partial of J with respect to ky and setting 
the result to zero yields 


OJ _kp+2_ 
Okn Qke 





Solving for the optimum value of k2 yields 


ma? : 
P11.9 Let 7; = ¢ and x2 =w. We have that 


_ de 
dt | 


Ww 
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The state equations are 


rt] = v9 
Ly = Ku 
Select a feedback such that 
U=—2,—-Kyxo +r 


when r(t) is the reference input. Then, 


0 1 0 
x= xX+ tT; 
-k -Kk, K 
and 
det[sI — A] = s?+ Kj Ks+K. 
We desire ¢ = won so that the overshoot is 4%. Since T, = 1 = om we 


require Cwy, = 4 or wy, = 4/2. Then, s? + 85+ 32 = s?+ K,Ks+K, or 
K =32and ki = 3 =}. 


P11.10 The system with feedback is given by 


where x1(0) = 1, and x2(0) = 0. The characteristic equation is 


s+8 16 : 
det[sI — A] = det = s(s+ 8)+16=s*°+8s+16=0. 
—l Ss 
The roots are 81,2 = —4. The solution is 
xij gu 12 x(0) = out 
21 $22 e21 


since 71(0) = 1 and x2(0) = 0. We compute the elements of the state 
transition matrix as follows: 


= #2) 1 \ 
daitt) =£ (SEES ; 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


588 CHAPTER 11 The Design of State Variable Feedback Systems 
therefore 
go(t)=te* . 
Similarly, 
S 
SS 
oul!) \acea} 
Therefore, 
mij i—alhe 
P11.11 Let 





u= —kyx, — koxg + ar 


where r(t) is the command input. A state variable representation of the 
plant is 


* 
II 

* 
al 
S 


y=[0 1]x+[0 Ja. 
The closed-loop transfer function is 


T(s) = 


a 
s? + (k,/2+5)s+4+kp © 


To meet the performance specifications we need w,, = 4.8 and ¢ = 0.826. 
Therefore, the desired characteristic polynomial is 


q(s) = s? + 2(0.826)4.85 + 23 = s?+8s423. 


Equating coefficients and solving for ky and kz yields kg = 19 and ky = 6. 
Select a = 23 to obtain zero steady-state error to a step input. 


P11.12 A state variable representation of the de motor is 


—3 -—2 —-0.75 0 0 1 
3 0 0 0 0 0 
x= 0 2 00 O0};x+]0]u 
0 O 1 0 0 0 
0 O 0 2 0 0 
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y=(0 0 0 0 2.75]x. 


The controllability matrix is 


iL <2. 3 45. —18 
0 3 -9 9 13.5 
Pe=/0 0 6 -18 18 
0 0 0 6 —18 
0 0 0 i 72 


and the det P, 4 0, so the system is controllable. The observability matrix 


is 
0 0 O O- 2.75 
0 O O 55 O 
Po=/] 0 0 55 O 0 , 
0 il O 0 0 
33 0 O 0 0 


and the det P, 4 0, so the system is observable. 


P11.13 To meet the K, = 35 specification, we need K = 2450. A state variable 
representation is 


0 1 0 
x= x U 
0 —70 2450 
y=|1 Oe; 
Let 
U= —kyx1 _ koa . 


Then, the closed-loop characteristic equation is 
q(s) = s? + (2450k2 + 70)s + 2450k, =0. 
The desired characteristic polynomial is 
s* + 72.738 + 2644.63 = 0 


where we select ¢ = 0.707 and w, = 51.42 to meet the performance 
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specifications. Equating coefficients and solving for the gains yields k, = 
1.08 and kz = 0.0011. 


P11.14 Let 





u= kyr koxg kar 


where r(t) is the command input. Then, the closed-loop system in state 
variable form is 


—-10—k, —ke 1 
x= x+ r 
1 0 0 
y= 0. Ix 


To meet the performance specifications, we want the closed-loop charac- 
teristic polynomial to be 


q(s) = s7 +85 + 45.96 =0 
where ¢ = 0.59 and w,, = 6.78. The actual characteristic polynomial is 
det(sI — A) = s?+ (10 +k,)s + kp =0. 


Equating coefficients and solving for the gains yields ky = 45.96 and 
ky = —2. Select k3 = ko = 45.96 to obtain a zero steady-state error to a 
step input. This results in a settling time of T, = 0.87 s and a percent 
overshoot of P.O. = 10%. 


P11.15 The transfer function is 


1 


G(s) = C(sI— A)“"*B = a 





The system is not controllable and not observable. 


P11.16 Let 
u=—Kx. 
Then, Ackermann’s formula is 
K = (0,0,..., 1JPz1¢(A) 
where q(s) is the desired characteristic polynomial, which in this case is 


q(s) = s*7+4s4+8. 
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A state-space representation of the limb motion dynamics is 


—2 0 1 
x= x+ U 
1 0 0 
The controllability matrix is 
—2 
P,=|B AB]= 
0 1 
and 
1 2 
P= 
0 1 
Also, we have 
; 4 0 
q(A) = A°+4A +81 = 
2 8 


Using Ackermann’s formula, we have 
K=(2 38] . 


P11.17 The system is either uncontrollable or unobservable if a = 3 or a = 4. 
Both of these values correspond to system real poles. So, if a@ takes on 
either value, a pole-zero cancellation occurs in the transfer function. 


P11.18 A matrix differential equation representation is 


; 0 1 0 
Se — x+ U 
—l1 -2 1 
g=|L Ue. 
Let u(t) = —k x1 — kox2. Then, the closed-loop characteristic equation is 


o(s) = 8? +(2+k2)s+14+h=0. 
We desire the characteristic equation 


6? +2/2s+2=0. 
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Equating coefficients and solving for the gains yields kj = 1 and kg = 
2,/2 — 2 = 0.828. 


P11.19 A state space representation is 


0 1 0 
x= x + r 
3-2 1 
y= |a- 1st; 
The controllability matrix is 
0 il 
P.= ’ 
1 -2 


and det P, £ 0, so the system is controllable. The observability matrix is 


3.1 
3.1 


and the det P, = 0, so the system is not observable. 


P11.20 The characteristic equation associated with A is 
s*(s? +0.2s + 0.0015) = 0. 


There are two roots at the origin, so the system is unstable. The system 
can be stabilized with 


6= —kyx1 = k3n3 _ 2027; — 1023 : 


P11.21 (a) Let x, = 7%, v2 = ig and u = v. Then, the state equation is 


—(i+Rs) Bz =e 
x= al fa x | tla, 
R3 —(R3+R2) 0 
Lg Lg 
Also, 
Y=V%o,; 
but 
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(b) The observability matrix is 








. C Rs —R3 
-— . RiR. 1 1 RoR 1 1 
CA —%Bs — A(t +t) B+ R(t +d) 
and 
Ro *) 9 
detP, = | — -—]R 
: (Z Iy) ° 
So, when 
oe 
IT, Ly’ 
det P, = 0 and the system is not observable. 
(c) Let 
—_ Ry, + Rs 
oa a 
and 
a R3+ Ro 
Ly 
Then 
s+a ee 
det|sI — A] = det ( . ) A 
—- (s+) 
2 
= |\(s-alie- bye 4 =(s+r)? 
R3 








The system has two equal roots when 





R? 
2 3 
(a +b) (a+) 


or 


(= + R3 4: a, _ a + R3)(R3 + Re) + R3 _o 


In Lo 
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P11.22 (a) Without state feedback the state differential equation is given by 


pa ai 1 
1 0 0 
¥=|'0 1 |x 


The step response is shown in Figure P11.22a. 





2 (a) Without state feedback 


x2 
1 


\ 
/ \... > TN 


























0.5+ 4 
0 1 he 1 1 1 1 1 if 1 
0 2 4 6 8 10 12 14 16 18 20 
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15 (b) With state feedback 
1h —— 
is) ee 
x 
0.5- Va 4 
ee 
0 ee 1 1 1 1 1 1 1 1 
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 
Time (sec) 


FIGURE P11.22 
Step response (a) without state feedback, and (b) with state feedback. 
(b) Consider state feedback 

u= —K (arg + 6x1) +r 


where r is the reference input and K,a,b and ¢ are to be determined. 
Then, the state differential equation is 


04-—Kb -1-—Ka c 
x= x+ r 
1 0 0 





y=[0 1|x, 


and det(sI— A) = s?+(0.4+Kb)s+ (1+ Ka) =0. Our specifications 


are P.O. = 5% and T; = 1.35 sec. So, ¢ = 0.69 and wy = agg = 4.3. 
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Solving for K,a and 6 yields 
kKoeuw =i 
and 
Kb= 2Gw, — 0.4. 


Select K = 1. Then, a = 17.49 and b = 5.53. Select c = 1+ Ka to 
achieve a zero steady-state tracking error. 


(c) The step response is shown in Figure P11.22b for the system with 
state feedback. 


P11.23 Using the internal model design method for step inputs, we have 


0 1 0 0 
e€ 
=|]0 01 +] O}]wu, 
Z Z 
0 0 0 1 


where we choose 


= —kKye — Koz : 





To place the poles at s = —10 and s = —2+)7 we use Ackermann’s formula 
to compute 


K, =50 
Ky =([45 14). 


The compensator has the form shown in Figure 11.14 in Dorf and Bishop. 


P11.24 Using the internal model design method for ramp inputs, we have 


0 1 0 0 0 
| é | |< | 
00 1 0 0 
ée|= el a w 
000 1 0 
Zz Z 
00 0 0 1 
where we choose 
u= —Kye — Koeé = Kz é 
To place the poles at s = —20 and s = —2 +27 we can use Ackermann’s 





formula. We also need an additional pole (must be a stable pole); select 
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P11.25 


CHAPTER 11 The Design of State Variable Feedback Systems 


s = —20 as the fourth pole. Then, 


K, = 3200 
Ky = 1920 
K3 = [568 44]. 


The compensator has the form shown in Figure 11.16 in Dorf and Bishop. 


The observability matrix is 


C 1 —4 
P, = = 
CA 21 —36 


and det P, = 48 # 0; therefore the system is completely observable. The 
desired poles of the observer are s;,2 = —1. This implies that the desired 
characteristic polynomial is 


pa(s) = s?+2s+1. 
The actual characteristic polynomial is 


A-14+ Ly —4—4I, 
5+ Le A — 10-42 


det |AI — (A — LC)| = det 





=." + (ly — 40g — 1DA+ 102) + 8io+30=0. 


Solving for L; and Lz yields 


Ly —3.3125 


Checking we find that det(AI— (A — LC)) = s? +2s+1. The response of 


the estimation error is shown in Figure P11.25, where e(0)=[1 1 |”. 
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Response to Initial Conditions 








Amplitude 














Time (sec) 


FIGURE P11.25 
Estimation error response to an initial condition. 


P11.26 The observability matrix is 


Cc 9 —4 0 
P,=!| CA |=!/0 2 —-4 
CA? 4 8 14 


The det P, = 184 4 0, hence the system is observable. The gain matrix 





5.45 

L= | 0.48 

1.24 

results in the observer poles at s1,2 = —1 4 2j and s3 = —10, as desired. 
P11.27 The observability matrix is 
C 1 O 
P, = = 

CA 1 0 


The det P, = 0, hence the system is not completely observable. So, we 
cannot find an observer gain matrix that places the observer poles at the 
desired locations. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


598 CHAPTER 11 The Design of State Variable Feedback Systems 


P11.28 Selecting K = 16 yields a zero steady-state error to a unit step input. 
The step response is shown in Figure P11.28. 


Step Response 








Amplitude 








0 i i i i 
0 0.5 1 1.5 2 2.5 


Time (sec) 





FIGURE P11.28 
Estimation error response to an initial condition. 


P11.29 The system transfer function is 


2 


¥()= ae : 





The associated state variable model is 


x= —3x + 2u 


=2@. 
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Advanced Problems 


AP11.1 The closed loop system in state-space form is given by 


by 0 1 0 - 0 
ty | = 0 1 2 zs |+] 0 |u 
. -2KK, -2KKy -4-2KK3 | \ 2 2K 
zy 
y=(1 0 0]| x 
X3 


The closed-loop transfer function is 


4K 


TO 
(8) = 35 KK +5)? + 4KKa + OK Ka +45 44KRi 





Setting the steady-state error to zero, we determine that 
€s5 = 1—T(0)=1-—. 
Solving for Ky yields 
Kk, =0.5. 
Choosing 
kg=0.5 and K3=1.5 


results in a percent overshoot of P.O. = 2.82%. 


AP11.2 A state variable representation is given by 


x= Ax+ Bu 
where 
—3 -—1.75 —1.25 2 
A= 4 0 0;, B=]0 
0 1 0 0 
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Let 
u = —Kx 
Then, with 


K=[5 6125 9.375 |, 


the closed-loop system poles are s = —4,—4, and —5. 


AP11.3 Given 
A= , and B= ; 
2 0 be 
we compute the determinant of the controllability matrix as 
det P, = det[B AB] = 2b7 — 02 . 


The system is controllable if and only if the determinant is non-zero. So, 
for the system to be controllable, we require that b3 4 2b?. 


AP11.4 Consider the state variable feedback law 
u = —Kx. 
Using Ackermann’s formula, we determine that 


K = [—14.2045 — 17.0455 -— 94.0045 — 31.0455] 





results in the closed-loop system characteristic roots at s = —2+j,s = —5 
and s = —5. 


AP11.5 The closed-loop transfer function for the system is 


2K, 
s3 + (9 + 2K3)s? + (26 + 2Ky + 10K3)s + (26 + 6K2 + 12K3) 


Setting the steady-state error for a step input to zero yields 


2K 
= |———__? ___-—9 
es 26 + 6K + 12K3 
Solving for K, in terms of Ky and K3 yields 

Kp = 134+ 3hk204+12K3. 


Now, choosing 


Ky =5 
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K3=2 
results in the closed-loop characteristic roots at 
8) =—-4 sg=-4 s3=-5. 
Also, the prefilter gain is 
Ky = 52. 


AP11.6 (a) A state variable representation is given by 


C=|a @! 


Since the determinant of the controllability matrix det{[B AB] 4 0, 
the system is controllable. 


(b) The state variable representation is 


x=Ax+Bu, 
or 
Ly 0 1 Ly 1 
= + u. 
L —l1 -2 x2 —1 


The determinant of the controllability matrix 
det P. = det|B AB]=0. 
Therefore, the system is uncontrollable. 


AP11.7 The closed-loop transfer function is 


120 
LS) == ee 
5° + (10 + 60K3)s? + (16 + 120(K3 + K2))s + 120 
The state feedback gains 
Ko = 0.283 and K3=0.15 


place the poles at the desired locations. The plot of the roll output for a 
unit step disturbance is shown in Figure AP11.7. 
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FIGURE AP11.7 
Roll angle response to a step disturbance. 


AP11.8 The state equations are (using the parameters of P3.36 in Dorf and 





Bishop) 
h=a= _ i309 — 50h] = —2, + = 
50 5 
6= 2 =W=23 
w=i5= Diy pee + KmKa Y= Sis + ee ; 
yi IRs TRy 30 3 


In state variable form we have (without feedback) 


8 
=i. 0 0 
x=) 0 @ J x+ 0 Vi 
353 25000 
Ot se = 
(a) In this case we have v; = —kh + ar = —kx1 + ar, where k and a are 


the parameters to be determined and r is the reference input. With 
the feedback of h(t) we have 


-1 $8 0 0 
= 0 0 1 x+ 0 r 
25000 353 25000 
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Since we only have one parameter to adjust, namely k, we will proba- 
bly not be able to simultaneously meet both design specifications, In 
fact with 


k = 0.00056 


we obtain the percent overshoot P.O. = 9.89%. The settling time cri- 
terion cannot simultaneously be met—the best that can be obtained 
is T, ~ 7.5 seconds. In this case, we choose a = 0.00056 to make the 
steady-state value of h(t) = 1. 

(b) In this case we have uv; = —kyh — ko9 + ar = —ky x1 — kox2 + ar, 
where k,, ko, and a are the parameters to be determined and r is the 
reference input. Since we have two parameter to adjust, namely ky, 
and kz we will probably be able to simultaneously meet both design 
specifications. In fact with 


k; = 0.00056 and kz = 0.001 


we obtain the percent overshoot P.O. = 4.35%. The settling time 
criterion is easily met— 7, ~ 5 seconds. In this case, we choose a = 
0.0012 to make the steady-state value of h(t) = 1. 


AP11.9 (a) The state vector differential equation is 


0 1 0 O 0 
2G 10 0 
> x+ u, 
0 O 0 1 0 
1 0 -1 O 1 





where x1 = 2, 2 = 2,73 = y and x4 = y. 





(b) The characteristic equation is 
st +3s? + 1 = (s + 70.618)(s — j0.618)(s + j1.618)(s — 71.618) =0. 
So, the system is oscillatory. 
(c) Let wu = —kay. Then characteristic equation is 
s* +ks® + 3s? + 2ks+1=—0 
which is stable if k > 0. 


(d) Rewrite the characteristic equation as 


ks(s? + 2) 


(i 
ae se | 
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The root locus is shown in Figure AP11.9. A reasonable solution for 

















kis k = 1.35. 
3 
2+ | 
3 
if | 
2 ye 
a ( ! 
i = 
-1 1; a 
-2- = 
3 L 
3 2 1 0 1 2 3 
Real Axis 
FIGURE AP11.9 ¥ 
Root locus for 1 + ree = 0. 
AP11.10 The state differential equation is 
y=ky+au 


where & and a depend on the system parameters, such as mass and length. 
The transfer function is 





which is unstable at the top of the arc. Since we can only use y for 
feedback, we have 





y 8a 
u st—k 
Let 
K K. 
= 18 + Ko 
s 
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Then 


G6,(s) = 


and the closed-loop characteristic equation is 

ak is+ako+s?-k=0 
or 

s?t+akis+aky—k=0. 


Select akg —k > 0 and ak, > 0 for stability. 
AP11.11 The state-space representation of the plant is 


x = Ax+ Bu 
y = Cx 


where 
0 il 
—2 -3 1 
With the intermediate variables defined as 


Z=x and w=ut 


we have 
0 1 0 0 
é e€ 
=] 0 0 1 +] 0] w 
Z Z 
0 -2 -3 1 
where 
e=y-T. 


To meet the design specifications, we require the closed-loop poles to lie 
to the left of the line in the complex plane defined by s = —0.8. We choose 


K, =[10 3] 


and 
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This places the closed-loop poles at s = —2,—2 and —2. The closed-loop 
transfer function with the internal model controller is 


8 


Tayo 
a) "See = ges 


The step response is shown on Figure AP11.11. 








Amplitude 
Oo 
[eal 
1 
f 











Time (secs) 


FIGURE AP11.11 
Internal model controller step response. 


The state-space representation of the plant is 


x = Ax+ Bu 
y = Cx 
where 
Oo 1 0 
A= _ B= , and c=[1 0 | 


—2 -3 1 


With the intermediate variables defined as 


Z=xX and w=% 
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we have 
0 1 0 0 0 
e e 
0 O 1 0 0 
€ = € a w 
0 O 0 1 0 
Z Z 
0 0 -—2 -83 1 


where e =y-—r. 





Amplitude 
w 














Time (secs) 


FIGURE AP11.12 
Internal model controller ramp response. 


To meet the design specifications, we require the closed-loop poles to lie 
to the left of the line in the complex plane defined by s = —0.67. We 


choose 
e€ € 
w=-—[(Kk, Ko Ks]| é | =—[16 32 22 5]] ¢é 
Z Z 
Then, 
a= Ky 2 _ 16 — 
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The closed-loop transfer function with the internal model controller is 


32s + 16 


PS ae ss, 
(S) = TBs 4 te? b Bde P16 





This places the closed-loop poles at s = —2,—2,—2 and —2. The ramp 
response is shown in Figure AP11.12. 


AP11.13 The controllability matrix is 


—4 -2 
P.= 
1 10 
and the observability matrix is 
6 —4 
P= 
26 52 


Computing the determinants yields 
detP. =—-3840 and detPp =41640, 


hence the system is controllable and observable. The controller gain ma- 
trix 


K =| 3.55 7.21 


places the closed-loop poles at the desired locations. Similarly, the ob- 
server gain matrix 


1.38 
—0.67 


places the observer poles at the desired locations. 


AP11.14 The controllability matrix is 


0 O 4 
Pe = 0 4 —24 
4 —24 124 
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and the observability matrix is 





> <9 ¥ 
P, = & =—8 =21 
84 97 118 


Computing the determinants yields 
detP. =-6440 and detP9 = 935840, 


hence the system is controllable and observable. The controller gain ma- 
trix 


K=|0 0.25 -0.5 
and the observer gain matrix 
46.54 


L=j| —0.46 
—31.60 


yields the desired closed-loop system poles and observer poles, respec- 
tively. 


AP11.15 The state-variable representation of the system is 


0 1 0 
—7 -2 1 
y=[1 4 ]x+(0]u. 


The observability matrix is 


1 4 
Po = ’ 
—28 —-7 

and det Po = 105 4 0, hence the system is observable. The observer gain 
matrix 

—7.18 

6.29 

places the observer poles at s1,2 = —10 + 10), as desired. 
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Design Problems 


CDP11.1 A state variable representation is 


0 1 0 
x = xX UV, 

0 —33.14 0.827 
y= 1 0 |x 


where 41 = x and rg = «. Note that we are neglecting the motor induc- 
tance and assuming that the position x(t) is the output. Assume that we 
have available for feedback the angle @ and angle rate 0 (see CDP4.1), so 
that 


ky kg 
Va = ——2%1 — —%2 + au 
i r 


where u(t) is the reference input (that is, the desired position x(t)), the 
gains ky and kz and the scaling parameter a are to be determined. Recall 
that 


z= 76 = 0.031756 . 
With the feedback in the loop we have 
0 1 0 
+ 
—26.03k,; —33.14 — 26.03ke 0.827a 
v=[1 0]s 
Choosing k; = 50, kg = 1 and a = 1574.1 results in 
P.O.=11% and T, = 0.11 second . 


The closed-loop poles are $12 = —29.59 + 20.657. 





DP11.1 The governing differential equation is 
y — 2055y = —-182 . 


In state variable form, the system is described by 
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Consider the state feedback 
i= kyr, + kox2 + Br 


where r(t) is the reference input and k 1, k2 and ( are to be determined. 
Then, the closed-loop system is 


0 1 0 
2055 — 18k, —18k» —186 
The characteristic equation is 
s* + 18k2s — 2055 + 18k; =0. 


For stability, let 18k, — 2055 > 0. Select ky = 200. Then, w, = 39.3 
rad/sec, and 


— wn 
— 18 ¢ 





kg 


Let ¢ = 0.59 to meet 10% overshoot specification. Thus, 


2(0.59) (39.3) 


ko = 
2 15 


= 2.58 . 


The closed-loop transfer function is 


~183 
9 a 
(5) = Sy Gasp 1B 


Choose @ = —85.83 so that 


1545 


Fe ee as 
(8) = 35 46de 1545 


The feedback law is 
4 = 200x1 + 2.5829 — 85.83r . 


DP11.2 The automobile engine control system (see DP10.8 in Dorf and Bishop) 
is modeled as 


9e—sT 


G(s) = @ais tide FD) 


In this case, we will assume the delay is negligible. Therefore, T = 0. A 
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state variable representation of the system is 


0 1 0 
x= x+ r 
—1.19 —5.01 1.19 


y=|1 Of. 
Let 
r(t) = —ky x, — korg + k3u 


where u(t) is the command input. Using ITAE methods, our desired char- 
acteristic polynomial is 


q(s) = 87+ 14unst+w2 =0. 


Select wy, = 11.315 to obtain a settling time 7, < 0.5 seconds. The char- 
acteristic polynomial of the closed-loop system is 


s* + (5.01 +1.19k2)s + (1.19 + 1.19k,) =0. 
Equating coefficients and solving for the gains yields 
ky = 106.59 and kg = 9.235. 


Select k3 = 107.59 to yield a zero steady-state error to a step input. 














oF re te Not 
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5 06+ 4 
Ee / 
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FIGURE DP11.2 
The step response of the engine control system. 
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DP11.3 The compensator is 


x =(A—-BK-LC]x+Ly+Mr 


es 
where 
98.7 1 0 
A-BK-—LC= , Ma . 
365.19 —20 200 
98.7 
N = 363.64, K=[ 344.55 15.82], and L= 


165.19 


We selected the desired eigenvalues of A — BK at p = —10 +107 and the 
desired eigenvalues of A — LC at g = —20+10). For initial conditions we 
let x(0) = [1 1] and x(0) = [0 Oj. 
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FIGURE DP11.3 
The step response showing the actual and estimated states. 


DP11.4 The design specifications are 
(a) Percent overshoot < 20% 
(b) T, < 1.5s, and 
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(c) steady-state error less than 20% of the input magnitude. 


The state differential equation is 





x = Ax+ Bu 
y = Cx 
where 
0 al 0 0 1 0 
A=] 0 O1 ay |= 0 -—0.415 —0.0111 : 
g —Q2 —902 9.8  —1.43 —0.0198 
0 0 
B=|n|=| 627 and c=|1 0 0| 
g 9.8 
The transfer function is 
6(s) nS + no2 — A1g 





d(s) s?+(o1 + 02)s? + (o102 — a1a2)s +019 
6.275 + 0.0154 
83 + 0.43558? — 0.0077 + 0.109 * 








Let u = —Ky21 — Kox%2q — K3x%3. Then the closed-loop system matrix is 
0 1 0 
A-—-BK= —nky —o, —nkKo = 1 —nkK3 ’ 


g—gk;. =og—gho =o7 = 9K3 


where K = [Ki Ko 3]. From the design specifications, we have the 
desired roots at 


s?+ags*+a,s+a, = s°+36s8?+225s+1350 = (s+30)(s+3+76)(s+3—j6) = 0. 


The actual characteristic equation is 





3 4 (gk3 + Kon+o,+ o2)s” + (—aya2 — aygK2 + Kyn — apnk3 
+ gK301 + Kono2 + 0102)s 





t+ayg—aygky + 9K3n+oonk; =0. 
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Comparing coefficients yields 





0 n g ky a2 — 01 — 02 
n nog — ag agn + go, Ko | =| ay tajya2 — 0109 
—ayg + o2n 0 gn K3 ag — 1g 
where 
ag = 36 
ay = 225 
ag = 1350. 


The solution for K is 
K = [53.01 — 28.64 21.96] : 


DP11.5 The controllability and observability matrices are 


0.05  —0.04 
c= and 
0.001 —0.001 
al 0 
Po = , respectively. 
—0.8 0.02 


Computing the determinants yields 
det P. = —1.002e -05AO0O and P, =0.02 40, 
hence the system is controllable and observable. The feedback gain matrix 
K =| 3820 —179620 | 


yields the desired closed-loop poles. The observer gain matrix 


120 
180000 


yields the desired observer poles. The integrated system is shown in Fig- 
ure DP11.5. 
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k= [ 3820 
80000 


-179620 | ae 


FIGURE DP11.5 
Integrated controller and observer. 


DP11.6 (a) The characteristic equation associated with the system matrix is 





g(s) = 8? + (124+ Ko)s + (36+ Ki) =0, 
where we have assumed state feedback of the form 
u= —Kky2, — Koro. 
The deadbeat control characteristic equation is 
s? + awns + w?2 =0, 


where a = 1.82 and we use w, = 9.64 to meet the settling time 
specification. Then, equating coefficients and solving for the gains 





yields 
Ay = 56.93 and Ko =5.54. 
(b) Since the closed-loop poles are located at 51,2 = —8.77 + 4j, we can 
select the observer poles to be about ten times farther in the left-half 
plane, or 


$1,2 = —88, —88. 
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Then the observer gains are 


164 
5740 


(c) The block diagram is shown in Figure DP11.6. 








System Model 
x 


sae Bu 


 Seademuety 










k= [56.93 5.54] 
-| 164 


FIGURE DP11.6 
Block diagram for integrated controller and observer. 


DP11.7 The compensator is 


x = (A-—LC]x+Ly+ Bu 


u= —Kx 
where 
—60 1 0 
A —LC= |} —1095 0 1 , 
—3750 -—5 —10 
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60 
N=4000, K= 3998 595 30] , and L=}] 1095 
3748 
We selected the desired eigenvalues of A — BK at pi2 = —10 + 10), 





p3 = —20 and the desired eigenvalues of A — LC at qi2 = —20 + 10), 
q3 = —380. For initial conditions we let x(0) = [1 1 1] and x(0) = [0 0 Oj. 
The transfer function from r to y is 


T(s) 4000s? + 2.8e05s? + 6.8e06s + 6e07 
8) =o OOO eres ee Sor 
s§ + 110s5 + 510084 + 1.29€05s3 + 1.9e06s2 + 1.58e07s + 6e07 


The bandwidth is 11.7 rad/s. 


1.5 T T T 






































FIGURE DP11.7 
The step response showing the actual and estimated states. 
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Computer Problems 


CP11.1 The controllability and observablity matrices have nonzero determinants, 
as shown in Figure CP11.1. Therefore, the system is observable and con- 














trollable. 
A=[-4 2 0;4 0 -6;-10 1 11]; b=[-3;0;1]; c=[ 1 0 1]; d=[0]; dt_Co = 
sys = ss(A,b,c,d); -11340 
Co=ctrb(sys); dt_Co=det(Co) | 
Ob=obsv(sys); dt_Ob=det(Ob) dt_Ob = 
860 




















FIGURE CP11.1 
Determining controllability and observability. 


CP11.2 The system is controllable since the determinant of the controllability 
matrix is nonzero , as shown in Figure CP11.2. 





a=[0 1;-2 -6.5]; b=[0;2]; c=[1 0]; d=[0]; 
sys_ss = ss(a,b,c,d); — 
Pc=ctrb(sys_ss); ans = 
det(Pc) > 4 
sys_tf=tf(sys_ss) 














m| Transfer function: 








sA2+6.55+2 











FIGURE CP11.2 
M-file script to determine controllability and to compute equivalent transfer function model. 


CP11.3 The gain matrix (computed as shown in Figure CP11.3) is 


K=|05 05 | 





a=[0 1;-1 -2]; b=[1;1]; c=[1 -1]; d=[0]; 
p=[-1;-2]; 
K=acker(a,b,p) }=————*| K= 

0.5000 0.5000 























FIGURE CP11.3 
M-file script to place the closed-loop system poles using state feedback. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


620 CHAPTER 11 The Design of State Variable Feedback Systems 


CP11.4 The constant velocity guided missile is not controllable since the control- 
lablity matrix, Co, has a zero determinant, as shown in Figure CP11.4. 
Using the tf function (see Figure CP11.4), we determine that the transfer 
function is 


5s 


Ce) 2. 
(3) = Syosset pois 


Cancelling common terms in the transfer function yields 


5 


C2 
(3) = a0 5e8 pods 


Then, using the ss function, we determine a state-space representation of 
G(s). As shown in Figure CP11.4, the state-space representation is 















































x= Ax+ Bu 
y = Cx 
A=[0 1 0 0 0;-0.1 -0.5 00 0;0.50000;00 100 0;0.5 100 0]; 
b=[0;1;0;0;0]; 
c=[0 001 0]; 
d=[0]; 
sys_ss = ss(A,b,c,d); 
% Part (a) dt Co= Transfer function: 
Co=ctrb(sys_ss); dt_Co=det(Co) ——™) 6 5s 
% Part (b) 
sys_tf = tf(sys_ss) 
sys_new = minreal(sys_tf); 
sys_new_ss=ss(sys_new) 
% Part (c) 
Co_new=ctrb(sys_new_ss); dt_Co_new=det(Co_new) x1 x2 x3 
% Part (d) 1 -0.50000 -0.10000 0 
evalues=eig(sys_new_ss) —— 1.00000 0 0 
dt_Co_new = 0 1.00000 0 
32 0 0 2.00000 
evalues = ul 
0 2.00000 
0 0 
-0.2500 + 0.1936i 0 
-0.2500 - 0.1936i 











x4 
1.25000 


Continuous-time system. 





FIGURE CP11.4 
Analysis of the constant velocity guided missile state-space model. 
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where 
—0.5 —0.1 0 O 2 
1 0 O 0 0 
eo B= and C=[0 0 0 1.25 
0 1 0 0 0 
0 0 2 0 0 


The reduced system is controllable but not stable, since there are two poles 
at the origin. Systems that are not controllable have too many states. 
After eliminating unnecessary states, a controllable system of minimal 
complexity (i.e. states) is obtained. In this case, the number of states is 
reduced from five to four. 


CP11.5 The eigenvalues of A are 


ey = —2.0727 
eg = —0.2354 
€3,4 = 0.2761 + 0.25937 





The system is unstable since there are two eigenvalues in the right half- 
plane, see Figure CP11.5. The characteristic polynomial is 





















































A = [-0.0389 0.0271 0.0188 -0.4555; 0.0482 -1.0100 0.0019 -4.0208; 
0.1024 0.3681 -0.7070 1.4200; 0 0 1 OJ; >> 
evalues = 
b1 = [0.4422;3.5446;-6.0214;0]; 
b2 = [0.1291;-7.5922;4.4900;0]; 0.2761 + 0.2593i 
% Part (a) 0.2761 - 0.2593: 
. -0.2354 
evalues = eig(A) pe} -2.0727 
Y%part (b) 
= poly(A) i 
P= poly 1.0000 _ 1.7559 -0.6431 0.0618 0.0700 -2.0727 
r = roots(p) 0.2761 + 0.2593: 
> 0.2761 - 0.2593: 
% Part (c) -0.2354 
Col = ctrb(A,b1); dt1 = det(Co1) dtl = 
Co2 = ctrb(A,b2); dt2 = det(Co2) wee 
P| a= 
-90.6354 




















FIGURE CP11.5 
Analysis of the VTOL aircraft model. 


p(s) = s* + 1.75598? — 0.6431s” + 0.0618s + 0.0700 . 


The roots of the characteristic equation are the same as the eigenvalues. 
Also, the system is controllable from either wu, or ug. If the aircraft should 
lose the control of the vertical motion through u1, then the control u2 can 
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be used to control both vertical and horizontal motion, and vice versa. 


CP11.6 The m-file script to analyze the translunar halo orbit problem is shown 
in Figure CP11.6. The translunar equilibrium point is not a stable point 
























































A=[000100;000010;000001;7.380900020; evalues = 
0 -2.1904 0 -2 00; 0 0 -3.1904 0 0 O]; 2.1587 
c=[0 1 00 0 0];d=[0]; wW| -2.1587 
b1=[0;0;0;1;0;0]; 0 + 1.8626i 
b2=[0;0;0;0;1;0]; 0 - 1.8626i 
b3=[0;0;0;0;0;1]; 0 + 1.7862i 
sys_ss_1 =ss(A,b1,c,d); 0 - 1.7862i 
sys_ss_2 = ss(A,b2,c,d); 
sys_ss_3 = ss(A,b3,c,d); a Transfer function: 
% Part (a) 9 eoeo se 
evalues=eig(A) Wiesel, || feet ee 
% Part (b) 0 
Cb1=ctrb(sys_ss_1); dt1=det(Cb1) pense eee! 
% Part (c) dt3 = “a 
Cb2=ctrb(sys_ss_2); dt2=det(Cb2) ° 
% Part (d) 
Cb3=ctrb(sys_ss_3); dt3=det(Cb3) ee 
% Part (e) x1 x2 x3 x4 
sys_tf = tf(sys_ss_2); x1 0 0.59525 0 2.02089 
sys_tf=minreal(sys_tf) x2 2.00000 0 0 0 
% Part (f) x3 0 2.00000 0 0 
sys_ss=ss(sys_tf); —— > x4 0 0 2.00000 0 
Co=ctrb(sys_ss); dt_Co=det(Co) be 
if dt_Co ~=0 ul 
disp(‘System is completelly Controllable’) x1 1.00000 
else x2 0 
disp(‘System in uncontrollable’) x3 0 
end x4 0 
% Part (g) — 
P = [-1+i; -1-i;-10;-10]; x1 x2 x3 x4 
[A,B]=ssdata(sys_ss); yl 0 0.50000 0 -0.92261 
K = acker(A,B,P) d= 
dt_Co = ul 
yl 0 
64 











System is completelly Controllable 











FIGURE CP11.6 
Analysis of the translunar satellite halo orbit. 


as evidenced by the eigenvalues of A in the right half-plane; the system is 
not completely controllable from any u,; individually. The transfer function 
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from uz to 7 is 


a — A1Ols? — 93.55 


1 ae 
(8) = Sy ost — 19.9782 — 5158 


A careful analysis reveals that Ts) can be reduced by eliminating com- 
mon factors. The common factors are s? + 3.1834. The reduced transfer 
function is 


s? — 7.3815 


T(s) = 77183762 — 16.2030 * 


Using state feedback 
U2 = —Kx 


the gain matrix K which places the desired poles (using Ackermann’s 
formula) is 


K=| 22 71.56 60 27.02 | 


CP11.7 The m-file script to determine the initial state is shown in Figure CP11.7a. 
Given three data points at t = 0,2,4, we construct the three equations 





A=[0 1 0;0 0 1;-2 -4 -6]; 

b=[0;0;0]; c=[1 0 0]; d=[0]; 
sys=ss(A,b,c,d); 

% 

% Part (b) 

vl=c*expm(0*A); v2=c*expm(2*A); v3=c*expm(4*A); 
V=[v1;v2;v3]; Vi=inv(V); 
n=[1;-0.0256;-0.2522]; 

x0=Vi*n 

% 

% Part (c) 

t=[0:0.1:4]; u=0,0*t; 

[y,x]=Isim(sys,u,t,x0'); 

plot(t,y,[0 2 4],[1;-0.0256;-0.2522],*'), grid 
xlabel('Time (sec)'), ylabel('y(t)') 
title(‘Data points denoted by *') 





FIGURE CP11.7 
(a) Script to determine the initial state from three observations. 


40) == CoA x, 
y(2) = —0.0256 = Ce?Ax, 
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y(4) = —0.2522 = Ce#A xy 


or, in matrix form 


CoA 1 
Ce2A | xo = | —0.0256 
CetA —0.2522 


The problem is solvable if the matrix 


C oA 
Cce2A 
CctA 


is invertible. In this case, the inverse does exist and the solution is 


1 
xo = =| 


1.9998 


The simulation is shown in Figure CP11.7b. 


Data points denoted by * 





0.8 + 


0.4- 4 
zz 
ES 

0.2- 











at ee | 
Sd 
-0.2 + ee, me 4 
-0.4 L f f fi f f fi 
0 0.5 1 1.5 2 25 3 3:5 4 


Time (sec) 


FIGURE CP11.7 
CONTINUED: (b) System simulation using computed initial state. 
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CP11.8 Suppose we are given 


and the feedback 

u=—-Kx=-|Kk, ko|x. 
Solving H’P + PH = —I for P yields 
_ K3+K74+3K1,4+2 


= 2( ky + 1) Ko 
_ 1 
P12 = 2(Ki +1) a) 
_ ky +2 
Hea OG eR 





Then, with x,/ = [1,0] we find that 
J =x,' Px, =p - 


Computing the partial of J with respect to Ko yields 
OJ = 1 1 Ay +2 
OK. 2|(Ki+1 Ke 
Setting 
OF 
OKy 
and solving for K2, we find that 
Kkg= (Ky + 2)(ky +1) : 


For a given value of Ky, the value of K2 that minimizes J can be computed 
via the above equation. With K2 given as above, we can compute J to be 


kK 
cen ous 
Ay+1 


A plot of J versus Ky (with K2 equal to the minimizing value) is shown 
in Figure CP11.8. As Ky, increases, the performance index J decreases. 
However, we see that the rate of decrease slows considerably after Ky > 
20. Also, AK increases as Ky increases. We want to keep both gains as 





This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


626 CHAPTER 11 The Design of State Variable Feedback Systems 


small as possible, while still having a small J. A reasonable selection is 


ky = 20 and Ko = 21.9 » 





























15 Performance index J versus K1 
14, | 
| 
1.34 | 
12:5 4 
1.17 4 
1 f nets n n i f 
0 5 10 15 20 25 30 35 40 45 50 
K1 
60 K2 versus K1 
Le 
40} ee | 
— 
g wee 
20} a | 
ee 
0 1 1 1 1 1 1 1 1 i 
0 5 10 15 20 25 30 35 40 45 50 
K1 


FIGURE CP11.8 
Performance index as a function of Ky and Ko. 


CP11.9 In this problem, A = —1 and B= 1. Computing Q yields 


Q=(14 =k) =14 Ak? . 


Define 
H=A-—Bk=-1-k. 
Solving 
H?’P+PH=-Q 
yields 
— 1+)? 
2(k +1) - 
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FIGURE CP11.9 
Plot of J/x2 versus k and the minimizing & versus X. 


The performance index is 


1+ Ak? 
J=x%p which implies J/x} = Ten 
The plot of J/a2 versus k is shown in Figure CP11.9. The minimum value 
is achieved when & = 0.41. To arrive at this result analytically, take the 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


628 CHAPTER 11 The Design of State Variable Feedback Systems 


partial of J/x? with respect to k, set the result to zero and solve for k: 
OJ / a2 
Ok 


Solving for k yields k = —1+./1+1/X. So, when \ = 1, k = 0.41. The 
plot of kmin versus is shown in Figure CP11.9. 


CP11.10 The m-file is shown in Figure CP11.10. 


=0 when f° 49K =1/4=0. 








A=[0 1;-19.04 -11.42]; B=[12.8;24.6]; C=[1 0]; D=[0]; >> 
K= 


% Controller Gains 

p=[-1;-1]; eee -0.3742 -0.1882 
K=acker(A,B,p) 

% Observer Gains L= 
q=[-1044¥);-10-4¥)]; ae 

L=acker(A,C,q); L=L 8.5800 


FIGURE CP11.10 
Using the acker function to compute the controller gains and the observer gains. 











CP11.11 The m-file is shown in Figure CP11.11(a). The compensator can be rep- 





A=[0 1 0;0 0 1;-4.3 -1.7 -6.7]; B=[0;0;0.35]; C=[0 1 0]; D=[0]; 
>> 
K= 


% Controller Gains 

p=[-1.4+1.4%j;-1.4-1 Aly 

K=acker(A,B,p) 10.1143 22.3429 -5.4286 
% Observer Gains 


qz=[-18+5*j;-18-5*);-20]; ee ea id L= 
L=acker(A\C)q); L=L 


1.0e+003 * 
% Simulation of closed-loop system with the observer 
Ac=[A -B*K;L*C A-B*K-L*C]; -1.6223 
Bc=[zeros(6,1)]; 0.0493 
Cc=eye(6); 0.7370 


Dc=zeros(6,1); 

sys=ss(Ac,Bc,Cc,Dc); 
x0=[1;0;0;0.5;0.1;0.1]; t=[0:0.001:3.5]; 
[y,t]=initial(sys,x0,t); 


subplot(311) 
plot(t,y(:,1),t,y(4)/—'), grid 
subplot(312) 
plot(t,y(:,2),t,y(:,5)/—'), grid 
subplot(313) 


plot(t,y(:,3),ty(,6),-—'), grid 











FIGURE CP11.11 
(a) M-file. 
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resented as 
x =(A—BK-LC)x+Ly and u=—Kx. 
Since y = Cx, we can write 
* = (A—BK-—LC)x+LCx. 
Similarly, with 


x=Ax+Bu and u=—Kx 


we obtain 
x= Ax— BKx. 
In matrix form, we have 
x] A —-BK x 
x| | LC A-BK-LC]]x|/ 
with initial conditions 
TP 


| x(o)? x0)" | =[1 0 0 05 01 oi]. 


The response of the system is shown in Figure CP11.11(b). 











5 T T T 
: \—————_ Estimated: state (dashed line) 
10/7." = ace ee ee er J 
5 l ; 1 
True state 0 1 7 3 A 





(solid line) 1 

















2 f 1 1 
0 1 2 3 4 


Time (sec) 


FIGURE CP11.11 
CONTINUED: (b) Response of system to an initial condition. 
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CP11.12 The Simulink block diagram is shown in Figure CP11.12. 


LT = = alox 


File Edit Yiew Simulation Format Tools Help 
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FIGURE CP11.12 
Simulink block diagram. 


CP11.13 The m-file to design the compensator is shown in Figure CP11.13(a). The 
Simulink simulation is shown in Figure CP11.13(b). The output shown 
on the x-y graph depicts the state x of the system. The initial conditions 
selected for the simulation are 


0.5 

0.1 
and x(0) = 

0.1 


0.1 


o co o& - 
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A=[0 1 00;0 0 1 0;0 0 0 1;-2 -5 -1 -13]; B=[0;0;0;1]; C=[1 0 0 0]; D=[0]; 
>> 
% Controller Gains 


K= 
p=[-1.44+1.4*j;-1.4-1.4*j;-2+j;-2-j]; 
K=acker(A,B,p) 17.6000 24.6800 19.1200 


% Observer Gains 
q=[-18+5*j;-18-5*j;-20;-20]; 


L = 
L=acker(A',C,q); L=L' ead 


-6.2000 


















































% Simulation of closed-loop system with the observer a 
Ac=[A -B*K;L*C A-B*K-L*C]; 10495 
Bc=[zeros(8,1)]; 1479 
Cc=eye(8); 
Dc=zeros(8,1); 
sys=ss(Ac,Bc,Cc,Dc); 
x0=[1;0;0;0;0.5;0.1;0.1;0.1]; t=[0:0.001:10]; 
[y,t]=initial(sys,x0,t); 
subplot(311) 
plot(t,y(:,1),ty(,4),''), grid 100 
subplot(312) oles 
plot(t,y(:,2),t,y(:,5),'--'), grid f 
subplot(313) 2100 ‘ 1 1 i 
plot(t,y(:,3),t,y(:,6),'—'), grid Ps f 2 5 : m 
‘are 
- 0 2 4 6 8 10 
10 
0 Va = 
0 2 4 6 8 10 


FIGURE CP11.13 
(a) M-file to design the compensator, including the observer. 
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FIGURE CP11.13 
CONTINUED (b) The Simulink simulation. 
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CHAPTER 12 


Robust Control Systems 


Exercises 


E12.1 The plant transfer function is 





Try a PI controller, given by 

K 

Ge.=hky+ = : 
8 
The ITAE characteristic equation is 
s +14u,8+ 02 , 
where wy, = 30. Then 
ky =13 and Ky =300. 


Without a prefilter, the closed-loop system is 
Y(s) 39s + 900 


R(s) 82 +425 +900 ’ 
and with a prefilter, the closed-loop system is 


Y(s) 900 


R(s) ~ 52 +425 +900 ’ 
where 


23.07 


Gels) = T9307 ° 


The step response, with and without the prefilter, is shown in Figure E12.1. 
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——— Without prefilter 
— — —With prefilter 
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FIGURE E12.1 
Step response: (a) w/o prefilter (solid line), and (b) w/prefilter (dashed line). 


E12.2 The disturbance response is shown in Figure E12.2. 
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FIGURE E12.2 
Disturbance response for system in E12.1. 
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E12.3 The closed-loop transfer function is 


18 
T(s) = >———————— 
(s) s*+bs +18’ 
and the sensitivity function is 
2 
8° + bs 
Se) = Sa 
s* + bs + 18 
where b = 5, nominally. The sensitivity of T to changes in p is determined 
to be 
gf — OT b —bs 


6 6bT s2+bs+18- 


The plot of T(s) and S(s) is shown in Figure E12.3, where b = 5. 








Gain dB 


-30 5 20log|S| : 20log|T| : ae al 











Frequency (rad/sec) 


FIGURE E12.3 
Plot of T'(s) and the sensitivity function S(s). 


E12.4 The plant transfer function is 
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636 CHAPTER 12. Robust Control Systems 


and the PID controller is given by 


G(s) : 


Let z = —1+4+ j and let K3 = 180. Then, the closed-loop system is 


180(s? + 2s + 2) 


Tas ee 
(5) = 3790s? 4 3768 + 360 








A root locus analysis (with K3 as the parameter) will verify that z = 
—1+ 7 is a good choice for K3 = 180. The actual response rises to 0.95 
and then asymptotically approaches 1, while the approximation reaches 
1 in less than 0.1 sec. The plot is shown in Figure E12.4. 








1.2 
1b approximation | 
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0.8 Li 4 
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S o6t J 
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FIGURE E12.4 
Step response for closed-loop actual and approximate transfer functions. 


E12.5 The loop transfer function is 


L000K> (s+#2) 200 = K (s+ #2) 
Gels) Gls) = oye + 20) ae F HO)(@ + 20) 


where K = 2 x 10°Kp. Select Kp/Kp = 10. Then 


Kk 


Cees s(s +20) ’ 
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and the closed-loop transfer function is 


Kk 


i 
(3) = Sy oe 


Let ¢ = 0.69, which implies P.O. < 5%. Also, 2¢wy, = 20, so wy = 14.49. 
Thus, 


hag Sot. 
The settling time is T; = 4/Cw, = 0.4 s. The controller is G.(s) = 
0.00105(s + 10). 
E12.6 The loop transfer function with the PID controller is 


Kps?+Kps+K; 1 
G.(s)Gs(s) = nr an Cr) 2) . 


The ITAE step response requires s° +1.75wy,s?+2.15w2s+w? = s?+(10+ 
Kp)s?+(25+Kp)s + Ky. For n = 3 we estimate the normalized settling 
time to be w,T, © 8 seconds. Thus, w, ¥ 6, and Kp = 0.5, Kp = 52.4, 
and Ky; = 216. The step response is shown in Figure E12.6. 


(a) Step response x 10°° (b) Disturbance response 











0.27 























FIGURE E12.6 
(a) Step response: w/o prefilter (solid line) and w/prefilter (dashed line); and (b) distur- 
bance response. 
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The transfer function from the disturbance to the output is 


Y(s) G(s) _ 8 
Ti(s) 1+G,(s)G(s) 583+ 10.5s? + 77.4s + 216 © 





The disturbance response is shown in Figure E12.6. The system is effective 
in reducing the effects of the disturbance, and the maximum output is 
reduced by 1/100 for a step disturbance. 


E12.7 The plant transfer function is 


1 


G(s) = (6+ 42 ) 


and the PID controller is 


_ Kys+ Ko+ K3s? 
f : 


G(s) 
Using the ITAE criteria and selecting w, = 10 yields 
K3 = 9.5 Ko=1000 and kK, =199. 


The step response is shown in Figure E12.7. The disturbance response is 
also shown in Figure E12.7. The maximum y(t) = 0.0041, so the system 
is effective in rejecting the step disturbance. 
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FIGURE E12.7 


(a) Step response: w/o prefilter (solid line) and w/prefilter (dashed line); and (b) distur- 
bance response. 
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E12.8 The maximum w,, = 60. Then 
ky = 3600 and Ky=80. 
The maximum control input is 
max |u(t)| © 80. 


The plot of the step response and the control input u(t) is shown in 
Figure E12.8. 





























(a) step response (b) control input u(t) 
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FIGURE E12.8 


Step response w/o prefilter; and (b) control input u(t). 


E12.9 One possible PD controller is 
G(s) = 12.5 + 8.25s . 


When 
K=1, 


the system roots are 





oo —15+ j2 
63 = —2. 


The step response is shown in Figure E12.9 for K = 0.5,1, and 1.5. 
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K=1 (solid); K=0.5 (dashed); and K=1.5 (dotted) 








0.8 / oo 














Time (sec) 


FIGURE E12.9 
Step response for K = 0.5, 1, and 1.5. 


E12.10 One possible PI controller is 


Gels) = 2.05(s + 0.945) 


Ss 





When K = 1, the system roots are 51,2 = —0.365 + 70.514, s3 = —4.15, 
and s4 = —0.118. The step response is shown in Figure E12.10. 


K=1 (solid); K=0.5 (dashed); and K=1.5 (dotted) 
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FIGURE E12.10 
Step response for K = 0.5, 1, and 1.5. 
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E12.11 The plot is shown in Figure E12.11. 





100 1 


80 


P.O. (%) 
aN 
rf) 














FIGURE E12.11 
Percent overshoot as a function of k in the interval 0.1 <<k <6. 


E12.12 The controllability matrix is 
C1 c2 
c2 —ac, — bee 
and 
det P, = c3 + [bey]e2 + ac? . 
For controllability we require det P. 4 0, hence 
c+ [bei]en + ac? £0 


implies 





- F 7 + 4/(b/2)2 —a 


where (b/2)? — a > 0. For real-valued c; and cy, if (b/2)? — a < 0, all real 
values of cy and cy are valid. Valid values of the constants are c, = 0, 
co = 10, a = 10, and b = 3. The step response is shown in Figure E12.12. 
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Step Response 





Amplitude 


0.6 + 4 


0.47 4 
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FIGURE E12.12 
Step response with cy = 0, co = 10, a= 10, and b=3. 
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Problems 


P12.1 The closed-loop transfer function is 





























A(s + 2) 
Yas 
s*+4s+8 
and the sensitivity function is 
2 
S 
S(s) = =————_. . 
(s) s?+454+8 
The plot of 20log|T| and 20 log |.S| is shown in Figure P12.1. The band- 
width is 
wp = 6.31 rad/sec . 
Then 
Se lug = 0.98 
Sklep = 0.78 
ise op = 0.30. 
10 
4 Sees 
-10 + ma 4 
il —— Selegh| 
et eo J 
5 ra “ 
-30 F Pia 1 
-40 - ra = 
FT ae J 
“60 a! - 1 
10 10 10 
Frequency (rad/sec) 
FIGURE P12.1 


Plot of T(s) and the sensitivity function S(s). 
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P12.2 (a) The loop transfer function is given by 


G-(s)G(s) = SET) 
When 
Kk =100, 
the peak magnitude is 
Mp,, = 1.84 . 


(b) The plot of 20 log |T| and 20 log |.S| is shown in Figure P12.2a. 
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FIGURE P12.2 
(a) Plot of T'(s) and the sensitivity function S(s). 


(c) The bandwidth is 
wp = 117 rad/sec , 
and 


isk 





wp = LAT 
wp = 0.39 
4 





|sz op = 1.62. 
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(c) The disturbance response is shown in Figure P12.2b. 


x10°7 














3 | ae 

= 4- oot SS a | 

& | \ 
3} | Need | 
2F | 4 
i | 
oS 0.05 0.1 01 5 02 0.25 0.3 

Time (secs) 
FIGURE P12.2 


CONTINUED: (b) Disturbance response for AK = 100. 


P12.3 (a) The loop transfer function is 
K(s — 4)(s +5) 
G_-(s)G(s) = ———————> . 
The characteristic equation is 


7 K(s—4)(s+5) _ 
14+ G.(s)G(s) =1+ (s+2)(s4 12) > 0 


or 
s°+(14+ K)s? + (44+ K)s+40—20K =0. 
So, the system is stable for 
=—§.25 << kK < 2. 


(b) The steady-state error is 


2 
ae 


The steady-state error cannot be made zero for any stable kK. Choose 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 























646 CHAPTER 12 Robust Control Systems 
K close to -8.25 for minimal tracking error, although the transient 
response will be lightly oscillatory. 
(c,d) The plots of y(t) for 
kK =-T7 (nominal) 
Kk =-8.05 (+10%) 
kK =-5.95 (—10%) 
are shown in Figure P12.3. 
K= 7 (solid) & K= 8.05 (dashed) & K= 5.95 (dotted) 
2.5 1 
iN, 
= 
-1 L L 4 L 
0 2 4 6 8 10 
Time (sec) 
FIGURE P12.3 
Step input response for kK = —7, K = —8.05 and kK = —5.95 
P12.4 


The loop transfer function and closed-loop transfer functions are 
K K 
G(s) = ————_ d T(s) = ——.——_. . 
Gane py o “lap een 


(a,b) A summary of the system performance is shown in Table P12.4. 
(c) The best compromise is kK = 10. 


(d) For K = 10, the transfer function from Ty(s) to Y(s) is 





_ s+5 
~ s24+654+15 7 
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TABLE P12.4 Performance summary. 


The plot of the disturbance response is shown in Figure P12.4. So, 
for Ty(s) = 1/s, the response is reduced by a factor of 3. 


Step Response 





0.35 


0.37 4 


0.25 - 4 


Amplitude 


0.17 4 


0.05 - 4 











Time (sec) 


FIGURE P12.4 
Disturbance response for K = 10. 


P12.5 (a) The plant is given by 
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We desire P.O. < 10% and T, < 100 ms. Using a PD controller 


G(s) = 100 + 2.2 , 


we determine that P.O. = 7%, T; < 100 ms and es, = oh for a ramp 


input. The plot of y(t) is shown in Figure P12.5. 
(b) The sensitivity is 


Se, | 07.05 





when ky = 1. 
(c) The plot of y(t) when AK, = 2 (the compensator G(s) is unchanged) 


is shown in Figure P12.5. 
(d) The disturbance response is shown in Figure P12.5. 


(b) disturbance 


























(a) step response 
12 0.012 
ae aa 
1 be ae a 0.01} | 
i / 
i| / 
0.8F | | | 0.008 + / : 
yf / 
EZ 06} 1 00067 / | 
04} 5 0.004 - 7 
If 
| 
0.2) | 0.0021 | | 
| 
| | 
| 
0 1 1 1 0 1 1 1 
0 005 O1 015 02 0 005 O1 015 02 
Time (sec) Time (sec) 
FIGURE P12.5 
(a) Step response: Ky = 1 (solid line) and Ay = 2 (dashed line); and (b) disturbance 
response. 


P12.6 (a) The plant is given by 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Problems 649 


where p = 2, nominally. One solution is 


_ 18.7(s +. 2.9) 


Gels) (s + 5.4) 
Then, 


18.7(s + 2.9) 


9) = Gy ga(e +2 +2WV/3j(e+2—2V5)) | 


(b,d) The step responses are shown in Figure P12.6 for p= 2 and p= 1. 





























(c,d) The disturbance responses are shown in Figure P12.6 for p = 2 and 
p=l. 
(a) step response (b) disturbance 
1.6 0 
\ 
\ 
\ 
14 : -0.02 + J 
-0.04+ | J 
-0.06 + \ | 
E 08 | / € | 
] -0.08} | 4 
o.6F | | \ 
| ‘| i 
| Ob \\ poe J 
0.4t | | ix 
02H | Bd | 
| 
| 
0 -0.14 
0 5 5 
Time (sec) Time (sec) 
FIGURE P12.6 


(a) Step response: p = 2 (solid line) and p = 1 (dashed line); and (b) disturbance response: 
p = 2 (solid line) and p = 1 (dashed line). 


P12.7 (a) The plant is given by 


1 


ci a s(s? +4s+5) ’ 


and the PID controller is 
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When 
z= 1.25 
and 
K=4, 
all roots are 
s=—14+ 1.22. 





Then, the closed-loop transfer function is 
T(s) A(s + 1.25)? 
$3) = 
s* + 453 + 9s? + 10s + 6.25 


(b,c) The step responses with and without a prefilter are shown in Fig- 


ure P12.7. 
(d) The disturbance response is shown in Figure P12.7. 


(b) disturbance 





(a) step response 


























1.6 0.02 r 
14 [\ | / IN 
/ \ || Sea il ence 
12b—f4 
2b} \ 4 \ | 
| \ | | 
| \enw \ | 
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Teed ‘ ee ee | 
| J \U | | 
| | 
=> } => \ | 
ES 08+ | 7 ¥ 0.047 | 4 
| | | 
| | 
0.65 | A | \ | 
[eg 0.06; | | ; 
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0.4- | f 7 | 
jo? \ 
} ?} -0.08+ | 4 
0.2 r| 7 4 
ol 0.1 
0 5 10 0 5 10 
Time (sec) Time (sec) 
FIGURE P12.7 


(a) Step response: w/o prefilter (solid line) and w/prefilter (dashed line); and (b) distur- 


bance response. 


P12.8 (a) The loop transfer function is 


_ 10Ka(5s + 500 + 0.04753”) 


G.(s)G(s) 3 


Ss 
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When 

Ka = 374.5 , 
the phase margin is 

P.M. = 40° . 


(b) The root locus is shown in Figure P12.8a. 

















150F J 
100}. —_—— | 
° \ 
50+ | : 
ry 
3 / 
¢ ° x : 
E ’ 
4 
-50b \ J 
° 
100 12: / | 
“150+ J 
-150 -100 -50 0 50 100 150 
Real Axis 
FIGURE P12.8 


10(0.0475s7+5s+500) __ 0 
ae 


(a) Root locus for 1+ Ka 


When 
Kg = 374.5 , 
the roots are 


8, = —139.8 
$23 = —19.14 9114.2. 





(c) The transfer function from Ta(s) to Y(s) is 


Y(s) =6 
Ti(s) 5° + 182s? + 19150s + 1915000 ” 
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The maximum is 
max |y(t)| = 0.0000389 . 


(d) The step responses, with and without a prefilter, are shown in Fig- 




















ure P12.8b. 
1.6 
ge SSG ae cee es eee) 
| | 
04} 4 
i} 
| 
o2/ ! : 
0 / 1 1 1 1 1 
0 0.05 0.1 0.15 0.2 0.25 0.3 
Time (sec) 
FIGURE P12.8 


CONTINUED: (b) Step response: w/o prefilter (solid line) and w/prefilter (dashed line). 


P12.9 The polynomial under investigation is 
4357 4+3s4+4=0. 


From the uncertainty bounds on the coefficients, we define 


ag =4 bo =5 
a,j=l Bb, =4 
ag = 2 bo =4 


Then, we must examine the four polynomials: 


s° + 2s? +48+5=0 
s?+4s74+5+4=0 
s° +457 +458+4=0 
SIs? +s+5=0 
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The fourth polynomial is not stable—therefore, the system is not stable 
for the uncertain parameters. 


P12.10 One possible PID controller is 


__ 0.0585? + 2.175 + 16.95 
: 


G(s) 


A first-order Pade approximation was used in the design to account for 
the delay system. The step input response is shown in Figure P12.10. A 
prefilter should also be used with the PID controller. A suitable prefilter 
is 


Ko 


Cn a 
p(s) K38? + Kis + Ko 














TF / = aes ee weiaiaaaga ucmnsonoeee ey 
0.81 | 
EZ 06+ / 4 
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0.24 / | 
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0 1 1 1 1 re 1 1 1 1 
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FIGURE P12.10 
Step response with the PID controller and prefilter. 


P12.11 The PID controller is given by 


7 Kps?+ Kps+ Ky, 
—— ee - : 


G(s) 
Using the ITAE method, we desire the characteristic polynomial to be 


q(s) = 8° +1.75w,s? + 2.15w2s+w3 =0, 
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where we select w, = 4 to obtain a peak time of J; = 1 second. Here we 

use the approximation for ITAE third-order systems that w,T, + 4 from 

Figure 5.30(c) in Dorf and Bishop. The actual characteristic equation is 
s° + 25Kps* + 25Kps + 25K; =0. 

Equating coefficients and solving for the gains yields 


Kp =1.376, Kp=0.28, and K;=2.56. 


The step response is shown in Figure P12.11, with the prefilter 








Ky 
G(s) = a, a a 
Kps*+Kps+ Ky; 
Step Response 
1.4 
1.27 4 
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0 f f f f f 
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FIGURE P12.11 
Step response with the PID controller and prefilter. 


P12.12 We will design for the case where K = 1 and p= 1. The design plant is 


1 


= GD 
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The nominal plant is given by 


2.5 
G(s) = ——————_. , 
co s(s + 2)(s +4) 

and the PID controller is 


Kps?+Kps+K 
Ges) = PE 


Using the ITAE method, we desire the characteristic polynomial to be 
q(s) = s* + 2.1wys? + 3.4? s? + 2.73 s + we =i). 


where we select w, = 2.38 to obtain a peak time around T;, = 3 seconds. 
The actual characteristic equation (with the worst-case plant) is 


s+ 5s? + (44+ Kp)s?+Kps+K;=0. 


Equating coefficients and solving for the gains yields Kp = 36.40, kK; = 


32.08, and Kp = 15.26. The step response is shown in Figure P12.12, 
with the prefilter 


Ky 


60 ——————w 
(8) Kps?+ Kps+ ky 





I r 
Worst-case plant 
— — —Nominal plant 








y(t) 








i i i i i 
2.5 3 3.5 4 45 5 
Time (sec) 








FIGURE P12.12 


Step response with the prefilter: nominal plant (dashed line) & worst-case plant (solid line). 
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656 CHAPTER 12 Robust Control Systems 


P12.13 The transfer function is 


G(s) = C(sI- A)"'B = [ 2 0 | _ a 
7 7 5 s¢K|]1| 9+Kst+50 


The sensitivity is 


"k= G ~ @ekees 
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Advanced Problems 


AP12.1 Let G,(s) =1. A viable PID controller is 


K 50s? + 200s + 2.5 
G(s) =Kp+—+Kps= — 


The loop transfer function is 


40(50s? + 200s + 2.5) 





G.(s)G(s) = 
o(s)G(s) s(80s? + 1) 
where K = 40, so that K, = 100. The step response is shown in Fig- 
ure AP12.1. 
Step Response 
14 
System: syscl 
Peak amplitude: 1.1 
1.2 Overshoot (%): 9.91 J 


At time (sec): 0.191 





Amplitude 

















1 
0.6 0.8 1 1.2 
Time (sec) 


FIGURE AP12.1 
Step response with PID controller. 


AP12.2 For all three controllers, choose AK = 1 as the design value. Also, use 
as the nominal points a = 2 and b = 5 for each design. ITAE methods 
were employed in all designs, although this did not work well for the PI 
controller. 


(a) PI controller: Let 


Gelar= 1. 
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Not all specifications could be met simultaneously with a PI con- 
troller. The best over-all results are achieved when using a = 3 and 
b = 4.5 as the design values. An acceptable PI controller is 


G(s) = 1.2 + = . 


Controller 





TABLE AP12.2_ PI, PD, and PID controller performance summary. 


The final design is based on root locus methods since the ITAE meth- 
ods did not produce an effective controller. The closed-loop transfer 
function is 


1.25 + 3.96 


T = SS .. 
(8) = 373s 45.75 43.90 
(b) PD controller: Let 


12.25 


Gols) = 735 G 20s” 


The closed-loop transfer function is 


7.25 + 2.98 


je 
(9) = BY 4984 12.08 ' 
where the PD controller (based on ITAE methods) is 


G-(s) = 7.25 + 2.9s . 
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(c) PID controller: Let 


1000 
Cie 
(8) = T5553 4 d10s 4 1000 


The closed-loop transfer function is 


15.58? + 210s + 1000 


Ti ee, 
(8) = Sy 775s? 4 D1bs + 1000 


And the PID controller (based on ITAE methods) is 


15.582 + 210s + 1000 
C6) = ee 


Ss 


The performance of each controller is summarized in Table AP12.2. 


AP12.3 (a) The PID controller is 
Kp (s?+ S254 4 
cole) = Kel Roe Bs) 
8 
Since we want P.O. < 4% and T, < 1s, we choose the dominant 
closed-loop poles to have w, = 6 and ¢ = 0.8. Therefore, we place the 
Zeros at 
Kp 


ga 2 Pg . Susans 
Kp Kp 


Solving for the constants yields, 


Kp Ky 


—=i0, — 236. 
Ky " Kp 


Then, using root locus methods, we choose Kp = 91 to place the 
roots near the zeros. The PID controller gains are computed to be 
Kp =910, K; = 3276 and Kp = 91. 


(b) The loop transfer function is 


Kps? +Kps+ Ky; 
a aa aera 


The closed-loop system characteristic equation is 
3° +58? +4s+ Kps*+Kps+ K; =(0. 


Solving for the PID gains yields Kp = 73.4, Ky; = 216 and Kp = 5.5. 
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Therefore, the controller is 


5.5(s? + 13.358 + 39.3) 


Ss 


G(s) = 


Using the prefilter 

39.3 

Cig = 
(8) = F543.355 4308 

we obtain the closed-loop transfer function 

216 

T(s) = 93 + 10.562 +7746 +216 
oe? + 10,08¢ + 70.4a + 216 

The percent overshoot is P.O. © 3.5% and the settling time is T, ~ 
1.67 sec. 


AP12.4 The PID controller is 


The bounds 1 < a < 2 and 4 < b < 12 imply that 2 < w, < 3.46 
and 0.5 < Cw, < 1. One solution is to place the PID controller zeros at 





1.4 





Amplitude 











0 0.5 1 15 2 2.5 3 
Time (sec) 
FIGURE AP12.4 
Family of step response with PID controller with nominal case (a, b) = (1.5, 9) denoted by 


the solid line. 
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s=—1+jV8 (ie. Cwy, =1 and wy, = 3). So, 





k K 
op eS 


Kp Kp s? 4+ Wunstw2 =s*+4s4+9. 


The nominal case for design is chosen to be a = 1.5 and b = 9. Using 
root locus, we select Kp = 2.1 to place the closed-loop characteristic 
roots near the zeros. Then, the PID controller gains are computed to be 
Kp = 8.4, K; = 18.9, and Kp = 2.1. The plot of the response to a step 
input is shown in Figure AP12.4. The off-nominal cases shown in the 
simulations are (a,b) = (1.2, 4), (1.4,6), (1.6, 10), and (1.8, 12). 


AP12.5 (a) With o = 1, we find that K = 2.5 for ¢ = 0.707. The roots are 
S12 = —0.5 + 70.5 and s34 = —3+j7 when K = 2.5. The magnitude 
of the sensitivity for roots s;,2 is 0.15 and for s34 the sensitivity 
magnitude is 0.38. 


(b) With o = 1.25, we find that K = 2 for ¢ = 0.707. The roots are 
81,2 = —0.52 + 70.52 and s34 = —2.97 + 70.58. The magnitude of the 
sensitivity for roots s;,2 is 0.21 and for s34 the sensitivity magnitude 
is 0.54. 


(c) With o = 1.5, we find that K = 1.48 for ¢ = 0.707. The roots are 
812 = —0.52 + 30.52, s3 = —3.4 and s4 = —2.5. The magnitude of 
the sensitivity is 0.31, 0.63, and 0.56 for the roots 51,2, s3 and sa, 
respectively. 


(d) With o = 1.75, we find that kK = 1.1 for ¢ = 0.707. The roots are 
S12 = —0.51 + j0.51, s3 = —3.68 and sq = —2.28. The magnitude 
of the sensitivity is 0.42, 0.33, and 0.27 for the roots s1,2, s3 and sa, 
respectively. 


(e) With o = 2, we find that kK = 0.85 for ¢ = 0.707. The roots are 
812 = —0.5 + j0.5, s3 = —3.81 and s4 = —2.18. The magnitude of 
the sensitivity is 0.55, 0.23, and 0.21 for the roots 51,2, s3 and sa, 
respectively. 


AP12.6 To obtain a phase margin of P.M. = 49.77°, select K = 1.5, b = 36 and 
choose G',(s) = 1. The PID controller is 























1.5(s? + 20s + 36 
6G. eee 
S 
When Ky = 0.75, the phase margin is reduced to P.M. = 45.45°; and 


when kK, = 1.25, the phase margin is increased to P.M. = 52.75°. 


AP12.7 With the settling time T, = 1 and percent overshoot P.O. < 10% specifi- 
cations, we target for dominant closed-loop poles with w, = 10. Here we 
estimate w,T'; ~ 10 associated with the ITAE performance. The closed- 
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loop transfer function is 


T( ) ( ) 1.5(Kps? + Kps + K7) 
s)= SS ———————— 
PI’ (1+1.5Kp)s?2+15Kps+1.5Ky ’ 


where we have neglected 7. Using the ITAE method, the desired charac- 
teristic polynomial is 


>,  1aK, 1.5K] 


2 2 
D = a ae ee 
8° + V2wns + Wn = 8° + (isk, Pek 


Let Kp = 0.25. Then solving for the remaining PID gains yields Kp = 
12.96 and K; = 91.67. The pre-filter is 


137.5 


ar 
(8) = 937552 4 19.450 4 1375 


Then the closed-loop transfer function (with t = 0.001) is 


137.5 


a 
(8) = 9 001s3 | 1375s? 4 19.4504 1375 


The transfer function from the disturbance to the output is 


1.58 


¥(o/iis) = ———___—__—____. 


The step input response and disturbance response are shown in Fig- 
ure AP12.7. 
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FIGURE AP12.7 
(a) Input response; (b) Disturbance response. 
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AP12.8 The PI controller is given by 


K K 
Gip.= ps + IS] 
8 
We will also use the prefilter 
Kr 


G,(s) = ie é 


Using the ITAE method, we determine that Kp = /2w, and K; = w?. 
Let w, = 2.2. Then Kp = 3.11 and kK; = 4.8. The step response and 
control u(t) are shown in Figure AP12.8. 
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FIGURE AP12.8 
(a) Input response; (b) Control history u(t). 


AP12.9 Consider the PID controller 


Kps?+K K 
G(s) = Bee 


Using the acceleration constant specification, we find 


Ka = lim s*G,(s)G(s) =3K7/5=2 . 


s—0 


Therefore, Ky = 3.33 satsifies the acceleration constant specification. The 
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bandwidth requirement is satisfied with the PID gains 
Kp=5.5 Ky; =3.33 Kp =3.71. 


The pre-filter is 


3.33 


C8. a ae 
v8) = 37735 55s 333 


The plot of the response to a step input is shown in Figure AP12.9. 





i / | 
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oF | 
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FIGURE AP12.9 
Step input response. 


AP12.10 (a) A suitable PD controller is given by 
G.(s) = 0.6 + 0.4s . 


The percent overshoot is P.O. = 18.8% and the peak time is T, = 2.4 
sec. 


(b) A suitable PI controller is given by 


O1 
G-(s) = 0.15 + — ; 


s 


The percent overshoot is P.O. = 23.7% and the peak time is T, = 7.8 
sec. 
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(c) A suitable PID controller is given by 


0.01 


The percent overshoot is P.O. = 19.9% and the peak time is T, = 2.5 
sec. 


(d) The PD or PID controllers are the best choices. 


AP12.11 A robust PID controller designed with ITAE methods will be a suitable 
controller. From the settling time specification we select w, = 10, where 
we have used ¢ = 0.8. The worst case is 


a=1 and K=2. 
The desired closed-loop transfer function is 


wh 


M8) = S41 Tou,e +2 1oae +o 
and the actual characteristic equation is 
q(s) = 8° + (2a+ KKp)s? + (a*+ KKp)s+KK;. 
Equating like terms, we find that 
Kp=107 k;=500 Kp =7.75. 


AP12.12 We use as the design plant 


s+2 
(3) =a 
s(s + 3) 
Select 
P= 2 and A= 3 
to cancel a design plant pole and zero. Then, choose pg = 0 to have 


zero steady-state error to a unit step. The remaining variables K and 
zq are selected based on ITAE methods, where w, = 100. A suitable 
compensator is 


_ 141.42(s + 3)(s + 70.71) 


Ge 
els) s(s + 2) 

A plot of the step responses for various values of p,q and r is shown in 
Figure AP12.12. 
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FIGURE AP12.12 
Family of step responses with the design plant (p, g,r) = (3,0, 2) denoted by the solid line. 


AP12.13 A suitable compensator is 


_ 1000(s + 1.8)(5+3.5)(5 +5.5) 


Ge(s) s(s + 600) 
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FIGURE AP12.13 
Step responses with nominal plant (solid line) and off-nominal plant with all poles reduced 


by 50% (dashed line). 
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Design Problems 


CDP12.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 


6(s) 26.035 


Vi(s)  s(s + 33.142) ’ 


where we neglect the motor inductance L,, and where we switch off the 
tachometer feedback (see Figure CDP4.1 in Dorf and Bishop). With a 
PID controller ,the closed-loop system characteristic equation is 


s® + (33.142 + 26.035Kp)s? + 26.035K ps + 26.035K; =0. 


A suitable PID controller is 


wl 
eee ee 
s 


This PID controller places the closed-loop system poles to the left of 
the —Cw, line necessary to meet the settling time requirement. The step 
response is shown below. The settling time is 7, = 0.12 second. In the 
steady-state the error due to a step disturbance is zero. 








Amplitude 








Mi 1 1 1 1 1 1 
0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 
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DP12.1 The closed-loop transfer function is 


Y(s) KmG-(s) 
Ris) s2+(2+KyKi)s+G(s)Km | 


(a) When G. = K, we have 





1k 


a 
(8) = BY Op IsKi)s + 15K 


where K,, = 15. Using ITAE criteria and w, = 10, we determine that 
Ky, = 0.81 and K = 6.67. For the disturbance, we have 
Fis). _ —1 


Tr(s) s?+14.14s +100 ° 


The input and disturbance responses are shown in Figure DP12.1, 
without prefilters. 
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FIGURE DP12.1 
(a) Step response: G-(s) = K (solid line) and G-(s) = Kp + Kps (dashed line); and (b) 
disturbance response (same for both compensators). 


(b) When G, = Kp + Kps, we have 


Y(s) _ 15(Kp + Kps) 
R(s)  s2+(2+15K,+15Kp)s+15Kp ° 


For w, = 10 and with the ITAE criteria, we determine that (with 
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Y(s) __ 15(6.67 + 0.1s) 
R(s)  s2+14.14s + 100 ° 





DP12.2 The nominal plant is given by 


1 


Si ae eae 


The closed-loop transfer function is 


T( K(Kps? + Kps+ Ky) 
s) = SS 
384+ (4+ KKp)s?+KKps+ KK, 


Let 
Kp =300, K;=500, and Kp=100. 


A family of responses is shown in Figure DP12.2 a for various values of 
K. The percent overshoot for 0.1 < K < 2 is shown in Figure DP12.2b. 





Step response 
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FIGURE DP12.2 
(a) Family of step responses for various values of K. 
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12 T T 





Percent overshoot 
cop} 
T 
i 














FIGURE DP12.2 
CONTINUED: (b) Percent overshoot for various values of K. 


DP12.3 (a) The dexterous hand model is given by 


Kin 


G(s) = 754 5)(s +10) ° 


where K,, = 1, nominally. The PID controller is 


r 1,2 
Ge Kp(s* + 6s + 18) . 


Ss 


The root locus is shown in Figure DP12.3a. If we select 


the roots are 


$1.2 = —5.47+ 6.6 
$3.4 = —2.03 + 74.23 . 





Thus, all roots have 
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to meet the design specification 


T; <3 sec. 
(b) The step responses for 
Km =1 
and 
Km = 1/2 


are shown in Figure DP12.3b. When 














K=1/), 
an off-nominal value, the settling time specification is no longer sat- 
isfied. 
20 — 
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FIGURE DP12.3 P 
(a) Root locus for 1 + Ko zGtnenoy —0. 
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FIGURE DP12.3 
CONTINUED: (b) Step response (without prefilters): PID with K3 = 90 and Km = 1 


(solid line) and PID with K3 = 90 and Am = 0.5 (dashed line). 


DP12.4 The nominal plant is 
17640 


G(s) = S35 594s F176y) ’ 


and the PID controller is 
Ky(718 + 1)(ms +1) 
——, 


G-(s) = 
(a) Using ITAE methods, we determine that w, = 28.29, Ky; = 36.28, 
T +72 = 0.0954 and 7172 = 0.00149. So, 


(s) 36.28(0.00149s? + 0.0954s + 1) 
Cc SO SS 
s 


(b) The step response for the nominal plant and the PID controller is 
shown in Figure DP12.4a, with and without a prefilter. 


(c) The disturbance response is shown in Figure DP12.4b. 
(d) The off-nominal plant is 


16000 


G(s) = 35 40541600) 


The step response for the off-nominal plant is shown in Figure DP12.4a. 
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(a) nominal plant (b) off-nominal plant 
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FIGURE DP12.4 
(a) Step response for (i) nominal plant: w/o prefilter (solid line) and w/prefilter (dashed 
line); and (ii) for off-nominal plant: w/o prefilter (solid line) and w/prefilter (dashed line). 
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FIGURE DP12.4 
CONTINUED: (b) Disturbance response for the nominal plant. 
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DP12.5 One possible solution is 
(0.01s + 1)(0.99s + 1) 


G.(s) = 0.08 
8 
The phase margin with this controller is 
PM, =A5.5" ». 


The step response is shown in Figure DP12.5 for the nominal plant (with 
and without a prefilter); the step response for the off-nominal plant is also 
shown in Figure DP12.5. The prefilter is 
1411 
G = —_>______ 
o(8) = T3976? + dlls + 111 


(a) nominal plant (b) off nominal plant 
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FIGURE DP12.5 
(a) Step response for nominal plant: w/o prefilter (solid line) and w/prefilter (dashed line); 


and (b) for off-nominal plant: w/o prefilter (solid line) and w/prefilter (dashed line). 


DP12.6 Using ITAE methods, three controllers are designed for the nominal plant: 


(i) PID controller: 
_ 0.2258? + 0.5358 + 34.3 
s 


G(s) 
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Design Problems 
(ii) PI controller: 

0.95 + 22.5 
G(s) = —. 


(iii) PD controller: 

G.(s) = 0.98 + 22.5 
The step responses for each controller is shown in Figure DP12.6. The 
responses for the PID and PI controller are the same since the gains were 
selected to obtain the same ITAE characteristic equation. An appropriate 


prefilter is used in all cases. 
(b) off-nominal plant 
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FIGURE DP12.6 


(a) Step response for nominal plant: PID (solid line); Pl (dashed line); and PD (dotted 
line); (b) for off-nominal plant: PID (solid line); Pl (dashed line); and PD (dotted line). 


DP12.7 The loop transfer function is 
Kakm a K 
~ s(s+2)(s +1) 


mar (Ez D(rs + ls(s +1) 


since Tf is negligible. A suitable PID controller is 
KKp(s*+as+b)  300(s? + 2.236s + 2.5) 
: : 


G(s) = 
o(s) - 
The step response is shown in Figure DP12.7. The percent overshoot is 
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P.O. = 4.6% and the settling time is T, = 3.74 seconds. 
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FIGURE DP12.7 
Step response for the elevator position control. 


DP12.8 The system transfer function is 


G(s)Ge(s)Gp(s) 
| See ea. 
(s) 1+ G(s)G.(s) (s) 
We are given 
G(s) =e-*? where T=1 second. 


Using a second-order Pade approximation yields 


s? —6s +12 


Gs) © ages” 





Three controllers that meet the specifications are 


0.5 
Gals) = = (Integral controller) 


0.045 + 0.4 
Ge, (8) = ———— 


01s? + 0.048 + 0.4 
Ge; (s) = eee ies aa (PID controller) . 
s 


(PI controller) 
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In all cases, the steady-state error is zero. 


Integral PI PID 





P.O.(%) 405 0 0 
T; (sec) 6.03 6.12 6.02 
T, (sec) 4.75 N/A N/A 


|V(t)|max (volts) | 1.04 i i 


The prefilter G,(s) = 1 is used in all designs. To compute the voltage, 
the transfer function is 


_ Gp(s)Ge(s) 
V0) = Tawa’ 
DP12.9 The space robot transfer function is 
1 
oe) s(s +10) © 
(a) Consider G.(s) = K. Then 
G-(s)G(s) K 


(fC ee 
() = 15 GGG) P+ 10s+K 


We determine that K = 50.73 for ¢ = 0.702. Thus, we expect P.O. < 
4.5%. So, 


G.(s) = 50.73 . 
(b) Consider the PD controller 
G(s) =Kp+Kps. 


Then 


Kp+Kps 
s*+(10+Kp)s+Kp — 


Using the ITAE method, we compute 


T(s)= 


Kp=100 and Kp=4. 
Thus, 


G(s) = 4s +100 , 
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678 CHAPTER 12 Robust Control Systems 


and the prefilter is 


100 


Gols) = FF 100 © 
(c) Consider the PI controller 


: K Kps+K 
G(s) = Kp + =. 


Then, 


Ts) = Kps+ Ky 
ay Bo 0s Rey 


Using the ITAE method, we have 
Wy, =5.7 Kp=70.2 and K; = 186.59. 
Thus, 
G.(s) = 70.2 + 186.59/s , 


and the prefilter is 


186.59 


Gols) = 795418650 ° 


Consider the PID controller 


= 


a Kps?+ Kps+ Ky; 
—._ : 


G(s) 


Then, 


_ Kps?+ Kps+ Ky 
~ s°+ 10s? + Kps?+ Kps+ Ky : 


T(s) 
Using the ITAE method with w, = 10, we have 


Kp =7.5 Kp=215 and kK; = 1000. 


Thus, 
7.58” + 215s + 1000 
G-(s) = —————_—__ , 
Ss 
and the prefilter is 
1000 
Gp(s) 


~ 7.582 4+ 215s +1000 ” 
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A summary of the performance is given in Table DP12.7. 





TABLE DP12.7 A summary of performance to a disturbance input. 
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Computer Problems 


CP12.1 The closed-loop transfer function is 


8K 
T(s) = 5 ’ 
s?+25s+ 8h 
and the sensitivity function, Se is 
s? +8 


S(s\= 


The plot of T(s) and S(s) is shown in Figure CP12.1, where K = 10. 


s?+25+8K - 





nt=[80]; dt=[1 2 80]; syst = tf(nt,dt); 

ns=[1 2 0];ds=[1 2 80]; syss = tf(ns,ds); 

w=logspace(-1,2,400); 

[magt,phaset]=bode(syst,w);magtdB(1,:) = 20*log10(magt(1,1,:)); 
[mags,phases]=bode(syss,w); magsdB(1,:) = 20*log10(mags(1,1,:)); 
semilogx(w,magtdB,w,magsdB,--') 

legend(‘20log|T|''20log|S]') 

xlabel('Frequency (rad/sec)') 

ylabel('Gain dB’) 

grid 











20 





—— 20log|T| 
— — ~ 20log|S| 














-10- 


Gain dB 
o 
oO 
T 











i i 
~60 0 1 2 


10 10 10 10 
Frequency (rad/sec) 





FIGURE CP12.1 
Plot of 7'(s) and the sensitivity function S(s). 
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CP12.2 A reasonable value of the gain kK = 5. The family of step responses is 
shown in Figure CP12.2. 





p=[0.1:1:20]; 
K=5: 


i=1:length(p) 

[K*p(i)]; d=[1 p(i)]; sys = tf(n,d); 

sys_cl = feedback(sys,[1]); 
y(:,i)=step(sys_cl,t); 

end 

plot(t,y) 

xlabel('Time (sec)'), ylabel('Step response’) 




















Step response 














1 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Time (sec) 


FIGURE CP12.2 
Family of step responses for 0.1 < p < 20. 


CP12.3 The closed-loop characteristic equation is 


2 
s*tas+b 
1+ Kp————___ = 0 
+ KD 753 
where 
a=Kp/Kp 
b= Kyi. 
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We select 
a=1l1 and b=2 


to move the root locus into the left hand-plane (see Figure CP12.3a). 
Then, we choose 


Kp = 30 


from the root locus using the rlocfind function. The closed-loop Bode 
plot in Figure CP12.3b verifies that the bandwidth 


wp <5 rad/sec. 
Also, the phase margin is 
P.M. =53.4° , 


which meets the design specification. The plot of phase margin versus J 
is shown in Figure CP12.3c. We see that as J increases, the phase margin 

















decreases. 
J=10; a=1; b=2; 
num=[1 a b]; den=J*[1 0 0 0]; 
sys = tf(num,den); 
rlocus(sys), rlocfind(sys) 
3 
2b 4 
a 
1b f | 
3 0 : 
= 











Real Axis 


FIGURE CP12.3 P 
(a) Root locus for 1 + Kp SP —0¢. 
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a=1; b=2;J=10;k2=30; k1=a*k2; kO=b*k2; 

numc=[k2 k1 k0]; denc=[J 0 0 0]; sysc = tf(numc,denc); 
sys_cl = feedback(sysc,[1]); 

bode(sys_cl); 

[gm,pm,wg,wc]=margin(sysc); pm —————“—— 








pm = 














53.4061 


20 





Gain dB 
Oo 
T 
| 
/ 
/ 
f 











To" F989 : 01 
Frequency (rad/sec) 

FIGURE CP12.3 

CONTINUED: (b) Closed-loop Bode plot with wp < 5 rad/sec. 





Ji=[1212301; 

for i=1:length(Ji) 

numc=[k2 k1 k0]; denc=[Ji(i) 0 0 0]; sysc = tf(numc,denc); 
[mag,phase,w]=bode(sysc); 
[gm,pm]=margin(mag,phase,w); 

Pm(i)=pm; 

end 

plot(Ji,Pm), grid 

xlabel('J'), ylabel('Phase Margin (deg)’) 








100 





80- mats + 
60+ \ | 


40+ \ 4 


20} \ . 


Phase Margin (deg) 











-40 
0 


FIGURE CP12.3 
CONTINUED: (c) Phase margin versus JJ. 
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684 CHAPTER 12 Robust Control Systems 


CP12.4 The closed-loop characteristic equation is 


1 
1+k—————_ =0 
a s?+bs+a 


where a = 8 and the nominal value of 6b = 4. The root locus is shown in 
Figure CP12.4a. 








clf, hold off 

a=8; b=4; 

num=[1]; den=[1 b a]; sys = tf(num,den); 

rlocus(sys), hold on ESelect a point in the graphics window 


zeta=0.59; wn=1.35; 
x=[-10:0.1:-zeta*wn]; y=-(sqrt(1-zeta‘2)/zeta)*x; 
xc=[-10:0.1:-zeta*wn];c=sqrt(wnA2-xc.42); 


selected_point = 
-2.0165 + 2.5426: 
































plot(x,y/:X,-y/)XC,C,1,XC,-C,'') ans = K 
rlocfind(sys) »! 24659 ~f 
4 
3h 4 
2b | 
1b | 
pha) 
< 
oO OF | 
oO 
£ 
-1b 4 
-2 = 
-3 be. 
-4 1 1 1 1 1 i 
-4 3 -2 -1 0 1 2 3 4 
Real Axis 


FIGURE CP12.4 
7 
(a) Root locus for 1+ K>yq55q- 
The performance region is specified by 
¢=0.59 and w, = 1.35, 
which derives from the design specifications 


T;<5sec and P.O.< 10%. 
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Using an m-file, the value of 
K=2.5 


is selected with the rlocfind function. The step responses for 6 = 0,1,4 
and b = 40 are shown in Figure CP12.4b. When 6b = 0, the system is 
marginally stable; b = 1 results in a stable system with unsatisfactory 
performance. The nominal case } = 4 is stable and all performance specs 
are satisfied. When b = 40, the system is heavily damped: the percent 
overshoot specification is satisfied, but the settling time is too long. 














Amplitude 














Time (secs) 


FIGURE CP12.4 
CONTINUED: (b) Step responses for b = 0,1,4 and 40. 


CP12.5 (a) An acceptable lead compensator (designed with root locus methods) 
is 
Sa s+ 0.3 
= 5——_ ... 
s+b s+2 








The compensated root locus is shown in Figure CP12.5a, where 
K=5 


is selected to place the closed-loop poles in the performance region. 


(b) The step responses for ¢ = 0,0.005,0.1 and 1 are shown in Fig- 
ure CP12.5b. 
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FIGURE CP12.5 
(a) Compensated root locus. 


(c) You would like the actual structural damping to be greater than the 
design value, if it must be different at all. 


zeta=0,0.005 (solid); zeta=0.1 (dashed); zeta=1 (dotted) 





Amplitude 


0.6+ 


| 
08} | 
| 
| 
| 


0.4- 


0.24 











FIGURE CP12.5 


Time (sec) 


CONTINUED: (b) Step responses for ¢ = 0, 0.005, 0.1 and 1. 
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CP12.6 The m-file script which computes the phase margin as a function of the 
time delay (using the pade function) is shown in Figure CP12.6. The 
maximum time delay (for stability) is tg = 4.3 seconds. 





K=5: 
numg=K*[1]; deng=[1 10 2]; sysg = tf(numg,deng); 
td=[0:0.1:5]; A time delay vector 


for i=1:length(td) 

[ndelay,ddelay]=pade(td(i),2); sysd = tf(ndelay,ddelay); 
sys = series(sysg,sysd); 

[mag,phase,w]=bode(sys); 
[gm,pm,w1,w2]=margin(mag,phase,w); 

pmv(i)=pm; 

end 

plot(td,pmv), grid 

xlabel('time delay [sec]’) 

ylabel(‘phase margin [deg]') 











120 


ee 


100; | 


80+ 4 


60+ = J 


phase margin [deg] 
as 
o 
T 
L 


20+ | 











0 0.5 1 1.5 2! 2.5 3 3.5 4 45 5 


time delay [sec] 


FIGURE CP12.6 
Phase margin versus time delay. 


CP12.7 The m-file script is shown in Figure CP12.7a. The steady-state error 
(shown in Figure CP12.7b) is zero when 


a=0.5 


and increases rapidly as a increases past a = 0.5. The maximum initial 
undershoot is shown in Figure CP12.7c. As a increases, the initial under- 
shoot increases linearly. The gain margin is shown in Figure CP12.7d. It 
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688 CHAPTER 12 Robust Control Systems 


can be seen that as a increases, the gain margin decreases very rapidly. 





a=[0.01:0.01:0.99]; 

t=[0:0.1:30]; 

for i=1:length(a) 
num=a(i)*[1 -0.5]; den=[1 2 1]; sys_o = tf(num,den); 
[mag,phase,w]=bode(sys_o); 
[gm,pm,w1,w2]=margin(mag,phase,w); 











gmv(i)=gm; ~a gain margin 

sys_cl = feedback(sys_o,[1]); 

[y,x]=step(-sys_cl,t); ~" negative unit step input 
yf(i)=1 -y(length(t)); ~<q—____ steady-state tracking error 
ym(i)=-min(y)*100; ~a max initial undershoot 

end 


figure(1), plot(a,gmv), grid, xlabel(‘a'), ylabel('gm’) 
figure(2), plot(a,yf), grid, xlabel(‘a'), ylabel('steady-state error’) 
figure(3), plot(a,ym), grid, xlabel('a'), ylabel('‘maximum initial undershoot [%]') 








FIGURE CP12.7 
Script to generate all the plots. 





steady-state error 
S S S S 
wo b a rep} 


2 
io 


0.1 














FIGURE CP12.7 
CONTINUED: (b) Steady-state tracking error. 
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25 T 





20; + 


maximum initial undershoot [%] 











0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


FIGURE CP12.7 
CONTINUED: (c) Maximum initial undershoot. 





250 T 


200 4 


gm 





507 + 
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FIGURE CP12.7 
CONTINUED: (d) Gain margin. 
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690 
CP12.8 The plant (balloon and canister dynamics plus motor) is given by 





and the PID controller is 
Kp(s? b 
G(s) = ABE He) | 
8 
Let a = 6. Then using the root locus methods, we determine that with 


Kp =12.5 and b=10 


we have the roots 
8, = —8.4 


os —4.7 
E 71.05 . 





$3.4 = —1.43 4 
Thus, ¢ = 0.8. The plot of y(t) is shown in Figure CP12.8. The percent 


overshoot is less that 3%, as desired. 
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FIGURE CP12.8 
Simulation of the GRID device. 
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Digital Control Systems 


Exercises 


E13.1 (a) Elevation contours on a map are discrete signals. (b) Temperature in 
a room is a continuous signal. (c) A digital clock display is a discrete 
signal. (d) The score of a basketball game is a discrete signal. (ce) The 
output of a loudspeaker is a continuous signal. 


E13.2 (a) Using long-division we determine that 





¥(2)= 2°" 432°? 4 72? 4 15g * es 


Therefore, with 


we have 
y(0)=0 y7)=1 yRQT)=3 yBT)=7 y4T)=15. 
(b) The exact solution is 


y(kT) =e"? -1, 


E13.3 For the system response 


y(kT) = kT 
where k > 0, we have 
Tz 
Y(z) = ——.— .. 
(z) aie 


E13.4 The partial fraction expansion of Y(s) is 
5 0.25 0.0625 0.3125 
s(s + 2)(s + 10) S s+10 s+2 
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Then, using Table 13.1 in Dorf and Bishop, we determine that 











Zz az 
= 0.25—— + 0.0625— 0.3125 
ie S| 2—0,135 z — 0.670 ’ 
where T' = 0.1. 


E13.5 The Space Shuttle and robot arm control block diagram is shown in Fig- 
ure E13.5. The human operator uses information from the computer gen- 
erated data display and visual sensory data from the TV monitor and by 
looking out the window. He/she commands the robot arm via a joystick 
command to the computer. 
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FIGURE E13.5 
The Space Shuttle/robot arm control block diagram. 


E13.6 From Section 10.8 in Dorf and Bishop, we find that the design resulted 
in the compensator 


_ 6.668 +1 _ 9, 8+0.15 





G = ——_ = 0.1—___ 
(3) = 666541 s+ 0.015 
Using the relationships 
1-A a 
A=? Bae tl a 7 
e€ ; e€ , and CF FB - 


we compute 


A =e °-1500.001) — 9.99985 , B = e~ 991500001) — 9.999985 , and C=0.1. 
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Therefore, 


eo z — 0.99985 
DA=C je 
=e z — 0.999985 





E13.7 Using long-division, we determine that 
Y(z) =14+3.527' + 5.7527? + 6.8752 3 +--. 


Therefore, with 
Ye a y(kT)z—* 
k=0 


we have 
gOH=1 yRH32o. eT Ho7d g(ST)—6.875.. 
E13.8 The closed-loop system with 


T(z) = 


z 
22+0.22 —0.4 


is stable since the poles of the transfer function (z = —0.74 and z = 0.54) 
both lie within the unit circle in the z-plane. 


E13.9 (a) Using long-division we determine that 





¥@y=2 +27 427°? 4277+. 


Therefore, with 
¥(2) = So y(kT)z* 
k=0 


we have 
y(0)=90 y7)=1 y@T)=1 y@BT)=1 y4T)=1. 
(b) The exact solution is 
y(kT) = 1 — 6(k) 
where 6(k) = 1 when k = 0 and 6(k) = 0 when k £0. 


E13.10 We compute T/7 = 1.25. 


(a) Using Figure 13.19 in Dorf and Bishop, we determine that Kr = 0.8 
which implies kK = 100. 


(b) Using Figure 13.21 in Dorf and Bishop, we determine that e,, = 0.75. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage in a 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


694 CHAPTER 13 Digital Control Systems 


(c) Using Figure 13.20 in Dorf and Bishop, we determine that Kr = 0.7 
which implies K = 88. 


E13.11 (a) The transfer function (including the zero-order hold) is 


100i —e"* 
Go(s)Gp(s) = sate ; 


Expanding into partial fractions yields 


=(-27)( “a 





z—-1  22—2cosl0Tz+1 
When T = 0.05 we ha,ve 


0.1224(z +1) 


Gl) = 37 7s5a2 41 





(b) The system is marginally stable since the system poles, z = —0.8776+ 
0.47947, are on the unit circle. 


(c) The impulse response and sinusoidal input response are shown in 
Figure E13.11. 
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FIGURE E13.11 
Impulse and sinusoidal (natural frequency) input response. 
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E13.12 The partial fraction expansion of X(s) is 


s+1 2 1 


245646 843 s4+20 








X(s) = 


Then, with T = 1, we have 


2Qz Z 22 Zz 
FO a a 
8 pag gai po Bs 


E13.13 The root locus is shown in Figure E13.13. For stability: 0.25 < K < 3.75. 


Root Locus 





K=3.75 K=0.25 
* 





Imaginary Axis 














Real Axis 


FIGURE E13.13 
Root locus with unit circle (dashed curve). 


E13.14 Given G,(s), we determine that (with K = 5) 


5(1 —e7+)z 
G(z) = ————_ 
(2) z(z—e7!) 
The closed-loop characteristic equation is 
z? + 1.7922 + 0.368 = 0 


and the system is unstable, since there is a pole at z = —1.55. The 
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system is stable for 
0< Kk <4.32. 


E13.15 The transfer function G(z) is 


G(z) 0.12892 + 0.02624 
2) => 
z* — 0.3862z + 0.006738 


The sampling time is T = 1 s. 
E13.16 The transfer function G(z) is 


G(2) = 0.2759z + 0.1982 
22 — 1.3682 + 0.3679 ° 


The sampling time is JT = 0.5 s. 
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Problems 


P13.1 The plot of the input to the sampler and the output r*(t) is shown in 
Figure P13.1. 





r(t), r*(t) 
Co 











Time (sec) 


FIGURE P13.1 
Plot of r(t) = sin(wt) and r*(t). 


P13.2 The plot of the input and the output is shown in Figure P13.2. 





r(t) 

















0 02 04 06 O08 1 12. 14 16 18 2 


Time (sec) 


FIGURE P13.2 
Plot of r(t) = sin(wt) and output of sample and hold. 
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698 CHAPTER 13 Digital Control Systems 


P13.3 The transfer function 
Y (z)/R*(z) = G(z) = —— .. 


The ramp input is represented by 


PZ 


Re) = G12 : 


The output Y(z) = G(z)R(<) is obtained by long division: 


¥(z)=T214+TQ+e7)z?-T [14 27) —(Q+e7)| 2-8 





+T le (i de-* a 4-e*) 


— (2+e7) (a +2e-T) — (24 eT) gta... 


P13.4 The transfer function 


l=e" 
Y(s)/R*(s) = od 


The partial fraction expansion (with T = 1) yields 


0.5 05 0.52 0.52 

ee ge gee = (1—27')¢ —— - ———__ 

G(z) =(1- 2") {= — Se 4 hms} 
0.4323 


z — 0.1353 © 





P13.5 The step input is 





z 
RG)= a 
Also, 
12) = 22) _ 0.6821 
1+G(z) 2+0.2643 
So, 


0.6321 z 0.6321z 


(2) = TR] = T0363 2-1 ~ 0.73572 — 0.2043 
Using long-division we determine that 


Y(z) = 0.632121 + 0.4650z~? + 0.50922 + 0.49752—* +0.50062-° +--- 
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Therefore, with 
¥Z)= 2 y(kT)z-* 
k=0 


we have y(0) = 0, y(Z) = 0.6321, y(2T) = 0.4650, y(3T) = 0.5092, 
y(4T) = 0.4975, and y(5T) = 0.5006. 


P13.6 Using the final value theorem (see Table 13.1 in Dorf and Bishop), we 
determine that (for a step input) 





0.6321 z 0.6321 
Ys5 = lim(z — 1)Y(z) = lim(z — 1)———_, — = ~ 
vs = lim(z — 1)¥(z) = lim(z — 1)— +0.2643z—1 1.2643 


And using the initial value theorem, we compute 


0.6321 
¥o= lim, ¥ (2) = lia tes |e 


2-400 200 z + 0.2643 z—1 

P13.7 Using Figures 13.19 and 13.21 in Dorf and Bishop, we determine that 

the performance specifications are satisfied when Kr = 0.5 and f = 2. 
Computing K and T (with 7 = 0.5) yields K = 1 and T=1. 


P13.8 Wecan select K = 1 andr = 0.2. The step responses for the compensated 
and uncompensated systems are shown in Figure P13.8. 





















1.2 
1 L va 
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0.87 | 
o 
Bi 
=} 
eo8 r Compensated 7 
<x 
0.47 4 
0.27 4 
0 f f f f f 
0 10 20 30 40 50 60 70 
No. of Samples 
FIGURE P13.8 


Plot of compensated and uncompensated systems. 
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700 CHAPTER 13 Digital Control Systems 


P13.9 Consider the compensator 


st+a 
s+bd- 


Then, using Bode methods we can select a = 1, b = 4, and K = 1. The 

compensated system phase margin is P.M. = 50° and the gain margin is 

G.M. = 15dB. The crossover frequency is w,. = 2.15 rad/sec. Utilizing the 

G.(s)-to-D(z) method and selecting T’ = 0.01 second, we determine 
z-A 2z-—0.99 


Dera a eR 
i) CF — ee 





G(s)=K 





We use the relationships 


1—A 
A=e“ , B=e ” and C75 = Ki, 


to compute A = e-9-9! = 0.99, B = e-?"4 = 0.96, and C = 1. 
P13.10 (a) The transfer function G(z)D(z) is 


0.00372 + 0.0026 
Cena, 
VID) 2 — 1.3682 + 0.3679 


(b) The closed-loop system characteristic equation is 


0.00372 + 0.0026 


(eee 
+ N72 — 1.3682 + 0.3679 


(c) Using root locus methods, the maximum value of K is found to be 
Kae = 209: 


(d) Using Figure 13.19 in Dorf and Bishop for T/7 = 1 and a maximum 
overshoot of 0.3, we find that kK = 75. (e) The closed-loop transfer 
function (with K = 75) is 

0.2759z + 0.1982 
T (2) = soma 
z* — 1.092z + 0.5661 
The step response is shown in Figure P13.10. 

(f) The closed-loop poles with K = 119.5 are z = 0.4641 + 0.68437. The 

overshoot is 0.55. 


(g) The step response is shown in Figure P13.10 (for K = 119.5). 
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FIGURE P13.10 
Step response for K = 75 and K = 119.5. 
P13.11 (a) Consider the compensator 


sta 
s+bd- 





G.l6).=k 


Then, using Bode methods we can select a = 0.7, b = 0.1, and K = 
150. The compensated system overshoot and steady-state tracking 
error (for a ramp input) are P.O. = 30% and e,; < 0.01. 


(b) Utilizing the G.(s)-to-D(z) method (with T = 0.1 second), we deter- 


mine 
z—-A z — 0.9324 
D(z) = C—= = 155.3 ———_ 
Oat e990 
We use the relationships 
1-A a 
Aze Bae tT ‘ae 
€ ‘ € , and CT F 5 


to compute 
A=e 97 — 9.9324, Ba=e°%=0.99, and C=155.3. 


(c) The step response for the continuous system with G(s) in part(a) 
and for the discrete system with D(z) in part (b) is shown in Fig- 
ure P13.11a. 


(d) Utilizing the G.(s)-to-D(z) method (with T = 0.01 second), we de- 
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T=0.1 sec 
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FIGURE P13.11 
(a) Step response for continuous and discrete systems (T=0.1s) in Parts (a) and (b). 





termine 
z—-A z — 0.993 
D(z) =C = 150 
) —B — 0.999 
We use the relationships 
A=e 
Bae 
1-—A a 
eS 
rl —B b 


to compute 


The step response for the continuous system with G(s) in part(a) 
and for the discrete system with D(z) in part (d) is shown in Fig- 
ure P13.11b. 


(ec) The ramp response for the continuous system with G.(s) in part(a) 
and for the discrete system with D(z) in part (b) is shown in Fig- 
ure P13.11c. 
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T=0.01 sec 
1.4 r 
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FIGURE P13.11 
CONTINUED: (b) Step response for continuous and discrete systems (T=0.01s) in Parts 
(a) and (d). 
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FIGURE P13.11 
CONTINUED: (c) Ramp response for continuous and discrete systems (T=0.1s) in Parts 
(a) and (b). 
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P13.12 


P13.13 


CHAPTER 13 Digital Control Systems 


The root locus is shown in Figure P13.12. For stability: 0 << K < 2.5. 


Root Locus 
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FIGURE P13.12 
Root locus for 1 + K2+22 = 0. 





The root locus is shown in Figure P13.13. When K = 0.027, the char- 
acteristic equation has two equal roots: 21,2 = 0.7247 and z3 = 0.2593. 
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FIGURE P13.13 > 
- 4+1.12062—0.0364 _ 
Root locus for 1 + K3—a355S7; 0 S711 01es = 9: 
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P13.14 The root locus is shown in Figure P13.14. When K = 9.5655 x 107°, the 
two real roots break away from the real axis at z = 0.99. For stability: 
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FIGURE P13.14 


3 2 
23410.36142?49.7582-+0.8353 _ 
Root locus for 1 + K a—ssip323¢5 1edde?—3 1952+0.7008 — 9 


P13.15 Given 
20 
s—5 


and the sample and hold (T=0.1s) as shown in Figure 13.18 in Dorf and 
Bishop, we determine that 





2.595 
G(z) = ———_. .. 
2) = 649 
Then, with R(z) = z/(z — 1), we have 
2.595z 


Y@) = Grae 40.9462) © 


Therefore, Y(z) = 2.592~1 + 0.14z~? + 2.46z~3 + 0.26274 + --- 
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P13.16 Given G(s) and the sample and hold (T=1s) as shown in Figure 13.18 
in Dorf and Bishop, we determine that 


0.227752 + 0.088984 
2? — 1.04982 + 0.049787 © 


Then, with R(z) = z/(z — 1), we have 


0.22775z + 0.088984 z 
z* — 0.82203z + 0.13877 z—1 ~ 


The plot of y(kT) is shown in Figure P13.16. 
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¥Qj\= 











AL ------------------* 


NESS So5 & 





kT 


FIGURE P13.16 
Plot of y(kT’) for a step input. 


P13.17 The root locus is shown in Figure P13.17 for 


0.42612z + 0.36082 


1+ kK >———— = 
- z? — 1.6065z + 0.60653 


The limiting value of the gain for stability is K = 1.09. 
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FIGURE P13.17 


> = 42612z+0.36082  __ 
Root locus for 1+ K=== GOG5=-+0.60653 — U: 


P13.18 The plot of the step responses for 0 < T’ < 1.2 is shown in Figure P13.18. 
The overshoot and settling time summary is given in Table P13.18. 





TABLE TABLEPIZIG- Perfoowancecummary, 0... # Performance summary. 
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FIGURE P13.18 
Step responses for 0 < T < 1.2. 


This material is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited reproduction, storage ina 
retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. 
For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Solutions Manual to Accompany Modern Control Systems, Eleventh Edition, by Richard C Dorf and Robert H. Bishop. 
ISBN-13: 9780132270298. © 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


Advanced Problems 709 


Advanced Problems 


AP13.1 Given the sample and hold with G,(s), we determine that 


10.5K (z — 0.9048 


The root locus is shown in Figure AP13.1. For stability: 0 < K < 0.2. 
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FIGURE AP13.1 
Root locus for 1 + ee = 0 with unit circle (dashed line). 


AP13.2 The root locus is shown in Figure AP13.2a. The loop transfer function is 
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FIGURE AP13.2 
(a) Root locus for 1+ Kee —0. 
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0.03792 


eNO) 8 aye = 0368) 


For stability: Kmarx = 72. We select K = 8.2. The step response is shown 
in Figure AP13.2b. 
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FIGURE AP13.2 
CONTINUED: (b) Step response with AK = 8.2. 


AP13.3 The root locus is shown in Figure AP13.3a. The maximum gain for 


Root Locus 













Unit circle (dashed line) 4 


0.57 





Imaginary Axis 


-0.57¢ 


System: sysz 
Gain: 52.8 4 
Pole: 0.709 ~ 0.702i 
Damping: 0.00255 
Overshoot (%): 99.2 
Frequency (rad/sec): 19.5 











! f ! 
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 
Real Axis 


FIGURE AP13.3 
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(a) Root locus for 1 + K =p? er 1796240. 7261 =0. 
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stability is Kmax = 52.8. We select K = 4.5. The step response is shown 
in Figure AP13.3b. 


Step Response 
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FIGURE AP13.3 
CONTINUED: (b) Step response with K = 4.5. 


AP13.4 The loop transfer function is 


Wis eT) 


z—e7 
and the closed-loop transfer function is 


— 10(1—e*) 
a z—(lle-T — 10) © 


For stability, we require 
[lle-? — 10] <1. 
Solving for T yields 
<7 <U2. 


Selecting T = 0.1s provides a stable system with rapid response; the 
settling time is T, = 0.2s. The step response is shown in Figure AP13.4. 
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FIGURE AP13.4 
Step response with T = 0.1s. 


AP13.5 The maximum gain for stability is Ama, = 63.15. 
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FIGURE AP13.5 
* 0.004535z+0.004104 _ 
Root locus for 1 + K rT aie 0.7408 = 0. 
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Design Problems 


CDP13.1 The plant model with parameters given in Table CDP2.1 in Dorf and 
Bishop is given by: 
26.035 


Gols) = 5433.10) ’ 


where we neglect the motor inductance L,, and where we switch off the 
tachometer feedback (see Figure CDP4.1 in Dorf and Bishop). Letting 


al) = 2 {a1} 


we obtain 


__ 1.2875e — 05(z + 0.989) 
CO) = Taya 0.987) 


A suitable controller is 


20(z — 0.5) 


Dia= 
C aarere GT: 


The step response is shown below. The settling time is under 250 samples. 
With each sample being 1 ms this means that T, < 250 ms, as desired. 
Also, the percent overshoot is P.O. < 5%. 
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DP13.1 (a) Given the sample and hold with G,(s), we determine that 


The root locus is shown in Figure DP13.1a. For stablity: 0 << K < 15. 
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FIGURE DP13.1 
(a) Root locus for 1+ or = 0 with unit circle (dashed line). 


(b) A suitable compensator is 





15(s + 0.5) 
G.(s) = ———. . 
cls) s+5 
Utilizing the G.(s)-to-D(z) method (with T = 0.5 second), we deter- 
mine 
z—A z — 0.7788 
D(z) = = 6.22 —_—____ 
ee ag a oaneat 
We use the relationships 
1-—A 
A=e™, B=e™ and C75 = Ke, 


to compute 


A =e 95-5) — 0.7788, B=e 50) = 0.0821, and C=6.22. 
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(c) The step response is shown in Figure DP13.1b. 
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FIGURE DP13.1 
CONTINUED: (b) Closed-loop system step response. 


DP13.2 With the sample and hold (T=10ms), we have 


G(z) 0.00044579z + 0.00044453 
2) = 
z2 — 1.9136z + 0.99154 


A suitable compensator is 


z 7 


where K is determined so that ¢ of the system is 1/\/2. The root locus is 
shown in Figure DP13.2. We choose K = 1400. 
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FIGURE DP13.2 
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DP13.3 The root locus is shown in Figure DP13.3a. 
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FIGURE DP13.3 
(a) Root locus for 1 + Kea —0. 


The gain for ¢ = 0.707 is K = 0.0627. The step response is shown in 
Figure DP13.3b. The settling time is T, = 14T = 1.4s and P.O. = 5%. 
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FIGURE DP13.3 
CONTINUED: (b) Step response with AK = 0.0627. 


DP13.4 With the sample and hold (T=1s), we have 
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FIGURE DP13.4 
2z—0.88 0.484(z+0.9672) 


(a) Root locus for 1 + K 505 —1)(—0.9048) = 0. 
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FIGURE DP13.4 
CONTINUED: (b) Step response for A = 12.5. 


A suitable compensator is 


D(z) = Kea 0.88 . 
z+0.5 
where K is determined so that ¢ of the system is 0.5. The root locus 
is shown in Figure DP13.4a. We choose K = 12.5. The step response 
is shown in Figure DP13.4b. Also, AK, = 1, so the steady-state error 
specification is satisfied. 


DP13.5 Select T = 1 second. With the sample and hold, we have 


0.28382 + 0.1485 


f= 
(2) = B74 352 40.1353 


The root locus is shown in Figure DP13.5. To meet the percent overshoot 
specification, we choose K so that ¢ of the system is 0.7. This results in 
K = 1. The step response has an overshoot of P.O. = 4.6%. Also, from 
Figure 13.21 in Dorf and Bishop, we determine that the steady-state error 
to aramp input is es, = 2 (since T'/7 = 2, and Kr = 0.3). 
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FIGURE DP13.5 
0.28382+0.1485  __ 
Root locus for if + Kae 1383 = 0. 


DP13.6 With the sample and hold at T = 1 , we have 


_ 0.24922 + 0.2483 


G ells Se 
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FIGURE DP13.6 


z—0.9 0.2492z40.2483 _ 
Root locus for 1 + Kaas Loos = 0. 
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Consider the digital controller 


z—0.9 


Diao. 
2) 2406 


The root locus is shown in Figure DP13.6. To meet the percent overshoot 
specification, we choose K so that ¢ of the system is greater than 0.52. 
We select K = 2.3. The step response has an overshoot of P.O. = 12.7% 
and the settling time is T, = 19s. 
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FIGURE DP13.6 
CONTINUED: (b) Step response for AK = 2.3. 
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Computer Problems 


CP13.1 The m-file script and unit step response are shown in Figure CP13.1. 





num=[0.2145 0.1609]; den=[1 -0.75 0.125]; 
sysd = tf(num,den,1); 
step(sysd,0:1:50) 
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FIGURE CP13.1 


Step response. 


CP13.2 The m-file script utilizing the c2d function is shown in Figure CP13.2. 








% Part (a) 

num = [1]; den = [1 0]; T= 1; 
sys = tf(num,den); 
sys_d = c2d(sys,T,'zoh') 
% 

% Part (b) 

num = [1 0]; den = [1 0 2]; T =1; 
sys=tf(num.den); 
sys_d=c2d(sys,T,'zoh') ” 2A2-031192+1 


Transfer function: 





Transfer function: 
0.6985 z - 0.6985 























FIGURE CP13.2 
Script utilizing the c2d function for (a) and (b). 
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722 CHAPTER 13 Digital Control Systems 
% Part (c) 
num = [1 4]; den = [1 3];T =1; Transfer function: 
sys = tf(num,den); Z+ 0.267 
sys_d = c2d(sys,T,zoh') _ 
% z- 0.04979 
% Part (d) 
num = [1]; den = [1 8 0]; T =1; Transfer function: 


0.1094 z + 0.01558 


a 
ZA2 - z+ 0.0003355 


sys = tf(num,den); 
sys_d = c2d(sys,T,'zoh') 




















FIGURE CP13.2 
CONTINUED: Script utilizing the c2d function for (c) and (d). 


CP13.3 The continuous system transfer function (with T = 0.1 sec) is 


13.375 + 563.1 
ioe 
s* + 6.931s + 567.2 


The step response using the dstep function is shown in Figure CP13.8a. 
The contrinuous system step response is shown in Figure CP13.3b. 












































Amplitude 
T 




















2 4 6 8 10 12 14 


No. of Samples 


FIGURE CP13.3 
(a) Unit step response using the dstep function. 
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FIGURE CP13.3 
CONTINUED: (b) Continuous system step response (* denote sampled-data step response). 


CP13.4 The root locus in shown in Figure CP13.4. For stablility: 0 << K < 0.88. 
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FIGURE CP13.4 
Root locus for 1 + Kat —0. 
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CP13.5 The root locus in shown in Figure CP13.5. For stablility: 0 < K < o. 
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FIGURE CP13.5 
Root locus for 1 + een =0 


CP13.6 The root locus is shown in Figure CP13.6. 
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FIGURE CP13.6 


Root locus. 
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We determine the range of K for stability is 0.4 < K < 1.06. 





% Part (a) 

num=[1 4 4.25 ]; den=[1 -0.1 -1.5]; 
sys = tf(num,den); 
rlocus(sys), hold on 
xc=[-1:0.1:1];c=sqrt(1-xc.42); 
plot(xc,c,':',xc,-c,':') xO 
hold off 

% 

% Part (b) 

rlocfind(sys) 

rlocfind(sys) 
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FIGURE CP13.6 
CONTINUED: Using the rlocus and rlocfind functions. 


CP13.7 Using root locus methods, we determine that an acceptable compensator 
is 


s+6 
s +20 ° 


With a zero-order hold and T' = 0.02 sec, we find that 


Ge(s) = 11.7 
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FIGURE CP13.7 
System step response (* denotes sampled-data response). 
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_ 11.72 — 10.54 


D 
(7) = 76703 


The closed-loop step response is shown in Figure CP13.7. 
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